3. In this problem you will construct the 4-dimensional (4-d) electro-
magnetic stress-energy-momentum tensor from the 4-d electromagnetic
field tensor F*¥ in Gaussian units. Recall that F* is antisymmetric

(F#V o _FVN) and-is-constructed-from components.of the electric and

Aok

magnetic induction fields E and B by choosing
FO?', — "Ei, Fij —_ -‘GijkBk.

Here we use the Einstein convention of summing over repeated indices,
where Greek letters run from 0 to 3, while Latin letters run from 1 to
3. The symbol €% is the totally anti-symmetric 3-dimensional Levi-
Civita symbol and satisfies €!** = +1. The time coordinate is given by
2 = ct, where c is the speed of light and the 4-d metric used to raise
and lower Greek indices is g* = g, = diag(1, -1, -1, —1).

(a) [3 pts] Define the 4-current J* and show that in a region contain-
ing no polarizable materials (¢ = p = 1) Maxwell equations are
written in 4-d form as

4
o, F"" = %J’L, OnFuw 4 0uFn + 0,Fy, = 0.

(b) [1 pts] From Maxwells equations prove that charge is conserved,
i.e., show that
9, J* = 0.

(c) [3 pts] The 4-d stress-energy-momentum tensor is a traceless sym-
metric second-rank tensor, quadratic in the field strengths defined
by

TH = L pmpy - Ly pesp
" in » T per| -
Show that the 4 parts of T can be identified with the electro-
magnetic energy density u by 7% = u, the momentum density g
and the Poynting vector S by T% = T = ¢g* = S%/c, and the
3-d Maxwell stress tensor Ty by T%9 = —T%. Be sure to give u,
g =S/c%, and ﬁjM as functions of E and B.

(d) [3 pts] Use Maxwell’s equations to compute 9,7*". Show that
8, T* =0 in a region where J* = 0 and that this one 4-d vector
equation is equivalent to the local conservation of electromagnetic
energy and momentum in 3-d, i.e., that
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A3 (cont )
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H3 (contd
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