Problem 4: Operator Solutions to the Harmonic Oscillator

Consider the Harmonic Oscillator Hamiltonian in one dimension:

To simplify this problem, define the new observables:

1 mw
= 4 [ —— =4 —X 2
P=y mth v g i (2)

This gives the dimensionless Hamiltonian,

H = %Hho = % <p2 + qz) (3

(a) [1 pt] Calculate the commutation relation for these new variables, [g,p]. Be sure to
show your work.

(b) {1 pt] Define the non-Hermitian operators a = %(q +ip), af = ﬁ(q — ip) and the
Hermitian operator n = ala. Compute [a,a'], [n,a'], and [n, g]

(c) [1 pt] Write the dimensionless Hamiltonian H in terms of ¢ and a!. Write the dimen-
sionless Hamiltonian H in terms of n.

(d) [3 pts] Define the eigenvalues and eigenvectors of n as:

n|A) = AA). (4)
and assume that these eigenvectors form a complete set.
Show that
alN) = AD+1)
ald) = B]A-1) (5)

Determine the normalization constants A and B.

(e) [2 pts.] Show that n = a'a must have non-negative eigenvalues, A > 0. Explain why
this implies that there must be a state where a{0) = 0 and that the eigenvalues of n
must be non-negative integers.

(f) [2 pts.] Write the definition for the state |0)
al0) =0 (6)

as a differential equation, in g, for the ground state wavefunction of H. Solve this
expression for the normalized ground state wavefunction.
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