Quantum Mechanics
Qualifying Exam - January 2018

Notes and Instructions
e There are 6 problems. Attempt them all as partial credit will be given. .
e Write on only one side of the paper for your solutions.
e Write your alias on the top of every page of your solutions.

e Number each page of your solution with the problem number and page
number (e.g. Problem 3, p. 2/4 is the second of four pages for the
solution to problem 3.)

e You must show your work to receive full credit.
Possibly useful formulas:

Spin Operator
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In spherical coordinates,
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where L? is the usual angular momentum operator.

Clebsch-Gordon coefficients
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Spherical Harmonics:
Yo0(0,¢) = 7= Yao(0,¢) = «/—1-3;(3 cos® 0 — 1)
Y1000, ¢) = 1/ = cos ¢ Yo 4100, ¢) = léej”"lS cosfsin g
Yi21(0,4) = ¥4/ gre* sin6 Yaoua(0,¢) = \/ L5 420 in2 g



Problem 1: Matrix Mechanics (10 points):

Consider a particle with mass m and one continuous degree of freedom
(spatial coordinate z with associated momentum operator p, = ——zh%) and
two discrete internal (pseudo-) spin states described by the Hamiltonian
operator H:

) Rke . .
g = zpfn” 80224——2—033 (1)

Here, I is the identity operator in spin space, ks, and §) are constants, and
G, and &, are the usual Pauli spin operators for a spin-1/2 particle. Differ-
ent from what you might be used to, the Hamiltonian H, Eq. (1), couples
the spin and spatial degrees of freedom.

‘é) (1 pt) What are the units of kg, and Q7 Explain your answer.

\4) (1 pt) Choose a convenient basis that spans the spin space and express
the Hamiltonian operator H in this spin basis (you should obtain a 2 x 2
matrix). Explain your reasoning.

¢) (1 pt) Show that the operator p, commutes with every element of the
2 x 2 matrix obtained in b).

d) (3 pts) (Use your results from parts b) and c¢) to determine the eigen
energies F(p,) of H. Here, p, is not an operator but a number.

e) (1 pt) What happens to the eigen energies in the large p, limit?

7 f) (3 pts) Plot the eigen energies obtained in d) as a function of p, for:
2 1) vanishing €
ii) large Q2
iii) small £

Explain what the terms “large” and “small” mean in this context, i.e.,
1dent1fy the quantity that £ needs to be compared with in both cases.
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Problem 2: Perturbation with 2 spins (10 points):

Let S'1 and S5 be the spin operators of two spin-1/2 particles. Then S =
SVL Sy is the spin operator for this two-particle system.

a) (2 pts) Consider the Hamiltonian

= o(S2 + SZ — 52)/r? a: real constant greater than 0
Determine the Energy eigenvalues and degeneracies for this Hamiltonian.
/b) (4 pts) Consider a perturbation to the above Hamiltonian:

Hy = )\(SLC - 5333) X : real constant greater than 0.

Calculate the new energies and degeneracies to first-order in perturbation
theory.

7 ¢) (3 pts) Now consider an unperturbed Hamiltonian

Hy=—A(S1, + 83,) A: real constant greater than 0

with a perturbing Hamiltonian of the form

H, = B(S’la;ggm _ S’lyggy} B : real constant greater than (

by means of perturbation theory, calculate the ground state energy of
Hy and calculate the first and second order shifts of the ground state energy
of Hy as a consequence of the perturbation Hj.

n d) (1 pt) The exact ground state energy for Ho + H; found in part c) is
‘ R —
Eground = “5 4A% + BQhQ

Compare your results from c) to the exact energy. What conditions on A
and B are required so that your results from ¢) and d) agree?
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Problem 3: Infinite Well (10 points):

Assume that a particle is placed in a one dimensional infinitely deep square
well potential of width L = 1, which has the analytic form

oo <0
Vi)=<0 0<z<1
oo x>1.

/:;/ (2 pts) Calculate the elgenfunctlons and eigenvalues for this potential.

) (1 pt) Sketch the ground state wave function and the first 2 excited
states

\A) (2 pts) Assume that a particle is placed in the potential well in the
state given by the following wavefunction at ¢ = 0

P(z,0) = \/gsin(wx) + \/?——gsin(vrx)'cos(vm).

Calculate the probability that the particle is in each of the follow-
ing eigenstates: the ground state, the first excited state, in any state
/ greater than the first excited state.
d)

(1 pt) Calculate the expectation value of the energy.

\é/) (2 pts) Calculate the expectation value of the position operator for the
initial state that is given in c).

\4) (2 pts) The energy of the particle is measured and is found to be in
the ground state. The wall located at z = 1 is quickly moved to z = 2.
What is the probability that the energy is found equal to that of the
ground state?
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Problem 4: Coherent States and the Harmonic Os-
cillator (10 pts)

Consider a one dimensional harmonic oscillator with mass m and frequency

w >
H=2£m—+§mw2x2

The raising and lowering operators are useful for harmonic oscillator

problems:
A /T_”..‘fi( P =, | L
“ on \* me) a4 2h (m+zmw)

\/(a) (1 pt) Verify that the Hamiltonian can be recast to the form H =
hw(N + %), where N = ata. Be sure to show your work.

(b) (3 pts) Prove by induction that é

+ a "
[a, ("] = n(ah)*! Qo -0 6= n")
/ where n > 1 denotes a positive integer. 0 a%r\ “ (ﬁ#}é\wﬁ
(c) (4 pts) Define a state .

If) = e~ fP/2 Xeftl*{@)

where f is a complex number. This state is called a coherent state.

Starting from your results in part (b) of this problem, show that

alf) = [If)-

p/@,f"
\ii(d) (2 pts) Check that

{1y =1

If needed, you can use the fact that (af)?|0) = V/nljn) for level n of
the harmonic oscillator. A

I B . “
3{&% thile-ih) = a™p®
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Problem 5: Transmission across delta functions(10 points):

4) (1 pt) Consider the potential V(z) = —ad(x). Show that the derivative
of the wave function is discontinuous across the potential.

otimeo ((22) - (%2) ) =-%e00

b) (2 pts) A particle with £ > 0 is incident on the delta function potential
from z < 0. Determine the probability that the particle will be transmitted
across the potential. Can the probability of transmission = 17

A E F
—_— y —_—
B G
PR —
X
V = -a8(x)

c) (3 pts) One can define a transfer matrix M, which gives the amplitudes
to the right of the potential in terms of those on the left.

F\ (M Mp\ (A
G)  \Ma Mxn)\B
Construct the M-matrix for scattering from a single delta-function po-
tential at point a.
) V(z) = —ad(z — a)
\/é) (1 pt) Show that if you have a potential consisting of 2 isolated pieces,
the M-matrix for the combination is the product of the two M-matrices for
each section separately.

M = MyM;

e) (3 pts) Now consider a double delta function potential
V(z) = —alf(z+a)+ d(z — a)]

Determine the probability of transmission across the double delta function
potential (T = I—Miz—lg) Can the probability of transmission = 17
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Problem 6: Hydrogenic Systems (10 pts):

(Note this problem is 2 pages and has 5 parts)

_ Consider the quantum system consisting of two charged particles inter-
acting due to the Coulomb Potential:
- )
e
b1 + Py _ q _

H =
2my 2mg |7 — 79|

p1 and 7] are the position and momentum of particle 1 with mass m;. P
and 75 are the position and momentum of particle 2 with mass ms.

The charge of particle 1 is —e and the charge of particle 2 is +qe, where
q is an integer greater than or equal to 1.

a) (2 pts.) To solve this problem, you first want to convert to the center-
of-mass and relative coordinates:

= mi " msa — o N o
R = 71+ 2, T=T1—Ty
mi + ma mi + mao

Derive the conjugate momenta to these spatial coordinates, P and 7,
defined by:
[ri,pj] = ihdsg, [Ri, Pj] = ihds, [ri, Pj] = [Ri,ps] =0
In these expressions, the subscripts indicate the vector components
T, Y, 2, Dz Py, Pz, €tc. Show your work.
Using these coordinates, the 2-particle Hamiltonian can be written:
P2 2 oge? 11 1

Heo bt 20 11, 1 |
2(m1+mq) 2 |F] p m1 mg @

For the rest of the problem, assume P=0 (the center-of-mass reference
frame).

b) (2 pts.) Define the wavefunction for the system as:
U ¥ T
\Pn,f,m(f‘) = i}_)ylm(ea(ﬁ)

where r, 0, ¢ are the usual spherical coordinates, and Y™ the spherical
harmonics.



Problem 6 continued

Show, in detail, that the Radial (Schrodinger) wave equation for the
bound eigen-states, up ¢(r) can be written as:

02 e +1
5;5“(7")‘ (£+1)

/,
\___//

2 u(r)
) u(r) + pa— u(r) /

What are ag and &y, in terms of properties of the bound state system
(1, e, q, etc.)? \

c) (3 pts.) Using the radial wave equation, determine the form of the
function upe(r) in the limit as r — co. How does uy ¢(r) depend on
the quantum number n for large values of 77 a

d) (2 pts.) In the limit that r — 0, show that there are two possible
solutions for up ¢(r), with the physical solution being wp ¢(r) o pétl,
Do this for £ > 0. (The £ = 0 solution is a bit more complicated.)

e) (1 pt.) What are the ground-state energy and radius (Bohr radius) of
the hydrogen-like system of a muon bound to an alpha particle?
Some potentially useful information:

. 2
o Fine structure constant - o = £~
A

amecC

e Bohr radius for a hydrogen atom - ap =

¢ Rydberg - %a2m3c2

e Electron mass - mec? = 0.51MeV

Proton and Neutron mass - myc? = 940MeV

e Muon mass - muc2 = 106MeV.
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