PROBLEM 3: Dirac formulation of quantum mechanics

Let & be a three-dimensional Hilbert space that is spanned by the orthonormal basis {|u), lug), |us) }-
The operator §2 acts in &3 as follows:

Qlur) = 3lu) (1
Qlug) = 2[ug) — |ua) (2)
Qlug) = —lug) + 2fus) (3)

(a) [5 pt] Prove that  is Hermitian. Find its eigenvalues, wy, wa, and w3, and write down each
of the corresponding eigenvectors in the {|u1), |uz), |us)} basis.

(b) [1 pt] Does {9} constitute a complete set of commuting operators for £37 Why or why
not?

(c) [2 pt] According to Eq. (1), & can be partitioned into eigensubspaces by letting &, be the
subspace spanned by {|u;)} and &, be its orthogonal supplement. Construct an orthonormal
basis {|t2), [ts)} of &, and write each basis vector in {|u), |ua), lug)} basis. (Choose [t3) to
correspond to the smallest eigenvalue of 2.)

(d) [2 pt] With |t1) = |u1), the set {|t1),|t2), [ts)} constitutes an alternate basis of &. Find
the matrix S, with elements iz = (u; | tx), that transforms between {|u1), [uz), lug) } and

{lt), 1t2), [ta) }-
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