Problem 6: Hydrogenic Systems (10 pts):

(Note this problem is 2 pages and has 5 parts)

_ Consider the quantum system consisting of two charged particles inter-
acting due to the Coulomb Potential:

=
PLoy P2 9%

H =
2m1 2’)7’1,2 |7‘1 - Tgl

p1 and 71 are the position and momentum of particle 1 with mass m;. pa
and 75 are the position and momentum of particle 2 with mass mao.

The charge of particle 1 is —e and the charge of particle 2 is +ge, where
q is an integer greater than or equal to 1.

a) (2 pts.) To solve this problem, you first want to convert to the center-
of-mass and relative coordinates:

Ty, T =717y

Derive the conjugate momenta to these spatial coordinates, P and 7,
defined by:

[75,p5] = thds 5, [Ri, Pj) = thdsj, [ri, Pj] = [Ri,pj] =0

In these expressions, the subscripts indicate the vector components
Z, Y, %, Dzy Py, Dz, etc. Show your work.

Using these coordinates, the 2-particle Hamiltonian can be written:

P? 2 ge? 11 1
e T ®

H P ——— + —
2(mi+mg)  2u |7 p o omi o me

For the rest of the problem, assume P=90 (the center-of-mass reference
frame).

b) (2 pts.) Define the wavefunction for the system as:

W) = 2200, )

where 7, 8, ¢ are the usual spherical coordinates, and Y;™ the spherical
harmonics.



Problem 6 continued

Show, in detail, that the Radial (Schrodinger) wave equation for the
bound eigen-states, up ¢(r) can be written as:

52 2e+1)

ulr) - 2 ur)

() + == = wu(r)

What are ag and x, in terms of properties of the bound state system
(i, €, q, etc.)?

(3 pts.) Using the radial wave equation, determine the form of the
function uy, () in the limit as r — co. How does uy¢(r) depend on
the quantum number n for large values of r7

(2 pts.) In the limit that 7 — 0, show that there are two possible
solutions for wy, ¢(r), with the physical solution being wuy, ¢(r) o P,
Do this for £ > 0. (The £ = 0 solution is a bit more complicated.)

(1 pt.) What are the ground-state energy and radius (Bohr radius) of
the hydrogen-like system of a muon bound to an alpha particle?
Some potentially useful information:

e Fine structure constant - o = %25

h
Qamec

Bohr radius for a hydrogen atom - ap =
2

Rydberg - %QQmeC
Electron mass - mec? = 0.51MeV

Proton and Neutron mass - myc? = 940MeV

e Muon MmMass - muc2 = 106MeV.
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