PROBLEM 6

Consider an ensemble of identical particles whose state space is spanned by

the basis
1 0 0
lel) ) ( 0 ) | Iez} ) ( 1 ) ’ |63> ) ( 0 )
0 0 1

Assume that the Hamiltonian H and an observable A are represented by

0 0 -1 010
H=Fo,| 0 2 0 |,andA=[1 0 0
-1 0 0 00 1

The eigenvalues of H are hw, 2fw, and —fiw with eigenvectors given by

1 0 1 1
|hw) = 7 O1 , |2hw) = ( (1) , and [—hw)\—/_-z— (1) )

The eigenvalues of A are —1,1,and 1 with eigenvectors given by

1 1 1 1 0
o)== -1 |, loeg1)=—x| 1 |, la2)=1] 0
A N A A ) R b
For all times ¢ < 0, the particles are in a state given by
1
V2 .
-1

a) [Lpt] Write down an expression for the time evolution operator Ul(t,t, = 0)
in Dirac notation

Vo) =3

b) [2 pt] Determine |1)(t)), the state vector at an arbitrary time.

c) [2 pt] What is the probability that a measurement of A at a time ¢ = 0
yeilds a = —17

d) [2 pt] What is the probability that a measurement of A at an arbitrary
time ¢ yields a value ¢ = —17

e) [3 pt] Assume that at ¢t = O the operator A is observed to be 1. What is
the probability that a short time later (0 < t << 1/w), the eigenenergy of
the system is observed to be —Ffiw?
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PROBLEM 6: Neutron Evolution

A polarized beam of neutrons with energy Eo and spin projection along the
positive z-axis enters abruptly at t = 0 a region where there is a uniform magnetic
field B. If we ignore the spatial degrees of freedom the Hamiltonian for the neutron
interacting with the magnetic field is

H=-B ji,=2wh-§
where # is a unit vector in the direction of the magnetic field and w = Bpuy/h.

(a) Hamiltonian: Express i in spherical coordinates {6, ¢} and then find an
expression for # - S. [2 points]

(b) Time Evolution Operator: Write down an explicit expression for the
time-evolution operator in terms of {6, ¢,t}. [3 points]

(c) Evolved State: Find the state of the time evolved system for any time
t > 0. [2 points]

(d) Expectations: Find the expectation value of the spin S. 2 points]

d) A Special Case: Determine and describe the motion for a system where
iy Y
B = Bi [1 point]



V= XL +99r 2%
= féu%ﬂbgpfffﬁhewhéj v (ol K

B e

:

- A ' . o ‘
N —g";\l _ ( o ,((A—O’Ca.ﬂ]// > ~ ( o - gw@_(l"‘%
St CQJ¢ 7o) élﬂm&ﬁv# .

L oG o \
(o ,('u“/

[
W .~ M’““““-«~ SN
(
Co o Tlog € S
- = S
¢
—~ (o (&
3
Sine e '(4)
~(ofer
HC
1

el s oF H



St ‘;MVP
R
= E2c
x% - 605’@”4 Qm@'éﬂ‘({) ( A ;%
o e w0 —~(oSe - | . B
e
A (oo -1) + BnEe b/
. o B = ,A(VIMC@ (w> Q,L{)
~ (g S ——
( A A ;5,,50;1? ) A e
Cine” /‘ (/‘*Ca(a)_@ ot :;(
LT
Fimes

S /_,(,Z( |+ (\,w;azs o (- (o) (-Os)
[ » g AN g

,gln LV ’
[ =2Coler +Cuco

(i {7 9:‘
5 /d{‘ o f‘( e
7 fue-






| R 4
P CoSemtl St )77%

giifv»« .Q/U(J — Co e 4+ . /5

e
- A[@wﬁfﬂ-+2§wv€( =

-
2¢0§ &
2.
< ¢ e -
—3 Bl‘—’: WZCQ(’Z A o
| d;\m@‘
2 . A ) - 4 {)Z .
A'ﬂ<(+ ﬁ@d%?gfi;ﬂw>mi
fio e e
C.,{f;- 2 (oCe-
A ’ ( 2+20So” y N 3"9%» AT Siwe
. | — e
Cin6 0 I\—————" e ’
\_,/"‘*/
2 (ofe-
2.
L
T, -
N g = — (% <
P
7/CL;,(@N
. e




AZWf"ZoJ‘> = Cog% SM% - Sﬁ‘“?«; CQS%., r% \/

W Z,’zwLZwE = [ ) )




@ l +\> FJ/ N2w Vg

w= > [NCelali Sl
C

4525 TeSccel >
) 2>

(2

"y
= (C,«JS & Si e )/ { )
= > N

2

z )

= (S-g N2 {;;@‘)( r > | 2>

- C& (@ (2‘-"/> + g"‘t [h2w>

‘ e 2

pZa
g'm?:,
.~ 2
| A 7lw Es & 2o .
- Ul +‘> = (ofer < ar ’Zcﬁ/x + f‘m*f; € m

Z /

C ol A W/ pu’}“ bocit (4T T P

‘f‘) o’ (..,/Z,:;\

@ Zw} |<I+ > 2y
® 5, > e



el -
o

PROBLEM 1: Eigenvalue Equation and Time Evolution

The Hamiltonian for a certain three-level system is represented by the matrix

H =

O R
o0 O
Q O o

where a, b, and c are real numbers and a — ¢ # +b.

(a) Find the eigenvalues E, and normalized eigenvectors |Ep),n =1,2,3 of H.
[4 points]

(b) If the system starts out in the state

0
@) =1{ 1 [,
0
what is |¥(t))? [3 points]
(c) If the system starts out in the state
0
[p(@)=1{ 0 |,
1 .

what is |¢(t))? [3 points]
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Problem 5: Time Evolution (10 Points)

Consider the Hamiltonian and a second observable, B, for a system that can be represented
in a 3-dimensional Hilbert space using the orthonormal basis: |e1), |e2) and |e3)
with

1 0 0
ety =10 |,lee)=|[ 1 ],les)=] 0
0 0 1
as.
2 00 1 0 —-1
H=w| 0 0 1 |,B= 0 2 O
010 -1 0 1

The system at time t=0 is in the state:
[%(0)) = le2)

a) Calculate the eigenvalues and normalized eigenvectors of H and B. (2 Point)
b) Determine |¥(t)), the wavefunction at a later time.(1 Point)

c) Determine Py (b = 2), the probability of obtaining b = 2 if b is measured at an
arbitrary time.(1 Points)

d) Is your probability in part c) time-dependent or time-independent? Discuss in detail.(1
Point)

e) Derive an expression for B%<B> where (B) = (¥(t)|B|¥(t)) by explicit differentiation
using the Time-Dependent Schrodinger Equation.(2 Points)

f) Use your expression in part b) to find 2 (B) for this system using the |¥(t)) you found
in part a). (2 Points)

g) Without doing further calculations describe what result you would expect for g—t-(B) if
the initial wavefunction |¥(0)) = |e2) changes to:

[2(0)) = lex)

Explain your answer in detail.(1 Point)
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