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PROBLEM 1

The wave function of a particle of mass m in free space is approximated by
#(7) = Ne* where k is a constant and N is a normalization constant.

[a] (4 pts) What would be the result of a measurement of the momentum of
the particle? Explain your answer.

[b] (4 pts) What would be the result of a measurement of the energy of the.
particle? Explain your answer.

[c] (2 pts) What would be the result of a measurement of the position of the
particle? Explain your answer.
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Problem 3: Identical particles (10 pts)

Two non-interacting particles of mass m are trapped in a 1-dimensional
infinite box of length L situated between z = 0 and x = L. (In the cases
you are considering fermions, assume them to all be spin up.)

(a) [1 points] Write down the single particle energy eigenvalues and wave-
functions.

(b) [1 points] Write down the energy eigenvalues and wavefunctions for
two distinguishable particles. Label the states by n; for particle 1 and
ng for particle 2.

(c) [2 points] An energy measurement of the two identical particle system
yields E = h2x%/mL?. Write down the state vector/wave function of
the system.

(d) [2 points] Suppose instead the energy of the two identical particle
system is measured to be E = 5h%r?/mL?. What is the wave function?
Hint: there are two possibilities.

(e) [2 points] Show that the fermion state you found in part (d) is an
eigenfunction of the Hamiltonian, with the appropriate eigenvalue.

(f) [1 points] Write down the wavefunction for two identical spin-up fermions
in the n1 = 2 and ng = 2 state.

(2) [1 points] If instead you had three particles in the orthonormal states
U;,¥,, and W3, construct the three particle state for identical fermions.
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Problem 4: Matrix Mechanics (10 pts)

Consider a system governed by a Hamiltonian H, with an observable C.
The Hamiltonian is represented in the |e;) basis as:

10
H=hw|0 O
01

1 0 0
Where |e1) = (0), lea) = (1), les) = (O)
0 0 1

The eigenvalues and eigenvectors of H are

0 0
|E1:—hw):% ( 1 ), |E2:hw,1)=% (1), lE2=hw,2>= (O)
-1 1 0

Let C be represented in the |e;) basis as

o = O

00 2
C=1010
2 00

At t=0, the system is in the state: |¥(t = 0)) = %|el) + %leg)

a) At time t=0, the observable C is measured. What results are possible
and with what probabilities? (2 pts)

b) Determine the representation of the time evolution operator U (¢, to = 0)
in the |e;) representation. (2 pts)

¢) Determine |¥(t)) in the |e;) basis. (2 pts)

d) If C is measured at some later time t, what results are possible and with
what probabilities? (2 pts)

e) Are your probabilities time dependent or time independent? Explain (2
pts)
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PROBLEM 1: Postulates of Quantum Mechanics

A physical system consists of three distinct physical states. For this system, an operator A has
eigenvalues A1, Az and As.

(a) Write down the completeness relation for this system. [2 points]

(b) Apply the completeness relation, then write down the expansion of a general state |¢) in
terms of eigenvectors of A [1 point]

(c) What is the probability that a measurement A of the state [¢) yields the value A1? [2 points]

(d) A measurement of A on the state |¢)) is found to give a value Ay. What is the state of the
system immediately after the measurement? [1 point]

(e) A second measurement of A on the system is immediately performed. What is the probability
of finding (A) = A\;? What is the probability of finding (A) = A7 [2 points]

(f) Let us assume that the Hamiltonian H is time independent. Write down an equation that
determines the time evolution of the state |#(2)) in the Schrédinger picture. Write down an
equation that determines the time evolution of A(t) in the Heisenberg picture. [2 points]
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Problem 5: Measurement and Probability (10 points)

Consider the following two observables, H and C, whose representation in the unit basis
le1), |ea) and les) is:

110 0 0 -1
H=wl| 1 01 ]),C= 0 1 0
011 -1 0 0
where:
1 0 0
|61> = 0 y |82> = 1 ,‘63) = 0
0 0 1

Assume that at time t=0 the ensemble of particles is in the state:

17(0)) = %leﬁ + %l@)

The eigenvalues of H are given by A = 2,1, -1 with normalized eigenvectors given by
(1,1,1)/v/3, (1,0, —1)/v/2 and (1, -2, 1)/+/6 respectively.

The eigenvalues of C are given by A = 1,1,-1 with normalized eigenvectors given by
(1,0, -1)/v2, (0,1,0) and (1,0, 1)/v/2 respectively.

a) What is the probability of measuring H and obtaining £ = Aw? What state is the
particle in after the measurement? (2 pts)

b) If one immediately measures C after the measurement of H in part b), what is the
probability of obtaining ¢ = 1?7 (1 pt)

c¢) What is the probability of measuring H first and getting F = hw, then measuring C
and getting ¢ = 1, i.e. what is Py (E = Iw,c= 1)? (1 pt)

d) If the system is allowed to evolve in time after the measurement of H and before C'is
measured, will your answer to part c¢) change? Explain your reasoning. (1 pt)

e) With the ensemble of particles all in the original state: |T(0)) = %Iel) + %Ieg),
reverse the order of the above measurements and answer the same questions:

i) What is the probability of obtaining ¢ = 1 if C is measured first? What state is the
particle in after C is measured? (1 pt)

ii) If one immediately measures H after C is measured in part i), what is the probability
of obtaining F = fw? (1 pt) (question continues on next page...)



iii) What is the composite probability Py (c=1,E = hw) 7 (1 pt) 6

iv) If the system had been allowed to evolve in time after the measurement of C' and
before H is measured, would your answer to part ii) be different? Explain. (1 pt)

f) Are H and C compatible observables? Why?
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PROBLEM 3: Matrix Mechanics

Let A, B and C be three ensembles that are represented in the orthonormal basis |e1),

les) and |es),
1 0 0
161> = ( 0 3 162) = 1 s l63> = ( O
0 0 1

010 1 -3 0 2.0 0
A=|100]), B=(-3 1 0], C=|010
001 0 0 -2 001

The eigenvalues of A are doubly degenerated, a =1, 1, —1, with eigenvectors

e 0 . 1
1a:1,1>=E (1) . la=1,2)= 2 , |a=—1)=72- —01 .

The eigenvalues of C are also doubly degenerate, c =2, 1, 1, with eigenvectors:

1 0 0
|c=2)=(0), ]c——:l,l):(l), ]c=1,2)=(0>.
0 0 1

Assume that all particles in the ensemble are in the state |1},

) = len) = lea) + 5leo)

Answer the following questions:

a) Find the probability of measuring C and obtaining a value ¢ = 2; then immediately
measuring A and getting a = 1, d.e. find Pyy(c = 2,a = 1). Identify the intermediate state
|4’} after C is measured. (2 Points)

b) Now find the probability if those measurements are performed in the reverse order, i.¢.,
find Py (a = 1,c = 2). Identify the intermediate state |¢") after A is measured. (2 Points)

¢) Compare the results of parts a) and b) and explain why this happened. (1 Point)

d) If you are told that the eigenvalues of B are b = —2, —2, 4, justify whether or not the
following 2 probabilities Py (a = —1,b = 4) and Pyy(b = 4,0 = —1) will be equal (do
NOT explicitly calculate the probabilities). Will the final states be the same or different?
Explain. (2 Points)

e) Does {A, B} constitute a complete set of commuting observables? Demonstrate explicitly.
(3 Points)
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Problem 4: Finite Quantum System

Consider a quantum system that can be described by three basis states, In), n=1,2,3,
and the Hamiltonian in this basis:

hw 2 00
H==|0 1 i (1)
0 — 1
(a) [3 pts] Solve for the energy eigenvalues and eigenstates of this system.
(b) [2 pts] If the system starts in the state
. .
) = —(|1)+ |2 2
9O = 5 (1) + 12) )

determine the time-dependence of the state |1(t)). You may write your answer in
terms of either the states |n) or the eigenstates you found in part (a).

(c) [3 pts] Calculate the time dependent probabilities for measuring the system to be in
each of the states |1), |2), and |3), if the system starts in the state given in part (b).
Explain why the different states can or cannot be measured and the frequency of the
oscillations you found.

(d) [2 pts] Finally, assume that the states |n) are the eigenstates of some observable O
where

Oln) = (=1)"njn) 3)

If, again, the system starts in the state given in part (b), what is the time dependent
expectation value of O, (O)(t)?
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PROBLEM 1: Rigid Rotator

A free molecule of NaCl can be approximated as a dumbell, or rigid rotator. Attach a
reference frame to its center of mass, with z-axis oriented in an arbitrary direction. The
Hamiltonian can be taken to be H = é’; where L is angular momentum and I is the (fixed)
moment of inertia.

a) Write the Schroedinger equation for the molecule. (1 Point)

b) What are the energy eigenvalues? (2 points)

¢) What are the steady-state eigenfunctions? (2 points)

d) Sketch an energy level diagram for the rotator. Note any possible degeneracies. (2 points)
e) The rotator, with electric dipole moment D oriented along the dumbell symmetry axis,

is placed in an electric field E = E3. The dipole interaction is Hp = — —D.E. What is the
first order perturbative correction to the lowest energy level? (3 points)
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PROBLEM 2: Dirac Notation in Quantum Mechanics
Consider the kets |a,,) as the eigenstates of an observable operator A
Alayn) = anlan) .

Assume that |a,,) form a discrete orthonormal basis in the vector space. Define

an operator U(m,n) as
U(m,n) = |am){anl-

(a) Show that U(m,n) is an Hermitian operator. Calculate the commutator
[A,U(m,n)]. [2 Points]

(b) For a generic operator with matrix elements By = {(am|Blan), show that

B = Z B U(m,n).
mn

[2 Points]

(c) Assume the Hamiltonian of a three-level system
H = H2U(1,2) + HnU(2,1) + HasU(2,3) + H2U (3, 2)

where Hys = Has, and Ha; = Hs3y are complex numbers with dimension of
energy. Find the eigenvectors and the eigenvalues of the Hamiltonian in the
larn) basis. [4 Points]

(d) Assuming the Hamiltonian above, and n = 1, 2,3, find the condition where
the observable operator A is time independent. [2 Points]
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PROBLEM 6: Radioactive Decay

In this problem you will calculate the transmission and reflection coefficients for a simple
potential step. Then you will use this result to estimate the tunneling probability through an
arbitrary potential. This evaluated tunneling probability is called the Gamow Factor. Finally,
you will use the Gamow Factor to explain radioactive decay by calculating the decay probability
for an a-particle being emitted from a radioactive nuclei and the mean lifetime for that process.

(a)

(b)

[4 points] Potential Step: Calculate the transmission and reflection coefficients for a
particle with total energy E interacting with a potential barrier that is a simple potential
step (Vo > 0):

0, ifz<0
V(m)z{Vo, if0<z<a
0, ifx>a.

[3 points] Arbitrary Potential: A particle of total energy E interacts with an arbi-
trary potential barrier V = V(z). The classical turning points are T = 1 and z = .
Assume the potential curve V(z) is sufficiently smooth, then divide the interval [z1, o]
into intervals of length Ax;, large compared with the relative penetration depth d; =
h[8m(v(z;) — E)]_l/ 2 of a particle in the rectangular barriers. Find an expression for the
transmission coefficient T (the Gamow Factor) in this approximate way for the barrier
V = V(x), knowing that

T ns o[ HVETGO )
!

for the ith rectangular barrier.
vir}

e

[3 points] a-emission of radioactive nuclei: Now show that a-particles with energies of
a few MeV can leave potential wells with depths of tens of MeV. Use a simplified model
potential, i.e. let V(r) = —~Vp if r < Ro, and V(r) = 2 if r > Ro. Now calculate Gamow’s
factor for this barrier, i.e. the decay probability for emission of a-particles of energy E
through the barrier. Express the result in terms of the final velocity of the a-particle, and
estimate the mean lifetime of an a-emitting nucleus.
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PROBLEM 3: Dirac formulation of quantum mechanics

Let & be a three-dimensional Hilbert space that is spanned by the orthonormal basis {|u1), [u2), lus)}.
The operator 2 acts in &5 as follows:

Q|u1> = 3luy) (1)
Qlug) = 2[ug) — |ua) (2)
Qlug) = —l|ua) + 2fus) (3)

(a) [5 pt] Prove that Q2 is Hermitian. Find its eigenvalues, wi, wa, and ws, and write down each
of the corresponding eigenvectors in the {|u1), |ua), |us)} basis.

(b) [1 pt] Does {Q} constitute a complete set of commuting operators for &7 Why or why
not?

(c) [2 pt] According to Eq. (1), £ can be partitioned into eigensubspaces by letting &, be the
subspace spanned by {|u;)} and &, be its orthogonal supplement. Construct an orthonormal
basis {|ta), |ts)} of &, and write each basis vector in {|u1), [ug), [us)} basis. (Choose |t3) to
correspond to the smallest eigenvalue of §2.)

(d) [2 pt] With |t;) = |u1), the set {|t1), [t2),[ts)} constitutes an alternate basis of &. Find
the matrix S, with elements S; = (u; | t&), that transforms between {|u1), |ua), [us)} and

{It1), It2), [£s)}- |
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PROBLEM 1: Eigenvalues and Eigenvectors
Suppose the Hamiltonian for a system is given by
H = hwo(og + 0y)
where o, and ¢, are two of the Pauli matrices.
(a). Calculate the eigenvalues and eigenvectors for this Hamiltonian. (5 points)

(b). In the Schrodinger picture, the state vector is

At t = 0, the state of this system has a(0) = 0 and B(0) = 1. Evaluate a(t) and B(?)
for t > 0. (5 points)
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