Chapter 31
Magnetic fields in Matter I Origin
of magnetization

31.1 Review of magnetic fields in vacuum

Q: What s the force on a current carrying wire in a magnetic field?
A: The force on a straight wire is simp, x B. On a wire we have

F= —I/E x dl (1029)
Q: State the Biot-Savart Law

A: The Biot-Savart Law gives the magnetic field in terms of a curdemisityj a surface
currentk, or a currentl :

= o [T X (F—7
B = Z—ﬂ / Wdr’ (31.1030)
o K'x (F—#) x J
_ Z_ﬂ/ é_mg da’ (31.1031)
I [ (F-7)
- _%/|g_;|l x df (31.1032)

Q: What is the field from a vector potentidP

A: B=VxA

Q: What is the vector potential from a current densftand current lood ?
A: The vector potentiaﬁ is found in much the same way as the poteritial

J

1 Ho /
A = =2 d 31.1033
ar | =Y ( )

Pol I 5
= =2 del 31.1034
4 |7 — 7] ( )

Q: What is the vector potential far from a current loop?

- ‘U,OI 1 7_"7?/ =
A~ Bl g2 g0 31.1035
4 7{(7“ + 73 ) ( )
- f—fg f 7. 7dl (31.1036)
mr
— BT (31.1037)
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where

T / dd’ (31.1038)

= the magnetic dipole moment of a current loop (31.1039)

Here we have used the relation (proved earlier)

j[ G.7df = —C x / dd (1040)
we have
A~ Aol (31.1041)
Lo T X T
= Lo 1.1042
47 3 (31.1042)

31.2 Effect of field on magnetic dipole of an
atom: paramagnetism, diamagnetism

When a magnetic field is applied to a bit of matter it can distort theeats that already exist.
These new currents in turn create a new magnetic field that can eithance or oppose the
existing field. In paramagnets, the induced currents enhance the mdggidtishereas in
diamagnets, the induced currents oppose it. In this section waghgsical explanation of
what causes these two effects.

31.3 Torque on a magnetic dipoles

What is the torque on a loop carrying a currémhaking an anglé with a magnetic field3
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(1043)

Let us first assume that the loop is indeed a square. Then sides 1danaoB contribute to
the torque and the forces of magnitulle= 7L B from sides 2 and 3 contribute a total torque
of magnitudeN = IL?Bsin#. By letting 7, the magnetic dipole moment, be a vector of
magnitudel L2in the direction of the loop, thel = 17 x B.

If the loop is not square, this result does not change. The fifciom a small segment
of wire is given by

dF = —IB x dl’ (1044)

The torque on this section of wire (with respect to an arbitrarginyiis given by

AN = 7x(—IB xdf) (31.1045)
= —IB(F-df)+ I(B-7)dl (31.1046)
and
N = —Iéf(ﬁ iy + I?{(ﬁ )l (1047)
Defining the center of the loop so that
?{(F- dly =0 (1048)
we have
N = Ij[(é - F)dl (1049)

Finally, we use

j[((? Al = —C x /dd (1050)
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to write
N =nmxB (1051)
where
m = I/dc‘i’ (31.1052)
= the magnetic dipole moment of a current loop. (31.1053)

Notice that although we were first introducedioin the context of an approximate theory,
here we have obtained an exact expression for the torque on a loomgdéir.

We know from our experience with dipoled' (= 7 x E) leads to/ = —p- E. It stands
to reason that

U= —m-B. (1054)

Indeed, if we recheck our derivation &ffor an electric dipole, it indeed uses only mechanics
and the statemen¥ = 5’ x E. ThusU is indeed given by-mm - EWe must be very careful
with these analogies however! for example, the force on an magnetiedipohon-uniform
field is given by

— -

F=V(m-B) (1055)
whereas the force on an electric dipole is
F=@@-V)E (1056)

Small difference such as this will continue to creep up, so be altwgolving problems!

With 31.1054 we immediately have the fact that magnetic dipolesattanwill tend
to line up with a magnetic field. The degree to which they line up ddjpend on the
temperature of the matter and the strength of the field. The fact thatigbées line up
parallel the field implies the induced current will enhance the magfield. Thus matter
made up of dipoles that are free to move tend to be paramagnetsegpitkihomena is known
as paramagnetism.

The most likely microscopic dipole to align with a magnetic fieldhe electron itself,
which carries a tiny permanent magnetic moment. It may seetndinae electrons are so
plentiful, all mater should display paramagnetism. However, lmeafirelativistic quantum
mechanics, electrons like to pair up in matter, with one electroryiog the opposite spin
(and hence opposite magnetic moment) as the other. This does not chamgpresence of
a magnetic field (provided the field is not too strong.) Thus, when otieegsaired electrons
starts to point its magnetic moment in the direction of the field,other tends to point its
moment in the opposite direction, thus canceling any net magnetizatFor this reason,
paramagnetism due to electrons is far weaker than one might expettafiguments that
invoke only classical physics. One might expect paramagnets tdyeldtoms or molecules
with an odd number of electrons. From the table below, we see thatfattters also are at



play:

Section 31.4 distortion of a atomic orbitals and diamagnets 175

material
Bismuth
Gold
Silver
Copper

Water
Carbon Dioxide

Hydrogen
Oxygen
Sodium

Aluminum
Tungsten

Liguid Oxygen
Gadolinium

At No
83
79
47
29
10
22
1
8
11
13
74
8
64

susceptibility

—1.6x 1074
—3.4x107°
—24x107°
—9.7x 1076
—9.0 x 1076
—1.2x 1078
—2.2x107?
1.9 x 1076

type
diamagnetic
diamagentic
diamagentic
diamagnetic
diamagnetic
diamagnetic
diamagnetic
paramagnetic
paramagnetic
paramagnetic
paramagnetic
paramagnetic
paramagnetic

31.4 distortion of a atomic orbitals and
diamagnets

When introducing the distortion of an atomic orbital due to an electid,five admitted that
the proper treatment required quantum mechanics (namely congdesathe Stark effect)
but an approximate picture could be gained from simple arguments. gaie\ae seek a

simple picture of a more complicated quantum effect (this time thenZeeeffect.)

We first consider an electron orbiting a core in a circular orbit.

Given the centripetal force is provided by the electric field, we have

va

R:

62

4me, R?

(1057)

(1058)

(1059)

If we add a magnetic field out of the page and assume the effect isngeliae speed of the
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electron (but not the shape of the orbital) we have:

2 2

mevU o & ’
- T teB (31.1060)
2
- m;{“ +e'B (31.1061)
e'B = %( "~ ) (v +v) (31.1062)

Now we assume’ = v. (If this is not the case, the field will do much more than a small
distortion.) With this we have

B ~ ZTUn, (31.1063)
A = g (31.1064)
2me,
The magnet dipole moment of the loopris = Ia = %a = ﬁw}%? = %R. Thus the
change in the dipole moment is given by
eAvR  e?R?
Am = —— = = B (1065)

Because the new stable orbit has a slower moving electron, teetidn of the change in
dipole moment is to oppose the field:

e’ R?

Am = —
mn 4m,

B (1066)

We emphasize that this is a simple classical model of an quantum madted not worth
refining details such as asking if the speed or radius changes becausetieewill be wrong
unless quantum mechanics is used. The answer does give the propesfordgnitude of
the effect and indicates a trend that magnetic fields tend toelietronic orbits in such a
fashion that a new dipole moment is created to oppose the field, i.e. stioetidin of atomic
orbitals tends to lead to diamagnetism.

31.5 The Magnetization vectorM

As in our discussion of electric fields in matter, we now forget fortthee being the micro-
scopic picture of how an magnetic fieldlimences the field in matter and instead turn to the
macroscopic picture. For now, let us forget how it happens, but suppesave a piece of
matter with a magnetizatiohl. By this we mean that any sufficiently small cube of volume
dr will have a dipole moment given by = Mdr. ThusM is the dipole moment per unit
volume. We ask the question what is the vector potem_fitho answer this question, we
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recall that the vector potentidl4 from a single dipole is given by

S, dm X 7
dA = =2 —
4 73
So from the entire distribution of dipoles we must have
I - o dm’ x (F—17)
 Arx 7 — 73
w, M x(F—=7) .,
= =2 d
An 73
Now we use the trick
g 1 _(=1)
|F—7  |F=73
to write
1T Ho / = /
A== [ M xV d
@p/ 7=

Finally, we use

with f = IFT1F| so that

=/ =

I VvV xM
dr' ¢ Ho [V X0,
il e P T

— —M =/ /
A=l [ (M
=7

47

Now we use the following corollary of the fundamental theorems:

/ﬁme::—fﬁxM
= —fﬁxﬁda

7 Ho ]\Zf’xﬁ’a, o V' x M’
4T |77 — 77| 4T |7 — 7]

to write

dr'’

Now we define a bound surface current density

I?b = M X T
and a bound current density
Jy =V x M

(1067)

(31.1068)

(31.1069)

(1070)

(1071)

(1072)

(1073)

(31.1074)

(31.1075)

(1076)

(1077)

(1078)
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so that
C e [T
== d 1079

A T (1079)
We have just found something useful: The effect of the magnetisnan be determined by
simple assuming the existence of a new surface cuftgind current density,. Thus, just
as in the case of electrostatic fields, we have taken a new probieirtt{® magnetic field of
matter with magnetlzatloM ) and re-formed it in terms of an old problem gfmd the magnetic
field from a current densnyb V x M and surface current densmjb =M x n.

The surface current density has a physical interpretation: ieisdhrent that accumulates
at the edge of an array of dipoles because the current is not canceledgtjaaent dipole

T Mo Kl;

T drn [P

A

Y (1080)

If we have something not quite as abrupt as a sudden change from magnelés dgpvac-
uum, it stands to reason we will still have effective moving ckargindeed we do, and this
moving charge is described by the current dengity= V x M
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The vector field H and linear
material

32.1 Review:

Last lecture we discovered that the magnetic field due to a piecatefrial with magnetiza-
tion M can be by assuming bound currents

Jy = VxM (32.1081)
K, = nxM (32.1082)
and then finding3 and 4 in the usual way:
=L (F|;f)j|<3‘]‘g ar' + L2 —(Fri);'f’l) dd’ (1083)
or
B=VxA (1084)
where (in the Coulomb gauge)
1= % |Fiédel + % |F[—({7F7| ' (1085)
In either case, we have
V x B =p,Jy (1086)

Now consider a slightly more complex situation: Not only do we have a piepelefized
material with magnetization/, but we also have real currents actually moving around. In
this case we have

B = ke f (F—F)x(ﬂ+fﬁ)d7,

4 . |F_flf/\il (1087)
_l_%? f (77 \)Fi(rf/(\%-’_Kt) da’
or, more compactly,
V x B = p,(Jy + Jf) (1088)

(You may be wondering how 32.1088 could possibly be a similar expressioR. 10&.
After all, 32.1088 does not even mentiﬁgfﬂjﬂ(f. Recall that/<, and K¢ are the surface
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currents. Ifinstead of defining, andl?f as currents in an infinitely thin sheet, we define an
infinitesimally thin region thicknessof current density/ = K /, then this surface current
would be included in 32.1088.)

Just as we defined the displacement vector file ,E + P so thatV - D = p,, we

now define a vector field so thatV x H = .J;. To do this, we let

I
H=—B-1 (1089)
o

This vector field vector is calledi. Some people cal the magnetic field and the
magnetic induction. These people are as crazed as advocates of pdtipte for splitting
infinitives. Fortunately, unlike the grammatical zealots who hageseded to effectively kill
a perfectly nice construction, the magnetic induction zealotsappéave lost the battle. It
is now almost universally taught thakis the magnetic field anfi. . ., wellH is JUStH

Just as it is a no-no to use Coulombs law to fifidfrom I (becauseV x D is not
necessarily zero, it is a no-no to use the Biot-Savart law tofirfidom .J; becausé - H is

not necessarily zero. We can, however, use ampere’s law téffiindm ff We will do this
in our problem solving session at the end of today’s lecture.

32.2 Linear paramagnetism and diamagnetism

We now consider material which responds in a linear fashion to deabplagnetic field. By
this we mean that the magnetization (appearing by aligning magnetitedipr by distorting
the shape of electronic orbitals) is proportional to the strengthefrtagnetic field:

L1 ﬂ
M=—-—2m_§ (1090)
/’LO 1 + X77l

Why such a downright bizarre normalization as this? Why can’t weafit= const/u,- B
just as we wroteP? = ¢,x.E? | do not know the history of,,,, but let us writeM in terms
of H rather thanB to see that there is some reason behind this madness

i - L1_m (32.1091)
Ho
S T (32.1092)
Xm
- L (32.1093)
X77l

M=y,,H. (1094)
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With linear media), H, and B are all related by simple constants:

CTw 7 _e |
_ - == = - _ X, 7]
]\{ ]\{ ] ]\{ =xnH ]\{ = (Hx,,,)m{3 (1095)
A A=LM H = mmaon?
i 1= ) i B A C &=y YT
51 B2 (1+>><<’, e 7 | B = (1+x,,)u,H | B

This implies that once one determines eithér B, or H for alinear paramagnetic or diamag-
netic material, one can find the other two. Notice that sometimessara given the mag-
netic susceptibilityy,,,, but instead the permeability of the material. Here: (1 + x,,,) 14
so thatB = pH.

As a review, we write a similar expression for linear dielectrics

L P | D | £ |
a8 ke el (1096)
D|D="=P|D D= (1+x,)e.E
= = — lp = = — 1 = =
E E= XPEOP E= (1+XP)EOD E

Most materials are linear media, with the electric suscefitibyl, being relatively large
in solids and liquids. (a relatively weak dielectricis Benzeraw, = 1.28. A very strong
dielectric is water, withy, = 79.1) The magnetic susceptibility of most materials is much
smaller. (The magnetic susceptibility of liquid oxygenxgi = 0.039 is considered very
large. The magnetic susceptibility of wateri.0 x 1075,

QUESTION: What does the fact that most media are linear tell us abewgctile of
forces on atoms and molecules due to external electric and mageddie dis compared to
the microscopic forces that hold matter together?

QUESTION: What does the fact that the electric susceptibilitmost materials is much
larger than the magnetic susceptibility tell us?

32.3 Words of warning:V x D # 0 and
V-H+#0
You may recall a word of warning when we learned that, for dielest(both linear and

nonlinear), althougl - D = p, we did not haveV x D = 0. WhereasV - D = p; buys us
Gauss's law:

j[ D-dd = Qfene (1097)

Becausé&v x D = V x P which is not necessarily zero, we can not write down a Coulomb’s



