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Problem 6: Electron in a Finite Square Well (10
pts)

Consider an electron of energy E incident from x=—00 on a symmetric one-
dimensional square well of depth Vp and width L.

0, x < -L/2
Vizg)=¢ =Vo, -L/2 <x<L/2
0, x> L/2

a) Write down the solutions to the time-independent Schrodinger Equation
for this situation. There should be five integration constants (2 points)

b) Apply boundary conditions to find the probability that the electron is
transmitted past the finite well (4 points)

¢) For what values of E is there a 100% probability for transmission past
the well? (2 points)

d) Consider a potential well with Vg large enough for there to be two bound
states. For this well, what is the smallest electron energy (E > 0) for which
there is a 100% probability for transmission? Your answer will depend on
Vo and other parameters in the problem. (2 points)
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PROBLEM 2
PO I : ®)
v6) v
Vc prm————
% L o E—

a) [2 pts] Calculate the energy eigenvalues for a particle of mass m in the
one-dimensional infinite well shown in Figure A.

b) [4 pts] For the time-independent Schrédinger Equation corresponding to
potential (B), find a transcendental equation in F giving the eigenenergies
in terms of V,, L, m, and A

c) [4 pts] For the time-independent Schrodinger Equation corresponding to
potential (B), what is the smallest value of V, that gives one bound state?
What is the smallest value of V, that gives two bound states?
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Problem 5: Quantum statistics (10 points) °

1. Write down the energy eigenvalues and wave functions for a particle of mass m in an
infinite square well, with V = 0 for —L/2 < z < L/2 and V = oo for |z| > L/2. (2

pts)

9. What is the ground state energy and wave-function if 2 identical non-interacting bosons
are in the well? (4 pts)

3. What is the ground state energy and wave-function if 2 identical non-interacting spin-
up fermions are in the well? (4 pts)
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PROBLEM 2: Particle in a Box

A particle of mass m is in the ground state of a one dimension box of length L. Att =0,
the box suddenly expands symmetrically to three times its size, leaving the wavefunction of
the particle undisturbed. Assume the particle was in the ground state before the expansion.

a) Solve the Schrodinger equation and calculate the eigenenergies and eigenfunctions in the
box before and after the expansion (show all your work). (3 Points)

b) What is the probability of finding the particle in the ground state immediately after the
expansion? (4 Points)

¢) Compute the wave function of the particle ¥(z,t) for t > 0. Hint: express your answer
as a superposition of eigenstates. (3 Points)

Hint: ffﬁz dé cos 0 cos{qf) = T_ng‘ cos (q%),

fl/r% dé cos @sin(gf) = 0.
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PROBLEM 4: Two Particles in a 1D Box

Consider two noninteracting particles of mass m inside a 1D box,

0
Vig) = {o ,0< |x|‘<a‘
oo , otherwise

Make sure to consider the spin part of the wavefunction in this problem.

a) Let n; and ng be the quantum numbers of particle 1 and 2 respectively. What are the
wavefunctions of the single particle states for the each particle in the box? What are the
single particle energies? (2 Points)

b) If the particles are distinguishable what is the two-particle wavefunction that describes
the state? What is the energy? Write out explicitly the state (or states) and energies for
the ground state and first excited states of the system. (2 Points)

c) If the two particles are identical spin 0 bosons what are the ground state and first excited
state wavefunctions and energies? (2 Points)

d) If the two particles are identical spin 1/2 fermions what are the ground state and first
excited state wavefunctions and energies? (2 Points)

e) Write down the Hamiltonian for the two particles in the box and show that when the
particles are identical H commutes with the exchange operator. (2 Points)
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Problem 6: Spherical Square Well

Consider a spin 0 particle of mass m moving in a 3D square well, given by the potential
V(i =-V 0<|<a, V(@=0 |[f1>a (Vo>0) (1)
In this problem we will only consider the bound states of this well, so that —Vp < E <0.

(a) [t pt] Explain why we can write the eigenstates of this potential as
kim = fra(r)Yi™(0, ). (2)
(b) [2 pts] Defining the function ug(r) = rfru(r), write the radial Schrodinger equation
for wgi(r).

(c) [2 pts] For I = 0, write the form for the function uy,o(r) in the regions 0 < 7 < ag and
r > ag. Define any constants that you use.

(d) [3 pts] Using the boundary conditions on the function uk,0{r), derive an equation
that gives the bound state energies for the | = 0 states. Hint: Considering that
f(r) = u(r)/r, what is the boundary condition on u as r — 07

(e) [2 pts] For a fixed radius for the potential, ag, calculate the minimum depth, Vp = Vnin,
for the potential to have a bound state.



M-/"
2.M
> 2 172 \V4 ?
= F =

2z

- );‘fv%v 7'7'”‘“‘5{

(B e seperrte e = 00 E0) i (=)

Posn

Pannr

nvs [)of&‘"‘“‘ @Y
Mpeds. o~ \/

/
g\) &/\7 iy s Can

LW ot 4l ot

T chn \)/y (,9.] )



2
D% o+ L

P

)
o0’ 20

]+h:5+,) Qt{;zﬁﬁt%m7

A A

+ vy ~F

(V:- { \(/'(”s» o'{[\/(/‘z. D) 4/..,:» ﬁ

-
PR
v’

[

S

B B S ‘*'“T%/( A0
. A 2
PESEDS 4 Zw\/\

> =24

Ay

+oV=eFEuU







©) s cdid 5 s v

Whict, ¢ Tro~e

do _ Ju,
™™ T e \
By M a
- [f(,{'u) - - e
= DA € [ (oS ied, = KZE < > E*’CO(‘ =
It
2

> >§ Lk, ™ «*(}Q (oS ‘“"\fi
_ ,

— (Cz Tan ed, = - e

Canott Fu 2oy

E T oqurn vraads T hold T bowd (Tete$







Problem 4: Square Well Expansion

Consider a 1D quantum particle of mass m in a square well of width a:
V(iz) = 0, [z[<
V(z) = oo, lz|>3 1)

(a) [1 pt] Write down the energy eigenvalues, En, and energy eigenstates, () for this
well. You do not need to derive the states in all detail.

You might want to write the solutions for even and odd values of n separately.

(b) [2 pts] The well expands very suddenly to a new width L > a The expansion is
uniform about z = 0 so that for the new well, V(z) =0 forz < %

Assuming the particle is in the state n initially, for the well of width a, write an
expression for the probability for the particle to be in the state n' after the expansion,
for the well of width L. You don’t have to solve for this probability yet, but write this
expression in as much detail as you can. Explain why, for half of the possible values
of n/ this probability is zero.

(c) [2 pts] Consider the case where the particle is initially in the ground state of the well of
width a. Show that the probability that the particle will end up in the ground state
of the expanded well, of width L is

() =BTy 2

(d) [3 pts] Calculate the limiting functional form for Pyi(a/L) from part (c) for L >>
a, ¢ — 0. (Calculate the lowest order non-constant term in £.)

Calculate the limiting functional form for Py1(a/L) from part (c) for ¢ — 1. It might
be helpful to define £ = 1 — . (Calculate the lowest order non-constant term ind.)

Explain physically why you would predict the two limiting values of the probability.
(e) [2 pts] Consider the case where the particle is initially in the ground state of the well
and the potential well is completely removed suddenly (V(x) = 0 for all z).

Write down an expression that can be solved for the probability density of the particle
having a momentum p after the well disappears. Just as in part (b), provide as much
detail as you can, without actually solving for the probability.

Show that this will be very similar to the result in (b) so that calculating this proba-
bility would be a simple modification of the results in part (c).

Hint: The fact that cos(a + b) = cosacosb F sinasinb and sin(a & b) = sinacosb =+
cos a sin b might be useful.
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Problem 4: The Infinite Square Well: (10 Points)

A single particle is in a one dimensional infinite well whose potential V(z) is given by:

0, f-L<x<L
V(z) = { oo, otherwise

a. Find the allowed energies (E,) and the normalized eigenfunctions (®(z)) to Schrodinger’s
Equation for this potential. Show all your work. (2 Points)

Assume the particle is in the ground state and a position measurement of the particle is made.
Since any measuring apparatus has a finite resolution, the exact location of the particle cannot
be detemined. We therefore only know the location of the particle within some resolution e.
After making the position measurement the wave function ¥(z) is:

U(z) = |z} <

S
o
N[l pole

V(z)=0 |z|>

b. What is the probability that the particle has energy E,?. (2 Points)

c. If e = 2L, we know that the particle is somewhere in the box. What is the probability that
the particle is in the ground state? (1 Point) '

d. Before the position measurement we knew the particle was in the box and in the ground
state. If after the measurement and € = 2L we know that the particle is in the box, why is
probability that the particle is in the ground state not 1?7 (1 Point)

For parts ), f) and g) now assume that the particle is in the potential V(x)

0, if-L<x<L
V(z) = { 00, otherwise

and in the ground state. The position of the walls are quickly increased to

0, #-L'<x<L
V(z) = { 00, otherwise
where |L'| > |L]
e. After the expansion, what is the probability that the particle has energy E,?7 You do not
need to solve the integral. (2 Points)

f. Before the walls of the potential are increased, does |¥(z,t)|? (where ¥(z, ) is a solution to
Schrodinger’s equation before the expansion) have any time dependance? Explain (1 Point)

g. After the position of the walls are increased to L', does |¥(z, t)|? (where ¥(z, t) is a solution
to Schrodinger’s equation after the expansion) have any time dependance? Explain. (1 Point)
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Problem 1: A 3-D Spherical Well(10 Points)

For this problem, consider a particle of mass m in a three-dimensional spherical potential well,
V(r), given as,

V=0r<a/2
V=W r>a/2

with W > 0.

All of the following questions refer to the zero angular momentum states of the potential.

a. Find the form of the wave functions (i.e without matching boundary conditions), %(r), for
this potential for an energy, E, less than the well depth, W.(3 Points)

b. The wave function for the one-dimensional symmetric square well has both a cosine and sine
solution. Is this true for the three-dimensional spherical well potential? Explain. (1 Point)

c. If the potential well was infinitely deep, W— o0, what are the energies? Derive the
expression using the wave functions you calculated in (a).(2 Points)

d. Derive the transcendental equation that determines the energies for the finite spherical well.
(2 Points)

& cot[g] = n

J

e ano v v v s st s, gl . v e e et At e e e A o S
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0 14572
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o T e e e e
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e. Is there always a bound state in the finite three-dimensional potential? Justify your answer
to receive any credit. How does this compare to the one-dimensional finite square well? Use

the figure. 72 = n? + £2, where ¢ = V2mEa/2h and n = /2m(W — E)a/2h.(2 Points)
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Problem 1: 1D Square Wells

(a) [1 pt] Consider an electron confined to an infinitely deep 1D well with walls at z =0
and z = L. In the ground state, the electron has an energy of 2.5 eV (the bottom of
the well is defined as V = 0). What is the width of the well?

(b) [1 pt] A proton is confined to an infinite 1D square well of width 10 fm. What is the
wavelength (or frequency) of a photon emitted when the proton undergoes a transition
from the first excited state to the ground state of the well?

(c) [2 pt] Sketch the probability density as a function of z for the first 3 energy eigenstates
for an electron in an infinite well of width L. Describe qualitatively (or draw) how
the probability densities for these states will differ (from the infinite well case) for a
square well with an infinite potential barrier at x = 0 and a finite potential barrier at
z = L.

(d) [2 pt] Consider an electron in the nth energy eigenstate of an infinitely deep well with
walls at z = 0 and z = L. Calculate the probability that the electron will be measured
between 2 = 0 and z = € L, with 0 < ¢ < 1. Your answer should be a function of
both n and e.

Give a physical explanation for your solution as n — oo.

(e) [2 pt] The electron is in the ground state of the infinite well when the wall at z = L
is very suddenly moved to z = 2L. What is the probability that the electron will be
found in the ground state of the expanded box?

(f) [1 pt] What energy eigenstate in the expanded box will have the highest probability
of being occupied by the electron? What is this probability? Hint: You should be
able to determine this result without doing an integral, but you should explain your
answer. '

(g) [1 pt) Suppose the electron is in the ground state of the infinitely deep well when the
walls are suddenly removed completely. Write down an expression for the probability
distribution for the momentum of the freed electron. Setup but do not solve the
integral.
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%% Problem 3: 2-d potential (10 points) ’

A particle of mass m is confined by two impenetrable parallel walls at = +a to move
on a two-dimensional strip defined by

—a<r<a
—00 < Y < 00

The wave function for this system can be expressed as the product of two functions: one
that depends only on the spatial co-ordinates (z and y), and one that depends only on time
t.

a) Use the separation of variables technique to find the time dependent function. (2
points)

b) The part of the wave function that depends only on spatial co-ordinates can be ex-
pressed as the product of two functions: one that depends only on z and one that depends
only on y. Use the separation of variables technique to find these two functions. (3 points)

c) What is the minimum energy of the particle that measurement can yield? (2 points)

d) Suppose that two additional walls are inserted at y = +a. Can a measurement of the
particle’s energy yield the value 3m%h? /8ma? Explain your answer. (3 points)
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PROBLEM 1: Infinite Square Well
For a particle moving in an infinite square well of width 2a, the potential energy is

Vi) = {0 for |z] < a, a >0, and

oo for|z|>a.

Its wave function at time £ = 0 is
1
Y(z,0) = 7 [u(z) + ua(7)]

where u;(z) and uy(z) are the normalized ground state and first excited state wave functions
respectively and they are orthogonal to each other.

(a) Determine the energy eigenvalues Fy and Ej then find the wave function P(z,t) as a
function of time. (2 points)

(b) Find the expectation value of its kinetic energy (T) with ¥(z,t). (8 points)

(c) What is the expectation value of its total energy ((£))? Explain the relationship between
this result and what you found in Part (b). (2 points)

(d) Evaluate AX in this state with ¢(z,t). (8 points)
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Problem 1: The Infinite Square Well: (10 Points)

A single particle is in a one dimensional infinitely deep potential well of width L where V(z)
is given by:

0, if0<z<L
00, otherwise

V(z) = {

1. Find the allowed energies (F,) and the normalized eigenfunctions (¥(z)) to Schrodinger’s
Equation for this potential. Show all your work. (2 Points)

9. Sketch the wave functions for the first three stationary states for this potential. (2
Points)

3. Now, if four spin-1/2 identical particles of mass m are placed in this potential, calculate
the three lowest values for the total energy of the system of particles. (3 Points)

4. Determine the degeneracy for each of the three energy states found in part 3. (3 Points)
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