0.1 Conservation of Momentum and the Maxwell Stress
Tensor

In the last lecture we started from the fact that the mechanical energy trans-
ferred from an E&M field to a particle per unit time is given by

du;
dt

in order to develop a theory of conservation of energy.

Now we wish to develop a theory of conservation of momentum in a similar
way. You may ask what makes us suspect that the electromagnetic field carries
any momentum? We know from flash cameras that the electric field does
indeed store energy, but it not as common to see the effect of the momentum of
an electromagnetic field. A simple argument given on page 350 of your book
tells us that an electromagnetic field must carry momentum. Here is my version
of this argument: Consider a charge g,passing the origin moving with a velocity
v, and another charge ¢; moving with a velocity v, passing through the z axis
at a point (0,0, z1) as shown:

= F,-3 (1)
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If we just consider the forces due to the electric field, we have F, Bl = qlﬁo =
—qoﬁl = —Fgo. Thisisa happy situation - we are obeying Newton’s third law
stating that the force particle 0 exerts on 1 is equal in magnitude but opposed
to the force 1 exerts on 0. As the speeds of the particles increase, however, we
observe this balance to be lost. We can see this by analyzing the B field of the
moving charge. The B created from the moving charge q, at g; is in the —y
direction whereas the B field created from the moving charge g is zero at the
origin. (We will derive this result when we study special relativity.) Thus the
B field creates a force on ¢1 that is not equal but opposite to the force on g,.
(In addition to the unequal magnetic forces, the electric forces stop balancing
as the speed of the particles increase.) We can only save the third law if we
associate a momentum with the electromagnetic field. Indeed this is the case.

Of course we need three equations in this case because we have conservation
of momentum in the z, y, and z directions. Thus things may get a bit ugly,



but let us plow ahead. From Freshman physics we have

o dp;

F; = 7 (3)
= o (E+7xB) (4)
The force AF on a tiny volume Ar is found by substituting pAr for ¢;:
AF = (pE + pU X é) AT (5)
= (pﬁ +J x E) AT (6)

Now we define f as the force per unit volume exerted by the electromagnetic
fields:

Next we note that

— x B = — 9
ot ot ‘ ©)
We can then use the fact that
-~ 0B
E=— 10
V x T (10)
to make the only time derivative to act on the Poynting vector:
OF . 0 (E X B) ~ L
—xB = — 2 4+ F E 11
5 = 5 TEX(VXE) (11)
S L o .
= Hogy +Ex(VxE) (12)

Putting this all together we have

— = = 1 —d — — —d — — 8§
f:EO(V.E)EW—M—(VxB)><B—|—50(V><E)><E—uoaoa (13)

Now we simplify the cross product of the curl of a vector with itself:
(ﬁ x E) x B = eyiv (€ijx0jB) ByTy (14)

Here €;;1, is the anti-symmetric tensor and summation over repeating indices is
assumed. Now we use

Euiv€ijk = —Eiuvijk (15)
= _(5uj511k - 5uk511j) (16)



So that

(6 x é) X B = (6uruj — Ouj0uk)(d;Br) Buiu (17)
O
= (B-V)B- 5VB2 (18)

Uio (B B)+ (B-9) 5]
-V <%E2 + 2—/1%32) - 6—12%—‘: (19)

(We have thrown in a term proportional to V-B=0 just to make this look
more symmetric.) The last two terms of this expression are perhaps easier to
rationalize. The second-to-last term is the gradient of the potential energy per
unit volume-exactly what we expect for a force per unit volume. We will soon
see that the last term is proportional the time-dependent change in momentum
of the E&M field. I wish I could tell you the first two terms vanish-but they do
not. They occur because of the vector nature of the electromagnetic radiation.

What does one due when one has a complex expression in physics? Invent
new notation to make it look more simple. Here we invent the Maxwell Stress
Tensor T where

1 1 1
?ij = 60(EiEj — _5ijE2) =+ _(B’LB] — —(SijBQ) (20)
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Question: Whatisa- T 7
Answer:
3.3 .1
Z a; T ijfj = & ((6 E)E — 56(E2)) (21)
i=1 j=1
T <(a. B)B - 1@(32)) (22)
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This notation is really powerful and saves a lot of writing once you get used to
it. Eventually we will get to an even slicker notation that will allow us to omit
the summation symbols. If your confused, consider the same multiplication in



matrix form for the case B = 0:
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a- T (23)
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= (ax,ay’az)go EyEI (_Ey#_Ez) EyEz (24)
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= |+ ByEsa, + E.Bra, .. (25)
(-E2 - E} - E?)
= Qg 5 +EyEray+ E.Era, + E By, .. (26)
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_ ( “E @ D, (27)
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- ( e @- E)E,, a;’ + (a-E)Ey,% + (d-E)EZ) (28)
E? -
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|
= (d : E) B-3E% (30)

This might be a bit backwards from your usual way of matrix multiplication.
R
But this order makes it easier for us to consider the divergence of T"
3

3
VT = S 30T (31)
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= & <(6.E)E+ (E-V)E — %6@2)) (33)
1 = e g — = — 1 -
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We are used to the divergence of a vector field giving us a scalar. Here the
divergence of a tensor field gives us a vector. So it goes. Let us take another
look for our expression for the force per unit volume exerted by a electromagnetic
field:

7= go[ﬁ(ﬁ.ﬁw(ﬁﬁ)ﬁ}

Uio (B B)+ (B-9) 5]
v (%E2 + 2/1%32) - 6—12%—‘: (35)



The divergence of the Maxwell-stress tensor is exactly all the terms in this
expression except the term proportional to the time derivative of S:

2 o o« 108
P=V-T =G

A force per unit area is a pressure, thus T has units of pressure. Indeed the

(36)

diagonal elements of T correspond to the pressure acting on a differential area
element. Unlike forces due to the pressure of an ideal gas, an area element
in the electromagnetic field also feels a force in a direction that is not normal
to the element. This shear (rather than pressure) is given by the off-diagonal
elements of 7.

The total force on a volumeis given by integrating the force per unit volume:

- . < 1098

R
For each j'" element of T T ;; we can apply the divergence theorem allowing us

to write
>
%T da———/SdT (38)

The first term is the integrated shear and pressure at the surface of the object.
The second will become clear

Let us try to give physical meaning to 36. Recall that the energy leaving a
differential area per unit time is given by S.  Let us suppose that this energy
was carried away by little particles (say photons) of velocity ¢ and energy E.
Then we would expect the energy escaping the volume would be given by

S = pyEe (39)

Here ' is the local velocity of the particles, E is the energy per particle, and py
is the number of particles per unit volume.

The momentum of a tiny volume A7 of space is expected to be the number
of particles in that volume (N = py A7) multiplied by the momentum of each
particle p. Thus, the momentum per unit volume is simply.

ﬁem = pNﬁ (40)

How does 39 relate to 407 That depends how energy and momentum are

related. Recall that lovable physics slogan E = mc?. You know that is short

for
E = /m2ct + p2c2 (41)
If m =0, we get
E =pc (42)
so that
Eé = jc? (43)



and
pnEC= pNﬁC2 (44)

But S = pyECand fp, = pyp = pnEC/c? =. Thus we have (very informally)
justified the expression

. l &

Pem = ?S (45)
This states that the momentum per unit volume associated with the electro-
magnetic field is given by S/c?. The force acting by the field per unit volume

is therefore given by
> = < ODem
=Vv. T - Z2em
f ot
What is this force per unit volume doing? It is moving around charged particles

and, by doing so, changing the total amount of mechanical energy in the system.
Thus

(46)

8ﬁmech _ 6 . ? _ 8ﬁem
ot ot
This can be written as a conservation law by grouping the time-dependent terms
together:

(47)

a(ﬁmech +ﬁem) _ 6 . ‘? (48)
ot
Thus T represents the time rate of change of electromagnetic momentum out
of a differential volume volume. It has two contributions. One is the change
of mechanical momentum of the system and the second is the change of particle
momentum in the system.

Notice the very different role that S plays in conservation of energy (Poynt-
ing’s theorem) and in conservation of momentum. In Poynting’s theorem, S is
a flux that is integrated over an area to find the energy escaping a given volume.
For conservation of momentum p = S / ¢? is a momentum per unit volume to be
integrated if one wants to determine the total electromagnetic momentum in a
given volume.

0.2 Conservation of angular momentum

We have found that the momentum per unit volume associated with a magnetic
field is given by

. 1z
Pem = ES (49)
1 = _
= p 62E x B (50)

Not surprisingly, if we specify and origin, we can speak of the angular momen-
tum per unit volume with respect to that origin. It is given by

X Dem (51)
- e (BxB (52)
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What is really amazing is the fact that even a static field can contain nonzero
angular momentum.

As a sample problem, consider the angular momentum due to the interaction
of a charge g, and a hypothetical magnetic charge ¢,,. Let us put the electric
charge at the origin and the magnetic charge at a location d. Then

nl de 7
E = — 53
4dme, T3 (53)
5 _ qmi, (F_ d) (54)
dr |7 —dJ3

The angular momentum per unit volume is given by

. 1 . - =
leyy = MOCQT x (E x B) (55)
= el iy (7x (7 d)) (56)
1672r3|7 — d|3
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T T ke (J x F) (57)
= —Lelmle _lp2q (7.d) ] (58)

16723 |7 — d|3

To get the total angular momentum of the system, we choose a coordinate
system with d = dz so

- Momeed 247
i 59
1672r(r2 + d? — 2dr cos )3/2 e i
_ HodmYed [(1 — cos )z — sin O(cos ¢ + sin GTHP)

1672r(r2 + d? — 2dr cos 0)3/2

The next step is to integrate this expression over all space:

i / Tondr (61)

/llmrz sin Odrdfd¢ (62)

The integration over ¢ will cause the z and y components of Lem to vanish,

leaving
MOQer d(1 — cosf)siné
Lem,. = dod 63
m / / (r2 4+ d2 — 2dr cos 0)3/2 " (63)

Now we let R =r/d and x = cosf so that

uoqmqe -X)
Lem z 4
/ / 1+R2 °R )3/2d XaR (64)




Without even solving this integral we recognize something amazing: The inte-
gral is just a constant number happens to be 2. Thus the angular momentum
associated with the electric field of a single charge at the origin and a monopole
at d is given by
Zem _ NOQerd
4d

This answer is independent of d!!! Kim will discuss the implications of this in
his guest lecture.



