Problem 1: Solving the Harmonic Oscillator

Solving the differential equation form of the time-independent Schrédinger equation for
the eigenstates of the harmonic oscillator Hamiltonian in 1D requires solving a sccond order
differential equation. By using operator algebra, it is possible to simplify the solution to
this problem.

The 1D harmonic oscillator is described by the Hamiltonian

T
H=_——+—wX> 1
2m + 2 “ (1)
Define the unitless variables
X A h
n= = —P )\ = 4 —, 2
such that the Hamiltonian has the form
hw 4
H=3 (9 +2). (3)

Note that z and p are conjugate observables, [z, p] = ¢

/(;({ [2 pt] Using the harmonic oscillator operators
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and their commutation relations, show that the Hamiltonian can be written as
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f
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with 7 some (unitless) numbers. Use the operator commutation relations to show that
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Derive expressions for ¢fn) and d{(n). Show your work.
}/{[J pts] The potential, V(z) = h‘” 22 > 0 for all . Explain why this implies that:

/1/ The eigenenergics of the Harmonic Oscillator must be positive
/‘3/ The cigenvalues of #t must be non-negative integers
)'M There is a lowest eigenstate of 7, |0} defined by 4{0) = 0.
/(1(} [2 pts] Show that results above define a first order differential equation in X that can

be solved for the ground state harmonic oscillator wavefunction (X ). Determine
this equation and solve for this wavefunction.

(?{ {1 pt] Use the result from (¢) and the operators to determine the first excited state
wavefunction for the harmenic oscillator, ¥ {X).

oy



(2)
Wy kemows
H= tw (p”x’s,

So we wot 4p wrete X M’Dzh-ﬁums a70 iauo{at+

A {
R (K+r,o>
A.fst:(X—if'B
Sb
ﬁéL:x—u}o)fa ti
XSE£++L/9
'JZA. =(E£++r?>+150
p= - {d-a"
1z
and
#r‘Z; ——)&-r-z‘#) 1"2-&‘!_'71,'{—5}3‘
zP: x_r£+
{74 = x+ (x-1Z Zat)
k:: E,{-E
{1z
Thn

oty [ (EEDY ()]

‘A‘MJ aga AliAg
["‘"" a &a -—&t&t* >+Z(’%‘"ﬂﬂ +a

- A A { At A A At A
i ;%*MUL*r {aﬁx + ZLA-Q++-A+A]

SZ015
feoprem |

1%65;/41

We hawve

74%)]



S0

but

"

i

At

At _oatr oy
~ A
A‘a+= o
W

S2015
FeObLEM |

PAGE & /%



()

e Mjivm
alnd = uln>,
We also have.

[n,at] = [a%, &

Ad A ALt /l'f'/t+a

= &&& — A A A
At A AfaqgA
A a+fB"“ A A A
A At A4 A At A
A A a ta --A+ A
At
:’:‘-ﬂ( .
We wat 4 shw
aAtlaS = dindin ey,
Ae. Mw,

ﬂts t [fes ‘"{ftr{f JL /VL> (S A

(/LH> Sinee. A aplicd B o stz
wth the S’i’é'd{:?_ e

21 %Smﬁ?'

U s we. must e
ARy = dldIne s,
Whm OM«“\ (S Shme mvtsé'wfé’ {fvﬂfé o[-éfawﬁ&‘ o~

SZis
ﬂd et |
pree %

o withe eggenimlue
r-t:«‘.:urms ’d(&, numbe— assoocated



(b, cont'd.
Szmx&brfy;WL e
A A A A
o] = [aTa,
At AaAAa A AL A
=R 4 T AL A
AL A AALlaA
- {[ﬂ,& —0&""‘&,&,&
- AAfFA A A AfA
AAA—~a — A&l &
A
= —A

WL have
AinS = (AR « 20
_ A AaN N
= (maran jin’
= (VL,-FBJL‘;VL>
This myaifeg

whot cln) s a cowf‘ﬂﬂ{’r-ﬂw&a@wzg& o .

SZNS
PROBLEM. |

Prse ‘{,/z’?



(bY, Contd.. . SL0L5
- Pesslem |
Prie 5/23

‘72114@ the complex cwja:jac&; of ench sife in @ ;wa(jaé
U ptalS = lebl” -t >

Sinee, the ujmszfaées wre. srthmsrmal , we hae
wfataln = Je (]

z

but
| n=ata
pnd
Alnd = nfn>
S0
| il = leldl*
nfnlny = el ]
a<nind = ,{CGO!
n=leldl
and.
clnY = .




52005
Y conbd. .. fessien |
} H8E é/c%

ﬂk[j}? e “”’}4‘/@‘ C\DUW G-fc\ﬁﬁcjl S\{;{e 5&@/ uie ﬁe’é

fpatiay = [di]= ettty

| (Ft2 DS = [dO]"

latalny e wlilny = [dD1*
| Alny  cdny = [d(S]T
<’m§’nln>+ [ = u(;&ﬂ?’
ninfnd +1 = fd(fﬂg

n+l = AT
Al = dnst,

S0

(2 = fuet [as)




SZ0(5
( c\) Peosem |
prse 74

e Jopw

= hw >
/(%) = X 20,

This fm?g[MS Lt e eign s must be /oasiﬂvt betwse.
e o el e kzméja wnerzy st be. fzfjméiva.

_H’ &(Sz) 1')!«}0/[5 ‘l%ﬂé &L {"fj‘mvﬂl&(@ &f V/{L, mloosﬁéivg_, &Cm

v(x) = f%) (ﬁ;ﬁfy > D
- B (R ARN 310530 20
VO = B ({7442 +aa+ 25571
S0 [ §R e ol sty + Aoy -2 s ]
= Hw

- KL_?_Q [m ]n._zb + (ZnenS + 4 {n+b(’ﬁ+2)}”+z>]

o 7 or'o[&f’vﬁ\r’ this 4 be 20 y the £ Mi{a@ 57@ A must é{iﬁgg(ﬁyg‘
This also shws us that T LowesE’ value 070 a (S Bero.
= we allowed. =15 we would  have
Af'f-"f‘> = (—i-ﬁl\)f0\>
= 0 ,
which wakes no Seasa. b 10 must be sw— lowest ngs‘éxfe,



Szol5
) Ppogiem |
’ Pace /4

Lk [0S :% Then.

A

ﬂL"Hj:O
‘JE(KH,OWG =0
IERILTN:
= (B - 2 Lkg))h =0
(FRx -, 4 =€

Ay pw
vl ﬁ‘K%\

a |
) Gt = L dr

¥, = ~Z2x rC,
= (BT
whort & is 2 Oonstadts. Nﬂr‘maﬁzzﬁ

SO




SZUS

(‘e\) Aot (
We o [1Y = ¢ ¢ . So e %’)
P o= a9
- J'" (k :p%"
{
Tz ( - ‘“’"‘fw

= *ﬁ (F_;;’K ‘"ﬁ "fﬁ"fé&)\)%

49,
1/;,.?‘{) T wia

B () (B




