Problem 6: 3D Square Well (10 Points):

Consider a particle of mass m moving in a 3D spherical well given by the
potential

V(i) ==V 0< | <ao, V(7)) =0 |f]>a0
where Vy > 0 and ag > 0.
5 In this problem, only consider bound states in this well, so —Vp < £ <0.
o i \/(a) (1 pt.) Show that the energy eigenstates for this potential can
be written in the form:

Wigm (F) = fre(r)Y7"(0,¢)
r, 8, ¢ are the usual spherical coordinates. and Y;™ the
spherical harmonics.

(b) (1 pt.) Defining the function ug¢(r) = 7 fie(r), write the radial
7 Schrodinger equation for uge(r).

Qe

/(c) (2 pts.) Consider the zero angular momentum states, £ = 0.
Write down the functional form for the states uyo(r) in the two
regions, 0 < r < ag and r > ag. Define any constants that you

9 use in these functions.

\(d) (1 pt.) What are the boundary conditions on the functions
uk,0(r) as r — 0, at 7 = ao, and as r — oo? Hint: Consider the
function fi(r) as v — 0.

() (2 pts.) Using your boundary conditions, derive an equation
that can be solved to give the bound state energies for the £ =0
states.

(f) (2 pt.) For a fixed value of the radius of the well, ag, calculate
the minimum depth, Vo = Vinin for the potential well to have a
bound state.

(g) (1 pt.) give a physical reason why there is always a bound state
in a symmetric 1D quantum square well, but not in the 3D well
studied in this problem.

In spherical coordinates, L? is the usual angular momentum operator)
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