Y —20°7]

PROBLEM 2

Vix)

Consider the one-dimensional infinite-well potential shown above.

[a] (4pts) Derive expressions for the energy eigenfunctions and energy eigen-
values for a particle in the one-dimensional infinite well shown above.
Show your work.

[b] (4pts) Now suppose a perturbation of the form
AV (z) = Voad(x)

is added with V, << 'Z:—;‘; Here § (z) is the Dirac-delta function. Ac-
cording to first order perturbation theory, what are the eigenenergies of
each state?

[c] (2pts) According to first order perturbation theory, what is the wave func-
tion of the ground state? Write your answer in terms of a, Vo, fundamental
constants, and the unperturbed wave functions ¢, (z). You do not have
to normalize the wave function.
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PROBLEM 1: The Delta-Function Potential

Let us consider a single particle of mass m moving in one dimension with the Hamiltonian

H=T+V(z),
where the kinetic energy is
2 2 92
T = _P_ = __7?_ 4 ,
2m 2m 0x?

the potential energy is

and &§(x) is the Dirac delta function.

(a) [2 points] Find an expression for the discontinuity of the derivative of the wave function
at z = 0.

(b) [3 points] Find the ground state wave function.
(c) [2 points] Find the ground state energy.

(d) [3 points] Find the expectation value for the kinetic energy, (T).
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Problem 1: Bound States and Scattering for a Delta-Function Well

Consider a delta-fuction for a 1-D system,

V(z)=—g 6(x) 1)

where g > 0. We will consider the states of a particle of mass m interacting with this
potential for both F < 0 and E > 0.

This potential has a single bound state £y < 0.

(a) [1 pt] Explain why the bound state wavefunction for the particle will have the form
U(z) = ce1#l/X, (You don’t need to solve for anything to answer this question.)

(b) [2 pts] Derive the boundary conditions for ¥(z) and 8,¥(z) at z = 0.
(c) [1 pt] Using the boundary conditions at & = 0, determine the value of A.

(d) [1 pts] What is the energy of the bound state, E;,? What is the normalization constant
c?

(e) [2 pts] What is the uncertainty in position, Az for the particle in this bound state?

(f) [2 pts] Next consider a scattering state for this particle with energy £ >0

U(z) = e +ae™™®, <0
be*=, >0 (2)

For this state, B = B2k

2m

Using the boundary conditions you found in part (b), determine a and b, and the
transmission and reflection coefficients for this scattering state.
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