CHAPTER XII
THE GAMMA FUNCTION

12-1. Definitions of the Gamma-function. The Weierstrassian product.

Historically, the Gamma-function® I'(2) was first defined by Euler as the
limit of a product (§ 12:11) from which can be derived the infinite integral

f t*"le~tdt; but in developing the theory of the function, it is more con-
0

venient to define it by means of an infinite product of Weierstrass’ canonical
form.

o z
Consider the product zev* II {(1 + 5) e ;} )

n=1

. 1 1 1
where v = "1‘1_1.1; {i+§+ +E—log m}=0‘5772157....

[The constant y is known as Euler's or Mascheroni’s constant; to prove that it
exists we observe that, if

L 1 n+1
w= e a s

1 ; therefore 2 4, converges, and

=1

%, is positive and less than j dt_

lim {-}-+l+...+'-n—logm}- Jim {z u.+log"—i!} =3 .

m -0 2 m-=wm n=1 =1

The value of y has been calenlated by J. C. Adams to 260 places of decimals. ]

The product under consideration represents an analytic function of z, for
all values of z; for, if N be an integer such that |z| < { N, we have?, if n > N,

Z z 122 132
log(l+;‘)—; =' §F+§;;—...|
2 2
slfl—,‘{1+ 1+ +}
1N 1 1N
<4n,{1+§+§—,+..}s§;&;

Since the series § {N3/(2n%)} converges, it follows that, when |z]| <} N,
n=N+1

* The notation I' (z) was introduced by Legendre in 1814.
+ Taking the principal valuae of log (1 + z/n).



._ﬁ,“ {108 (1 + i) - 1—:} is an absolutely and uniformly convergent series

of analytic functions, and so it is an analytic faunction (§ 5'3); con-

sequently its exponential IT {(1 + ;—':) e —7:} is an analytic function, and

n=N+1

® _3
so zev® TI {(l +;—':) e n} is an analytic function when |5| < 4N, where N is

n=]

any integer; that is to say, the product is analytic for all finite values of 2.

The Gamma-function was defined by Weierstrass® by the equation

%z) = ze"'”i‘:i1 {(1 +$) e —’f'};

from this equation #¢ is apparent that T (z) is analytic except at the points
2=0,-1, -2, ..., where it has simple poles.

Proofs have been published by Holder +, Moore$, and Barnes§ of a theorem known to

Weierstrass that the Gamma-function does not satisfy any differential equation with
rational coefficients.

Example 1. Prove that
r)=1, r()=-y,
where y is Euler’s constant.

[Justify differentiating logarithmically the equation

1 g > z -5}
reme B {0+ 3o
by § 4'7, and put z=1 after the differentiations have been performed. ]
Evample 2. Shew that '

1 1 1 [11-(1-¢p»
1+2+5+...+;=L—T—d¢,

and hence that Euler's constant y is given by||

i -0 0875
Ezample 3. Shew that

2{(-5) -,

* Journal fiir Math. L1. (1856). This formula for I'(z) had been obtained from Euler’s formula
(§ 13-11) in 1848 by F. W. Newman, Cambridge and Dubdlin Math. Journal, m, (1848), p. 60.

t+ Math. Ann. xxvin. (1887), pp. 1-13.

1 Math. Ann. xuviiL. (1897), pp. 70-74.

§ Messenger of Math. xxx. (1900), pp. 122-128.

Il The reader will see later (§ 12°2 example 4) that this limit may be written

1 _p 4t ®e-tde
f,““"?‘f, v
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1211, Euler's formula for the Gamma-function.
By the definition of an infinite product we have

e[ 3 i i {(12)e 7]

., Lim "6(1+%+...+%—logm); ﬁ{(l +.%)e- }]

m-»=o | n=1

S

=z lim -m"' ﬁ (1 +—’:)]

m-»o L n=l1 n
m—1 -z m
=2 lim n(1+-1-) z11(1+f)]
73 - ® L_‘n::l n n=1 n

-t (3 (1) (1)} (03]

Hence T'(2) = % “I:il {(1 + %)z <1 + g)_l} .

This formula is due to Euler®; it is valid except when 2=0, -1, -2, ....
Ezample. Prove that

. 1.2...(n-1) ,
r(z)s,,l.f:,z(z+l) (z+n-—l)n ) (Euler.)

12:12. The difference equation satisfied by the Gamma-function. |
We shall now shew that the function I'(2) satisfies the difference equation
I'(z+1)=2I"(2).

For, by Euler’s formula, if z is not a negative integer,

1z+1 13

T+ (s) = — limﬁ(H’_‘) 2 ﬁ(H;‘)

‘ (Z+ / Z)—z+1 m-bcou=11 z+1 - zmﬁn:l 1+£
n n

- ﬁ{<l+%)(z+n)}

z"'lm-—on:l z+n+1
=z lim m+l _
"> +m+1

This is one of the most important properties of the Gamma-function.
Since I' (1) =1, it follows that, if z is a positive integer, I' (2) = (¢ — 1) !.

* It was given in 1729 in a letter to Goldbach, printed in Fuss’ Corresp. Math.
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Ezample. Prove that
1 1 1 1 11 .1 1
Ter)  FErp T et I‘(z) {' TTisr1 T el ,—;§—---}-
[Consider the expression

1 1 1 1

;+z(z+1)+z(z+l)(z+2)+"'+z(z+l)... (2+m) "
n , Where
n=02T7
=r 1 1 (= s 1
BEST { + + + +(m-“) }— n! { r—mz—n-}-l;—!}.

©. 1 e
Noting that = —_—<
g rem—n1 ! (m—n+1)!

m-»c when z is not a negative integer.]

Ty prove thatE( » 1 { ; l}--\--0 as

neo n! z4n rem-nt1 T

12'13. The evaluation of a general class of infinite products.
By means of the Gamma-function, it is possible to evaluate the general
class of infinite products of the form
il u,

n=1
where u, is any rational function of the index .
For, resolving u, into its factors, we can write the product in the form
i {A (n—a)(n—-a)... (n—ak)} .
(n—=05)...(n—by) ’

and it is supposed that no factor in the denominator vanishes.

n=1

In order that this product may converge, the number of factors in the
numerator must clearly be the same as the number of factors in the
denominator, and also 4 =1; for, otherwise, the general factor of the product
would not tend to the value unity as n tends to infinity.

We have therefore k=, and, denoting the product by P, we may write
(n-—a)...(n— ak)}
I .
P- B S et
The general term in this product can be written

(-2 (-2 (-4 (-4

=1_a,+aq+ XX +ah'.—bl-"'_bb
n

+4n,

where 4, 1s O (n~?) when 7 is large.

In order that the infinite product may be absolutely convergent, it is
therefore necessary further (§ 2:7) that

G+ .. +ap—b—...—b=0
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We can therefore introduce the factor
exp (n (@ + ... + @ — by — ... — )}

into the general factor of the product, without altering its value; and thus

we have
q a an
(1-ﬂ)e"(1—"—*)e"...(1-_’f ¢n
n n n
be

b,
' (l—lﬁ)e"...(l-@)e"
n n

But it is obvious from the Weierstrassian definition of the Gamma-

function that
}4
i A\l = 1
rEl{(l ”) ° } T =l (=2)e

bl P('—b1)bar(_be)---bkr("bk)__ ﬁ P(l"bm).
uT(=a)...al(-a)  maiT(1—am)’

a formula which expresses the general infinite product P in terms of the
Gamma-function.

=s

P=

”n

and so P=

Example 1. Prove that

© s(a+b+s) T(a+l)T(b+1)
s=1(a+8) (b+3) Ir(a+b+1) °
Ezample 2. Shew that, if a=cos (2x/n)+1 sin (2n/n), then
1 1 1

x<1—§) (1-21",-, = {=T(=Z")T(—axh)...T (—a*~1 5% )}-L,

12:14. Connexion between the Gamma-function and the circular functions.
We now proceed to establish another most important property of the
Gamma-function, expressed by the equation

T
sinmwz’

'r{d-z=

We have, by the definition of Weierstrass (§ 12'1),
z 2
roTea=-3 1 {(1+5)e T B (-2}
- -
zsin wz’
by § 7°5 example 1. Since, by § 12:12,
T(1—2)=—sl'(—2)

we have the result stated.
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Corollary 1. If we assign to z the value }, this formula gives {I'(})}*=m ; since, by
the formula of Weierstrass, I' (3) is positive, we have

T (§)=nd.
Corollary 2. If ¥ (z)=T"(2)/T (2), then ¥ (1 - 2) = ()= cot ws.
12:15. The multiplication-theorem of Gauss* and Legendre.
We shall next obtain the result

n-—1

T()T(s+ %) P(z+§) D24 252) = @mF D ad = D ),

n”‘l"(z)l"(z+%) ...P(z+n;1>

For let d(2)= T (n2)
Then we have, by Euler’s formula (§ 12:11 example),
= 1.2...(m—=1).mstr»

n* 11 lim - - o
r=0m-e (z + —) (z + - +1)...(z+—+m—1)
n n n

¢(2) = n lim 1.2...(nm—1). (nm)=
meo NZ(nz+1)...(nz +nm-1)
i 1o {('m _ 1)!}nmnz+i(n-1) "
. Ry ey y £y
e {(m— 1)!}"mﬂ""1’n"m~1

It is evident from this last equation that ¢ (2) is independent of 2.

Thus ¢ (2) is equal to the value which it has when z = %; and so

¢(z)=l‘(%) r (;2;) (22 1).

Theretre (¢ @)= [T (5)r(1-2)]
_ 1 - (2w)
sin%singq—r... sin(n—_n}-)—"-r "

Thus, since ¢ (n~?) is positive,
$(x)=2m" " Vn"d,

. 1 n—1

1.e. I‘(z)l"(z+;)...l‘<z+ -

Corollary. Taking n=2, we have
Qu=11 ()T (s4+4)=w3 T (22).
This is called the duplication formula.

) =ni ™ (2'lr)i -1)p (n2).

* Werke, m. p. 149. The case in which #=2 was given by Legendre.
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Iy r
Example. 1f B(p, q)= [‘({})J+(qq)) .
shew that

1 -1
B(p 9) B(P"";’ 9> .. B (P"'nn ’ 9)
=n—m™M e —
B (np, ng)=n B@ 0BG, 0. Bln-1g ¢}
1216. Expansions for the logarithmic derivates of the Gamma-function.

@ -z
We have {r(z+1)} =" 131{<1 +7%) e "} .
Differentiating logarithmically (§ 4°7), this gives
dlogT (z41)_ 2 2 z
% = e teery Taeea T
Therefore, since log T' (z+1)=log z+log I (2), we have
d, 5 1, = 1
Ezlogl‘(z)— R (z4n)"
Differentiating again, o lo r(z+1)—i{ A
ifferentiating again, 7 log =% G+ T2 (z+2)+'"}
1 1
_(z+1)2+ (z+2)2+-c..

These expansions are occasionally used in applications of the theory.
12:2. Euler’s expression of T (2) as an infinite integral.
The infinite integral f ¢~tt7—1d¢ represents an analytic function of z when®
0

the real part of z is positive (§ 5:32); it is called the Eulerian Integral of the
Second Kind+. It will now be shewn that, when R (z)> 0, the integral is
equal to I' (2). Denoting the real part of z by z, we have £>0. Now, if}

n t n _
I1(z, n)--fo (1-—’—1) t-1dt,
. ‘1
we have I1(z, n)=n* f 1 —7)»r*dr,
0

if we write t =n7; it is easily shewn by repeated integrations by parts that,
when z > 0 and 7 is a positive integer,

fl(l — 1) dr = [1 (11— 'r)"]l + EJ‘I(I — T lrdr
0 2 o ZJo

- n(n—-1)...1 fl e
2(z+1)...(z+n—-1) oTz dr,
and so . II(z,n)= 1.2...n 2

n’.
z(z+1)...(2+n)
Hence, by the example of § 12:11, II (2, n) ~T'(2) as n > co.

* If the real part of z is not positive the integral does not converge on account of the singu-
larity of the integrand at £=0.

+ The name was given by Legendre ; see § 124 for the Eulerian Integral of the First Kind.

+ The many-valued fanction t*-1 is made precise by the equation t*~1=e(*~1)1s¢, log ¢ being
purely real.
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Consequently I'(z)=lim n(l - E)n = dt.
n—>wo/0 n
And so, if I\ (z) = f et
0
we have
I\ (z) - I'(2) = lim H {e"‘- (1 -i) }t"‘dt+f e“t’“dt:l.
ne»0| J0 n n
Now lim | e~tt'dt =0,
n=w0sn

@
since f e~tt*"'dt converges.
0

To shew that zero is the limit of the first of the two integrals in the
formula for I'; (2) — I" (2) we observe that

0<et—= (1 - ﬁ)n < nitet,

[To eatablish these inequalities, we proceed as follows: when 0 €y <1,

L+ygerg(-9)7
from the series for ¢¥ and (1=y)~!. Writing ¢/n for y, we have

(1 +;§> -“3 e~t> <l—£>“,

and so Osr‘-—(l—i)“
=e-t{1-et(1-£)'}
-5}

Now, if 0<€a<1, (1-a)*>1-na by induction when na<1 and obviously when
na21; and, writing ¢3/n? for a, we get

I\ 8 3
1—(1-‘—,) <&
n n

and so* OSe"—(l—%

)' <e-tain,
which is the required result.]
From the inequalities, it follows at once that

[ (1= 4}

n
< f nletrNdt
0

<n! f e~tt*Hdt - 0,

0
as n -» o0, since the last integral converges.
* This analysis is a modification of that given by Schlémilech, Compendium der hiheren

Analysis, 11. p. 243. A simple method of obfaining a less precise inequality (which is sufficient
for the object required) is given by Bromwich, Infinite Series, p. 4569.
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Consequently T (¢2) =T (2) when the integral, by which T (2) is defined,
converges; that is to say that, when the real part of z is positive,

E o= it

And so, when the real part of z is positive, I'(z) may be defined either by
this integral or by the Weierstrassian product. ‘

Example 1. Prove that, when R (2) is positive,

1 1 1 l—ld
I‘(z)-jo(oga) .
Ezample 2. Prove that, if R(z)>0 and R (s) >0,

fw e‘“x“‘dx=l:—(9.
Jo 2
Ezxample 3. Prove that, if R (2)>0 and R (8)>1,

1 1 1 1 ©eg-umps-lgy
(z+1>~+<z+2>'+<z+3>-+'"=r<s>fo =1

Ezample 4. From § 121 example 2, by using the inequality

»n
0 Se“—(1—£> <e=tn,

1]mg=t_g-11t
7_/‘ 1-¢ : e W o
0

deduce that

1221, Ertension of the infinite integral to the case in which the argument of the
Gamma-function 18 negative.

The formula of the last article is no longer applicable when the real part of z is
negative. Cauchy* and Saalschiitzt have shewn, however, that, for negative arguments,
an analogous theorem exists. This can be obtained in the following way.

Consider the function

Iy (z)= wt'"l "—1+t—£2—+ _per E da,
2(2) 0 e 21 "'+( ) Iy )

where % is the integer so chosen that —& > > — k-1, z being the real part of z.
By partial integration we have, when z < -1,

=[5 (oreemgrret ) |

+ ! F ¢ (e“—l+t—...+(—-)" ii—) dt.

Z2 Jo (k - 1) !

The integrated part tends to zero at each limit, since x +£ is negative and x+4+1 is
positive : so we have
Ty(e)=1Ta(z+1).

The same proof applies when z lies between 0 and =1, and leads to the result

T (¢+1)=2I3(2) O0>r>-1).
The last edua.tion shews that, between the values 0 and =1 of ,

; (2)=T(2).

* Exercices de Math, 1. (1827), pp. 91-92.
t Zeitschrift fir Math. und Phys. xxxir. (1887), xxxur. (1888).
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The preceding equation then shews that I';(s) is the same as I'(z) for all negative
values of R (z) lees than —1. Thus, for all negative values of R (z), we have the result of
Cauchy and Saalschiitz

I‘(z)=/m -1 (e“—1+t- f-+...+(-)l:+1 K) dt,
° 2! k!
where £ is the integer next less than — R (2).
Ezample. If a function P (u) be such that for positive values of p we have

P(u)=/1 b=l g==dx,
0

and if for negative values of u we define P, () by the equation

P, (p)=f: k-1 (e"-l+x— ...+(—)"”z—l‘!) dx,

where £ is the integer next less than — u, shew that

P1<n)-P<,l>-f;+ 1

1
*l!—(;+—l~)—...+(—)""km.

1222. Hankel's expression of T (z) as a contour integral.

The integrals obtained for I'(z) in §§ 12'2, 12:21 are members of a large
class of definite integrals by which the Gamma-function can be defined.
The most general integral of the class in question is due to Hankel*; this
integral will now be investigated.

Let D be a contour which starts from a point p on the real axis, encircles
the origin once counter-clockwise and returns to p.

(Saalschiitz.)

Consider f (= ¢y*"'etdt, when the real part of z is positive and z is not
D

an integer.

The many-valued function (- ¢)*~ is to be made definite by the convention
that (— £y~ = ¢#~1 18-t and log (—¢) is purely real when ¢ is on the negative
part of the real axis, so that, on D, — = < arg (- ¢) < .

The integrand is not analytic inside D, but, by § 52 corollary 1, the path
of integration may be deformed (without affecting the value of the integral)
into the path of integration which starts from p, proceeds along the real axis
to 8, describes a circle of radius & counter-clockwise round the origin and
returns to p along the real axis.

On the real axis in the first part of this new path we have arg (— ) =— ar,
so that (— £y~ = e @121 (where log¢ is purely real); and on the last
part of the new path (— £)*~1 = ¢ir -0 g1, '

On the circle we write — ¢ = 8¢%; then we get

8 ]
f (_ t)z-le—tdt =/ e-ir(z-l)tz—le-tdt+ (Seio)z-IQA(colO+ilin0) 8ei0,,:d0
'D -
P .
+ f e(e=Ns—lg-t gt
s
= — 2¢ sin (72) f t-16-tdt + 18° [ i gied+8(cos 0+isin0) J g
]

-

* Zeitschrift fiir Math. und Phys. 1x. (1864), p. 7.

|
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This is true for all positive values of < p; now make §+0; then & =0

and f T giz0+8 (condtising JO - f " ¢i#d@ since the integrand tends to its limit

uniformly.
We consequently infer that
f (= t)-1e~tdt = — 2i sin (m2) f " prg-tdt,
D 0

This is true for all positive values of p; make p—=oco, and let C be the
limit of the contour D.

o

<

o

>

Then f 0(— ty-tetdt = — 2i sin (72) f t7le~tdt.
0
1 e

Therefore T()=-gars f (et

Now, since the contour C does not pass through the point ¢ =0, there
is no need longer to stipulate that the real part of z is positive; and

f (—ty—le~tdt is a one-valued analytic function of z for all values of z.
c
Hence, by § 5'5, the equation, just proved when the real part of z is positive,
persists for all values of z with the exception of the values 0, £ 1, +2, ....

Consequently, for all except integer values of z,

1
= | (=tyret
I'(2) 2t sin 7z fo( tyTletdt.

This is Hankel’s formula; if we write 1 — z for z and make use of § 1214,

we get the further result that

1 ) ot
T-Tz‘)=-2—7-rfc(—t) e dt.

©0+)
We shall write f for f , meaning thereby that the path of inte-
® c

gration starts at ‘infinity’ on the real axis, encircles the origin in the positive
direction and returns to the starting point.

Ezample 1. Shew that, if the real part of z be positive and if a be any positive
constant, [ (—?)~*e~tdt tends to zero as p—wo, when the path of integration is either of

the quadrants of circles of radius p +a with centres at —a, the end points of one quadrant
being p and —a+1i(p+a), and of the other p and —a-{(p+a).
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Deduce that lim -a"‘p(—t)"e"dt= lim (=0t)-se-tdst,
p=x /) —atip penJC
and hence, by writing ¢= —a - /u, shew that
1 1

e B e “ +iu 2s) — 3
o) 2"/_¢e° (a<+2u)~du.

[This formula was given by Laplace, Theorie Analytique des Probabilités (1812), p. 134,
and it is substantially equivalent to Hankel’s formula involving a contour integral.]

Example 2. By taking a=1, and putting t= —1+7 tan 4 in example 1, shew that

1 e [ir
—_— = - -3
O [ . cos (tan 8 — z8) cos* =3 6 dé.

Example 3. By taking as contour of integration a parabola whose focus is the origin,
shew that, if a> 0, then

_2afe (* _ 224
r (2)_sin s /0 e"**(1+ %)%~ 2 cos {2at + (22— 1) arc tan ¢} dt.

(Bourguet, Acta Math. 1.)
Ezample 4. Investigate the values of x for which the integral

(- -]
?-f t=~1gin ¢ dt

mJo

converges; for such values of x express it in terms of Gamma-functions, and thence shew
that it is equal to

rail1-% eml [/ 1 d - z/(en=1)
er i {(1-57) oo}/ 8 {10 ) emeemen)

(St John’s, 1902.)
Ezxample 5. Prove that f (log t)"'mTMdt converges when m >0, and, by means
0

of example 4, evaluate it when m=1 and when m =2, (St John’s, 1902.)

123. Gauss’ expression for the logarithmic derivate of the Gamma-function
as an infinite tntegral *.

. d _T'(2 « pe
We shall now express the function e log T (2) =T * o0 infinite

integral when the real part of z is positive; the function in question is
frequently written ¥+ (2). We first need a new formula for v.

Take the formula (§ 12-2 example 4)

1] —e~t ®e-t . 1dt ® et . 1d¢ © et
- - “-dt= - - —dt}= - - —_
4 /o ¢ @ ./x r % 332%{/3 t fa ¢ dz} als‘-I—noUAt /a ¢ dt}’

8
where A=1-¢-3, since i‘=log ] 2 =
-e

atl
Writing ¢=1 - ¢™ in the first of these integrals and then replacing » by ¢ we have

. © et © et ® 1 1 _
7=}ﬂ{[8 —l_a_‘dt—fa Tdt}:jo {———l_e_‘—;}d tdt.

This is the formula for y which was required.

-0 as 30,

* Werke, m. p. 159.
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To get Gauss’ formula, take the equation (§ 12:16)

I'(2) _ _}_ . L l_ 1
NG z+nl-1.u:m%1(m z+m)’

1 k)
. -t(z+m) .
pors f ¢ dt;

this is permissible when m =0, 1, 2, ... if the real part of 2 is positive.
It follows that

and write

P’(Z) It ) ® n
=y J e*dt + lim 3 (e ™t — g~ (m+at)dt
P (z) 0 n-»o J0 m=1
L + lim @® e—t — e—zt - e"“(ﬂ"'l)t + e—(z+n+l)t
Y newoJ 0 l-¢t
© -t —2¢ ® —2t
[ € . 1—e¢
= (&£ )at- lim f e~ ()t g,
et
Now, when 0 <t <1, l 1. is a bounded function of ¢ whose limit as ¢-0 is finite;
l-e~%| 14| %| 2
and wh .
nd when z > 1, ll—e“l T o1 <1—e“

Therefore we can find a number K independent of ¢ such that, on the path of integration,

l—e ™
1=t | <5

o - -t @®
/i3 et de| <K [ e entdimE (nt )70 ma new .
0 - 0

and so

We have thus proved the formula

v@=glogT@=[ (F-15=) &

which is Gauss’ expression of y(z) as an infinite integral. It may be
remarked that this is the first integral which we have encountered connected
with the Gamma-function in which the integrand is a single-valued function.

Writing ¢=1log (1+2) in Gauss’ result, we get, if A= -1,
r'(2)_ “fett e
rg=im [, {7 -
. ©et © dz
- ([ o [ e

. et ®  dx
B }12) {fA Tdt- a .1;(1+x)'} ’

. A et Ade -1
since 0</& Tdt<f8 7—log-—a———>0asb->0.
, r'(z)_ . © { -z 1 }Q
Hence T2 (z)—ll-l-no A 16 axzy =°
Rl 1 )drx
8o that 1"(2)=1‘(‘)/o {‘ —(“1“+x)s} 7

an equation due to Dirichlet*.
* Werke, 1. p. 275.
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Example 1. Prove that, if the real part of z is positive,

(z)—/’{ Tlogt ;.:-t dt. (Gauss.)

Ezample 2. Shew that y= / . {(14e)~1=e-t}¢=1ds. (Dirichlet.)

12'31. Binet's first expression for log I' (z) in terms of an infinite integral.

Binet* has given two expressions for logI'(2) which are of great
importance as shewing the way in which log I'(2) behaves as [z| = . To
obtain the first of these expressions, we observe that, when the real part of

2 18 positive,
L+l {_“‘ _ e }dt
'z+1) o (¢ ¢ —1
writing z+ 1 for z in § 12'3.
Now, by § 6222 example 6, we have

© -t _ gtz
logs =[5 a,

0 t

®

and so, since (22)! = j %e“‘ dat,
0

we have
d 1 *1 1. 1)
E;logl"(z+l)-2—z+logz—fo {Q_Z-*'_e_‘_:—l}e Z dt.

The integrand in the last integral is continuous as ¢—=0; and since
1 1 1
27t d-1
integral converges uniformly when the real part of z is positive; we may
consequently integrate from 1 to z under the sign of integration (§ 4-44) and
we get+

1 1 1 1 ) e®—e!
10gI‘(z+1)--(z+§)logz--z+1+‘[o {é—f+e‘—l} ; dt.

is bounded as t =0, it follows without difficulty that the

. 1 1 1
Since {5— +e‘ 1

log I'(z+ 1) =log z + log I' (2),

} 1 is continuous as ¢ -0 by § 7-2, and since

we have

1 Je®
logI'(2) = (z-——)logz—z+1+[{ A= 1} : dt

(1 1 1 Je!
—fo {é—-+e, 1} dt.

* Journal de UEcole Polytechnique, xv1. (1839), pp. 123-143.
+ LogI'(z+1) means the sum of the principal values of the logarithms in the factors of
the Weierstrassian product.
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To evaluate the second of these integrals, let®

[(2 i ta- 1)""” fo( )?——ud‘_"

so that, taking z=$ in the last expression for log I' (z), we get
$logmr=4+J-1L

~-§t
Also, since /= [ (2 + ) —— dt, we have
o e 13
e dt
I'fo (t t
® e ¥ 1 )
0 t
© L U4 -t -t dt
e g et e
And so J:fo {t "“—“‘*'Q‘e‘ = eT——l}T
/“‘ e *’-—e" }dt

==
(1}

e
- (4(E5)- —}
[T

=3+}logd.
Consequently I=1-4%log(2m).

We therefore have Binet’s result that, when the real part of z is positive,

1 1 1 )e“z

1 1 ®
logp(z)=(z'§)10g2—z+§10g(27r)+]0 (§"‘Z+e7:—1— '—t—dt

1 1 1 1
(§—?+e_—‘—1>?

1 1 : I
logI'(2) — (z—-é) logz+z——2—log(27r)| < Rfo e—'= dt
=Kz,

for real

If z =2 + 1y, we see that, if the upper bound of
values of ¢ is K, then

so that, when z is large, the terms (z - %) logz-2z+ % log (27r) furnish an

approximate expression for log I' (2).

Example 1. Prove that, when R (z) >0,

log I (2)= e-“—f-‘+ z=1)e dt . (Malmstén.)
g 0 1-¢~t T
Example 2. Prove that, when R (2) >0,
~_ [ - (1+t)-'-(l+t)-1} dt
logl‘(‘)-[o {\z—l)e ¢4 log (149 7" (Féaux.)

* This artifice is due to Pringsheim, Math. Ann. xxx1. (1888), p. 473.



250 THE TRANSCENDENTAL FUNCTIONS [crHAP. X1I

Example 3. From the formula of § 12:14, shew that, if 0 <z <1,

2log T (z)~1 inwz= | (2RQA-2¢_ ., _ -}Q
og I' () —log m +log sin nx f ] { sinh 3¢ (1-2z)e~? 7
(Kummer.)

Ezxample 4. By expanding sinh (}—2)¢ and 1-2z in Fourier sine series, shew from
example 3 that, if 0 <2 <1,

log T' (z)=4log = - §logsin mr+2 2 a,. sin 2nma,

where A= - nm___ ¢ |
= o \[@4+4n2n? 2nnmf t°

Deduce from example 2 of § 12'3 that

1
U= (y+1og 2w +log ).
(Kummer, Journal fiir Math. Xxxv. (1847), p. 1)

12:32. Binet’s second expression for log I'(z) in terms of an wfinite
integral.

Consider the application of example 7 of Chapter VIl (p. 145) to the
equation (§ 12'16)

°° 1
d 2].Og]?(z) n=0 (Z+n)2
The conditions there stated as sufficient for the transformation of a

series into integrals are obviously satisfied by the function ¢ (§) = (—————z_*l_g),,

if the real part of z be positive' and we have
d? q(t 2) f q(t z2+n)
L 1ogT@) =gt [ o T f 242 gy 0 tim [ Lo ar
1
2iq (8) = (= + wp  (z—ut)

Since |q (¢, 2 +n)| is easily seen to be less than K,t/n, where K, is inde-
pendent of ¢ and n, it follows that the limit of the last integral is zero.

where

d? l © 4tz dt
Hence gy -log ' (2) = 2 i ts ), @1 0P -
Since 2+ 5 does not exceed K (where K depends only on &) when the

real part of z exceeds 3, the integral converges uniformly and we may
integrate under the integral sign (§ 4-44) from 1 to .
We get
d

® tdt
ERET (0=, +log e+ 02| Gy

where C is a constant. Integrating again,

log T'(s) = (2= 3) log 2+ (C - 1)z+o’+2f s tan 1) g,

where €’ is a constant.
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Now, if z is real, 0 <arc tant/z <t/z,

and so
S22 (%
logF(Z)—(z—%>IOgZ—(O—'l)Z—Ci<'z'fo ez—'fg:'—l‘dt.

But it has been shewn in § 12-31 that

1 1
logF(z)—(z—§>logz+z—§log(2w)’—>0,

as z - o through real values. Comparing these results we see that ('=
C'= % log (27).

Hence for all values of z whose real part is positive,

logP(z)=( )logz—z+ log (27) + 2[ al‘_‘a?}i—l__(_:[z_)dt
where arc tan u is defined by the equation
v dt
arc tanu = LTI

in which the path of integration is a straight line.
This is Binet’s second expression for log I (2).
Ezample. Justify differentiating with regard to 2 under the sign of integration, so as
to get the equation .
I;((:))-logz—ﬁl-z-2fo (¢z+zz)tgznt_1)'
12:33. THE ASYMPTOTIC EXPANSION OF THE LOGARITHM OF THE GAMMA-

FUNCTION (STIRLING’S SERIES).

We can now obtain an expansion which represents the function log I' (2)
asymptotically (§ 82) for large values of |z|, and which is used in the
calculation of the Gamma-function.

Let us assume that, if z=x+ 1y, then £>8 > 0; and we have, by Binet'’s
second formula,

logl"(z)=<z— %) logz—z+llog(27r)+¢(z),

where (2)=2 f ﬁe;ﬁ‘f—n(ﬂi) dt.
Now
t 1¢ 18 (_ n—l {1 (_)nft udu
arctan (f2) =~ 3 5+ 5 a~ F o1t oo ywt e
Substituting and remembering (§ 7°2) that
®¢m1dt B,

o @1~ dn’
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where B,, B,, ... are Bernoulli’s numbers, we have

b= OB 2O [y
0

ro1 2r(2r—=1)2 ! o Wi+ 23 et —=1"

22
ut + 2

(1t umdu dt (e dt
J.O {foui_*_zQ}eﬁtrt_l sKZ"l 2,[0 {J.oumclu}e_z;e—:—l

< K,B...
\4(n+1)(2n+l)|z|"

Let the upper bound® of
Then

for positive values of u be K.

Hence ‘
I2 (—)"f"5 J‘ u™ du} dt < K,Bps
| 21 Jo Jour+ 2 e""—ll 2(n+1)(2n +1) |z’

and it is obvious that this tends to zero uniformly as|z| — oo if |arg z[ < {7 — 4,
where }m > A >0, so that K, < cosec 2A.

Also it is clear that if |arg z| <} (so that K, =1) the error in taking the
first n terms of the series 1
) (_ )1‘—-1 Br 1

,El 2r (2r — 1) 2

as an approximation to ¢ (2) is numerically less than the (n + 1)th term.

Since, if |arg z| < §7 — A,
Buia

n '—r—lB,- _
'z*""‘ {4’ (z)—zl 2_——“5'()%—1)} <cosec’2A.2(n+1) (2n+1)|z| *
-0,
as z - o, 1t 18 clear that
B, B, B,
122 3.4.7 5.6.2

is the asymptotic expansiont (§ 8:2) of ¢ (2).
We see therefore that the series

1 1, = (<y'B,
("" - é) log z—z+5log 2m) + 2 56, Ty

is the asymptotic expansion of log I (¢) when |arg z| < 3m—A.

* K,-% is the lower bound of {u+ (21 -y?)}2 + 4oty
( x2 + y?)ﬁ
4x2y?
( 2 + y2)2
t The development is asymptotic; for if it converged when |z|>p, by § 2:6 we conld find K,
® -1
such that B,<(2n-1)2nKp®; and then the series nzl (_:)_;%_)1_32,.:_2*

and is consequently equal to

or 1 as z2<y? or z2>y%

would define an integral
function ; this is contrary to § 7-2.
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This is generally known as Stirling’s series. In §13'6 it will be estab-
lished over the extended range |argz| <7 — A.

In particular when z is positive (= z), we have

° ([t undu dit Buy
0< 2f0 UO u’+x‘} -1 Zm+ D)@+ D)o
Hence, when x>0, the value of ¢ (z) always lies between the sum of
n terms and the sum of n+ 1 terms of the series for all values of n.

In particular 0 < ¢ (2) < i B2 , 80 that ¢(.z')— A where 0 < 6 < 1.

Hence T'(x)=a"" L (27:-)5 ¢7/(132),

Also, taking the exponential of Stirling’s series, we get

sz 230 1 1 139 5 (l)
L(z)=e"a" % (2m) {1 + 192+ 9885 ~ 518402 ~ 22883202 T 0 \Z)[ -
This is an asymptotic formula for the Gamma-function. In conjunction
with the formula I'(z+ 1) =2I"(2), it is very useful for the purpose of com-
puting the numerical value of the function for real values of .

Tables of the function log, T (), correct to 12 decimal places, for values of & between
1 and 2, were constructed in this way by Legendre, and published in his Ezercices de
Calcul Intégral, 11. p. 85, in 1817, and his Traité des fonctions elliptiques (1826), p. 489.

It may be observed that I' (x) has one minimum for positive values of x, when
r=1'4616321..., the value of log, T (¢) then being 1-9472391....

Example. Obtain the expansion, convergent when £ (z) >0,

log, T (2)=(z—4) log, z— 244 log, (27) +J (2),
where

e ¢
J(5)= *{z+1 2+1)(z4+2) 3(z+1)(zi2)(z+3) }
cl=%7 62=§, c3=8‘8’ cl=26261'1

c,‘-fl (z+1)(z+2)...(2+n-1) (22 -1) zda. (Binet.)
0

in which

and generally

12'4. The Eulertan Integral of the First Kind.

The name Eulerian Integral of the First Kind was given by Legendre to
the integral

1
B(pg)= [ & (- o) de

which was first studied by Euler and Legendre®. In this integral, the real
parts of p and g are supposed to be positive; and z?~!, (1 —)?~! are to be
understood to mean those values of ¢(»—1)1%2 and ¢(9-1)1%6 0~2) which correspond
to the real determinations of the logarithms.

* Euler, Nov. Comm. Petrop. xv1. (1772); V.egendre, Ezercices, 1. p. 221.
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With these stipulations, it is easily seen that B (p, g) exists, as a (possibly
improper) integral (§ 45 example 2).

We have, on writing (1 — ) for z,

B(p, 9)=B(q p)
Also, integrating by parts,

flwp-x (1 _w)q de = [’M]l +gflwp (1 —w)‘l—l d.’L',
0 p o PJo

so that B(p,q+1)=%B(p+1, q).
Example 1. Shew that

B (p, q‘)=B(p+17 9)+B(p, g+1)
Ezample 2. Deduce from example 1 that

B(p, ¢+1)=-LB(p, q).

p+g
Example 3, Prove that if n is a positive integer,
1.2...
B(p,n+1)ms 2

p+1)...(p+n)
Ezample 4. Prove that

B T T da
’ (xi y)—/o (1+a)‘+3
Example 5. Prove that -
T (2)= lim n* B(z n).
n-»w0

1241, Eaxpression of the Eulerian Integral of the First Kind in terms of
the Gamma-function.

We shall now establish the important theorem that

_T(ml @)
F(m+n) "

First let the real parts of m and n exceed }; then

B (m, n)

L(m) [ (n)= f e® 2™ dz X f e Yy ldy.
0 0
On writing #* for z, and y* for y, this gives

R R
I (m)T (n)=4 lim | e 2™ da x f eV y™dy

R»®wJ0 0

R (R

=4lim [ f o) gt i dady.
R>»»/0 /0

Now, for the values of m and n under consideration, the integrand is

continuous over the range of integration, and so the integral may be con-

sidered as a double integral taken over a square Sg. Calling the integrand

YT
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f(z, y), and calling Qg the quadrant with centre at the origin and radius R,
we have, if Tz be the part of Sg outside Qg,

[, s @ v azdy =[] 7@ dedy)
e e
sﬁh |f (=, y)| dedy

<Jf, 17@dedy~[[ 1/ y)dedy]

-*08.8R—>w,

since f f | f (2, y)| dedy converges to a limit, namely
Sr

“21’ e‘“’[w’”‘“ldwx2j eV |y dy.
0 0

Therefore

lim f f& f(z,y) dady = lim [ an f(z, y) dady.

R>»w

Changing to polar* coordinates (z =1 cos §, y = rsin ), we have

R i«
f f f(z, y)dady = f f e (r cos 8)™ (r sin §)*" ' rdrdé.
Q= 0 Jo
Hence

L(m)T (n)=4 / g~ rra(mn)—1 gy f cos™1 @ sin*1 0 d 6
0 0

i
= 2I' (m + n) f cos*™~1 f sin™! 6d4.
0

Writing cos? § = u we at once get
' (m) T'(n)=T(m+n). B(m, n).
This has only been proved when the real parts of m and n exceed }; but
it can obviously be deduced when these are less than § by § 12:4 example 2.
This result, discovered by Euler, connects the Eulerian Integral of the
First Kind with the Gamma-function.
Ezample 1. Shew that

! r(p)T(g)
1421 (1=2)-ldp=2p*+e~1 L3,
.[-1( rot=2) T(p+9)

* Tt is easily proved by the methods of § 4:11 that the areas 4,, . of § 4'3 need not be rect-
angles provided only that their greatest diameters can be made arbitrarily small by taking the
number of areas sufficiently large; so the areas may be taken to be the regions bounded
by radii vectores and circular arcs.
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Example 2. Shew that, if

=1 1 LyG@-1) 1 y@-1)(@-2) 1
f( ")—'x-yx+l g x+2 31 zyate
then
floy)=f(y+1, z=1),
where  and y have such values that the series are convergent,. (Jesus, 1901.)

Ezxample 3. Prove that

i a1 PRY 21 -P(I‘)r(”)/l W+ -]
[, [7Ena-op=1gpa- gy dray= L@ I | f@a-aperia
(Math. Trip. 1894.)
1242. Evaluation of trigonometrical integrals in terms of the Gamma-
Junction. :
ix
We can now evaluate the integral f cos™ ! z 8in"' zdz, where m and n
0
are not restricted to be integers, but have their real parts positive,

For, writing cos?z = ¢, we have, as in § 1241,

B o1z gl 1L (4m) T (4n)
_/o Ccos & sin xdw=§w.

The well-known elementary formulae for the cases in which m and n are
integers can be at once derived from this result.

Example. Prove that, when | k| <1,
in cos”‘ﬂsin"ado=l‘(§m+§)r(§n+§) L cos™+ 9dd
0 (-ksint)t T@Em+dn+d)Jr o (1-ksin? g)in+i’
(Trinity, 1898.)

1243. Pochhammer's® extension of the Eulerian Integral of the First
Kind.
We have seen in § 12:22 that it is possible to replace the second Eulerian

integral for T'(z) by a contour integral which converges for all values of 2.

A similar process has been carried out by Pochhammer for Eulerian integrals
of the first kind.

Let P be any point on the real axis between 0 and 1; consider the
integral

1+, 0+,1-, 0-)

e-rila+) f,, £ (1= tP-'dt = (a, ).

The notation employed is that introduced at the end of § 12:22 and
means that the path of integration starts from P, encircles the point 1 in the
positive (counter-clockwise) direction and returns to P, then encircles the
origin in the positive direction and returns to P, and o on.

* Math. Ann. xxxv. (1890), p. 495. The use of the double circuit integrals of this section
seems to be due to Jordan, Cours d’Analyse, 1. (1887).
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At the starting-point the arguments of ¢ and 1 —¢ are both zero; after
the circuit (1 +) they are 0 and 27 ; after the circuit (0 +) they are 27 and
27 ; after the circuit (1 —) they are 27 and 0 and after the circuit (0 —) they
are both zero, so that the final value of the integrand is the same as the
initial value.

It is easily seen that, since the path of integration may be deformed in
any way so long as it does not pass over the branch points 0, 1 of the
integrand, the path may be taken to be that shewn in the figure, wherein
the four parallel lines are supposed to coincide with the real axis.

0e P

If the real parts of a and B are positive the integrals round the circles
tend to zero as the radii of the circles tend to zero*®; the integrands on the
paths marked a, b, ¢, d are

o= (1 —¢)p=1, a1 (1 —¢)B1ei(B-D),
to1ei(em1) (1 — tp1gomi(B-1) g1 gami(a—1) (] — 481
respectively, the arguments of ¢ and 1 — ¢ now being zero in each case.

Hence we may write e(a, 8) as the sum of four (possibly improper)
integrals, thus:

1 0
€ (a, B) =¢~ri(:+h) [ fo t=1 (1 — ¢P-de + f T (L-tpie dt

1 0
+[t«wL-wﬂamwna+[tvw1-wﬂwﬁa].
0 1
Hence '

¢ (a, B) = e—mi(e+8) (1 — govin) (1 — gvi¥) f’ 1 (1 = 1P de

C'@I'(B)
'a+B)

= — 4 sin (aw) sin (87)

- — 4t
TA-a T A=A T @+
Now ¢ (a, 8) and this last expression are analytic functious of a and of 8
for all values of a and B. So, by the theory of analytic continuation, this
equality, proved when the real parts of a and B are positive, holds for all
values of a and 8.  Hence for all values of a and B we have proved that
@R = F AT =B T @+ A)

* The reader ought to have no difticulty in proving this.
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12:6. Dirichlet’s integral®.
We shall now shew how the repeated integral
I=H...Jf(t,+ byt oo + ta) G ML G dE A L dEy,

may be reduced to a simple integral, where fis continuous,a, >0(r=1,2,... n)
and the integration is extended over all positive values of the variables such
that t, + ¢+ ... +ta g1

1-A-T

or
To simplify | ' [T rer Teny e Tadiar

(where we have written ¢, T, a, B for ty, ty, @, ag and N for ts+1£,+ ... +1a),
put ¢ =T (1 —v)/v; the integral becomes (if A # 0)

1-A 11
| f f FOu+ Tfr) (1 = v === Tot6=3 dyd .
0 T/(1-A)
Changing the order of integration (§ 4'51), the integral becomes
1 ((a-A)v
f . f . fO 4+ Tw)(1=v)p~to™e! Tet81dT dv.
Putting I'=vr,, the integral becomes

f: j:-af'(x + Ta) (1 - ,v).—l V8! .,.’¢+a-x d"’n dv
_ r (a) r (B) I—Af(x + 'r.) .,.ac+a-1 d.r..

" T@+B8) Jo
Hence
(ay) T’ (ag
I= %ﬂ"'ff(fa'”ﬁ'~--+tn)fa“+""ts"" oo Bt dTdly ... diy,

the integration being extended over all positive values of the variables such
that T+ 6+ ... +ta< 1.
Continually reducing in this way we get

_I‘(a,)I‘(a,)...l"(a,.) 1 -
I_F(ax+a.+...+an)Jof(T)Tk ar,

which is Dirichlet’s result.
Exzample 1. Reduce

J[[AAGY + () # G} s e

to a simple integral; the range of integration being extended over all positive values

of the variables such that .
AL y z\Y
(2) +(3)'+ oK

it being assumed that a, b,c,a, B, v, Py @ T 8T positives (Dirichlet.)
* Werke, 1. pp. 375, 891.
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Ezample 2. Evaluate f f zPyt dzdy,

m and n being positive and
z>20, y=>0, am+y*<L (Pembroke, 1907.)

Ezample 3. Shew that the moment of inertia of a homogeneous ellipsoid of unit
density, taken about the axis of z, is
1% (a2 + b%) mwabe,

where a, b, ¢ are the semi-axes.

Ezample 4. Shew that the area of the hypocycloid zt + y¥ = IV is §wi2.
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MISCELLANEOUS EXAMPLES,

1. Shew that
3
z z z n
a-a(1+3) (1-3) (1+3) =rarmra—@
(Trinity, 1897.)
2. Shew that
. 1 1 1 1 . .
nl-)fcln Ttz 1417 l+§x...f:—%;n’=l‘(x+l). (Trinity, 1885.)
3. Prove that

O_TB 0

r{) T@) (Jesus, 1903.)

4. Shew that

rp 3 5%3-1 73 931 113 . .
llB:r’ b i Rl ey P vt ey RN (Trinity, 1891.)

5. Shew that

o {(n—a) (n+B+y) (1 +n—:—_—l>}- -}rsin (aw) B (B, ¥)-

n=0 (" +ﬂ) (" +7)
(Trinity, 1905.)
. 8 640 3
6. Shew that rI=IlI‘ (%) -5 (55) . (Peterhouse, 1906.)
7. Shew that, if z=1{ where { is real, then
|T(2)|= \/ ((_s_if’frﬁ{)' (Trinity, 1904.)

8. When z is positive, shew thatt

I‘(.z:)I‘(Q)== ® 20! 1 . -
P(x‘*’#) n=0 2211. 7% ! n ! .z‘-i-n. (Math. Tl‘lp. 189‘-)

* This work contains a complete bibliography.
+ This and some other examples are most easily proved by the result of § 14-11.
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9. If a is positive, shew that .
I‘(z)l‘(a+l) ‘°( Pa(@a-1)(a-2)...(a—n) 1
T (¢+a) n-O n! z4+n’
1. Ifz>0and

1
P(x)-/ e~tir=1dt,
0
shew that
ISP TONE S S
loe+1 2'x+2 31 r+3
P(z+1)=2P (x)-e
11. Shew that if A>0, >0, ~3r <a <}, then

and

f =1 ¢~ At cosa cos (A 8in a) dt=\"*T () cos ar,
0

0
12. Prove that, if 5> 0, then, when 0 <2< 2,

f s‘“'”‘dx =} mb*=1 cosec (Jr2)/T (2),
0

and, when 0 <2 <1,

/ °°:,b‘” d=Ymb* 1 sec (3w2)/T (2). (Euler.)
0
13. If 0<n <1, prove that

® — _ e 1 1
fo (1+z)"=1coszdr=T(n) {cos (5 —1) CTS)) + TR¥s) } .
(Peterhouse, 1895.)

14. By taking as contour of integration a parabola with its vertex at the origin, derive

from the formula

r 1 o) a—1 -sdz
(a)=—2isina-1rfo (—oyt~le

the result
I(a)=

1 % a1 $a 12 _
2sina4rfoe 29~ (142939 [3sin {x + a arc cot (- 2)}

+sin {z+ (a - 2) arccot (- r)}] dz,
the arc cot denoting an obtuse angle.

(Bourguet, Acta Math. 1. p. 367.)

15. Shew that, if the real part of a, is positive and 2 1/a,? is convergent, then

IECRNTERNE)

is convergent when m > 2, where ¢ (z)=§—z-. log I (2). (Math. Trip. 1907.)
16. Prove that

dlogT (2) _ © pma_g—2a
—g = .

l—e—2 da-y

- [[asarr-asa Ty

0

1 -1 )
_-=f o dz—1y. (Legendre.)
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/ =1 ¢-Atcosagin (A¢8in a) d¢=A"*T (x) sin ax. (Euler.)
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17. Prove that, when R (2) >0,
1 (a0 —z dz .
logl‘(z)=/0 {.1_1 —x(z—l)} zlogz’ (Binet.)
18. Prove that, for all values of z except negative real values,
log T (2)=(z - })log z—2+} log (2m)
1 2 1 2 2 1 3 = 1
+i {ﬁ ,-21 (z+1)? +:-3—.Z ,.21 (z+r)3+ 4.5 ,i, (z+1')’+ }
19. Prove that, when R(2) >0,
d 1 a#-ldy i
& log I'(z)=logz— L A-Plge {1 =2 +log z}.
20. Prove that, when R (z) >0,
- d3 ®ze~=dx
Zalosr o= T
s+1
o1 If / log T (&) d =1,
t
shew that
du_l
CE— 0g 2,

and deduce from § 12-33 that, for all values of z except negative real values,

22.

u=zlog z—241log (2n).
(Raabe, Journal fiir Math. XXV.)

Prove that, for all values of z except negative real values,

log T (2)=(z—})log z— 2+ } log (2m) + s dz_ sin 2nicx
n=1Jo0 T+2

nmw
{Bourguet®.
23. Prove that ) Buet)
B(p,p) B(p+h p+d)=g5-1,- (Binet.)
24. Prove that, when -t <r <¢,
1 [ cosh (2ru) du
B(t+-r,t—r)-4‘_,/o coehFu "
25. Prove that, when ¢ > 1,
B(p, q)+B(p+1, )+ B(p+2,¢)+...=B(p, ¢-1).
26. Prove that, when p~a >0,
Blp-aq_,, 9% . _ala+tl)g(g+l)
B(p, ¢ P+g 1.2.(p+g)(p+g+l)
27. Prove that
B(p,q) B(p+q,r)=B (g, r)B(g+r, p) (Euler.)
28. Shew that
T _ drx T (a)T (b) 1
za-1(] = g)-1 =
/o (1-2) (x+p)**® T (a+d) (1+p)*p*’
ifa>0,6>0,p>0. (Trinity, 1908.)

* This result is attributed to Bourguet by Stieltjes, Journal de Math. (1), v. p. 432.
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29. Shew that, if m > 0, > 0, then
1 (142)Im=1(1 —z)n-1 I'(m)T (n)
= A=2 - M /" N,
/—1 (T+zym+n drx=2m+ T(m+n)
and deduce that, when a is real and not an integer multiple of 3,

/if (cos 6+ sin 0>°°"¢ df= ™
—3r \CO8O—sin ~ 2 sin (rr cos?a)”
30. Shew that, if a>0, 3> 0,

1 t“-l

TFe H=4¥ (3 +1a)- 3y (a),
0
/ln-l-—zﬂ—ldz=10gr(§+§a)r(§,3)

, (T+7) logt F(ba) T (3+38)" (Kummer.)
31. Shew that, ifa> 0,a+b>0,
1ga=1(1-a®) , .. (F(@)T(3) T(a+b)T @) _

ﬁ -z =5 { T(a+8) T(@a+b+d) }“““*b)“"(“)-

Deduce that, if in addition a+¢>0, a+b+¢ >0,
/lx“"l(l—zb) (1 -—.z‘)dx___logl‘(a)l‘(a+b+c).
o (l=x)(-logx) F{a+b)T(a+c)

32. Shew that, if a, b, ¢ be such that the integral converges,

f‘(l—x")(l—x")(l-z‘)dx=l r(b+c+1)T(c+a+1)T(a+d+1)

(St John’s, 1904.)

and

o 1 -2)(-log ) Ta+ )T (B+1)T(c+1)T(a+b+e+l)’
33. By the substitution cos §=1 - 2 tan 4¢, shew that
L] 2
/ ag__ _ @y (St John’s, 1896.)
0 (3-cosh)l 4w

8in® »
x
fraction greater than unity whose numerator and denominator are both odd integers.

[Shew that the integral is 3 [: siﬁnx{3+ : (-)~< LI )} dz.]

Z  p=1 T4+nwr I-—-nw
(Clare, 1898.)

34. Evaluate in terms of Gamma-functions the integral f dz, when p is a
0

35. Shew that
- 3 2
T e A e
0

gn+2 .8 =0 2r!(n—1)!

36. Prove that

—1og (P+9) 4 [ A=) (1-2) |
log B (p, g)=log (—;q——> +jo =) logs dv. (Euler.)

37. Prove that, if p> 0, p+8>0, then

B(p,p) [, s(6=1) , s(s=1)(e=2)(3-9) .
B(p, p+8)=—% {1+-2(2p+1)+2-4-(2p+1)(2p+3)+"’}' (Binet.)

38. The curve r=2m—1gmcos mé is composed of m equal closed loops. Shew that
- the length of the arc of half of one of the loops is

1
m“a/:’r (% cosx);_ldz,

and hence that the total perimeter of the curve is

fr (&)} /()
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39. Draw the straight line joining the points *1, and the gemicircle of | z|=1 which
lies on the right of this line. Let C be the contour formed by indenting this figure at

-1,0,7. By considering /c -1 (z4 271)P+ -2 dz, shew that, if p+¢>1,9<1,

”

i +q—13 - =
/o cosP q 0008(? Q)Ode‘(p+q—l)2”+q-lB(Pa 9)'

Prove that the result is true for all values of p and ¢ such that p+g>1.
(Cauchy.)

40. If ¢ is positive (not necessarily integral), and -3 <x < }m, shew that

. T(s+1) KB 8(s—-2) i
cost = ;=1 Taer )P {§+8+2cos2x+(-——-——-——-—8+2) +d) cos 4x+...} s

and draw graphs of the series and of the function cos’ z.

41. Obtain the expansion

e O cos ar cos 3ax
costz=gi=i T (8+1)[r—(§3+§a+1)r(§a—§a+l) t T @e+dat 1)P(§a—§a+1)+'"]’
and find the values of z for which it is applicable. - (Cauchy.)

42. Prove that, if p> 1,

_aw-t 2p* 1t 12, 38 s
rep= T ok U 5@pen F T et
(Binet.)

43. Shew that, if <0, £+2>0, then

I (=2) (=2, ,(—2)(1-2)  (-2)(1-2)2=2)
TG@ {—” 0+ TP (+9 @+ +}

2
1
=T (;'4_—;) fo ¢—z=1{-log(1- 0} (1 —f)E+e-1dy,

and deduce that, when 242> 0,

d l‘(z+x)'£_ 2(x=1) , z(z=1)(x—-2)
&8 TE e e PG e

44. Using the result of example 43, prove that

-a?
2z

logr(z+a)=logl‘(z)+alogz—a

- af:t(l—t)(2-t) ...(n-t)dt-f:t(l-t)(z-z)...(n-—t)dt

—,‘E, n+1)2(z+1)(z+2) ... (24n)

’

investigating the region of convergence of the series.
(Binet, Journal de P Ecole polytechnigque, XV1. (1839), p. 256.)

45. Prove that, if p>0, ¢=>0, then

p-% g2-%

B(p, q)=(—§-;;)‘3:q_.} (@m)t M (P 0),
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where
® dt L 3
M (p, =‘2/ v e .(_ii)_&
(=2 e,,,’_larcmn{pq(P+q)},
and pt=p'+g*+pg.
46, If Caghr(1-}), V=24 @}-1}2),

and if the function F () be defined by the equation
F(z)=n? (V%g— v %),
shew (1) that F'(z) satisfies the equation
Fla+)=2F @+

(2) that, for all positive integral values of z,
F (z)=T(z),
(3) that F (z) is analytic for all finite values of z,
1 4, " (L;
(4) that F(x)am %log—-—;—.
r (1 - §)

47. Expand
{r(a)}~!

as a series of ascending powers of a.

(Various evaluations of the coefficients in this expansion have been given by Bourguet,
Bull. des Sci. Math. v. (1881), p. 43; Bourguet, dcta Math. 11. (1883), p. 261 ; Schlomilch,
Zeitschrift fiir Math. und Phys. XXV. (1880), pp. 35, 351.)

48. Prove that the G-function, defined by the equation
(g8 g~ 15 (D) —hvet T _z)" —z+:’/(2n)}
G(z+1)=(2m)*" ¢ ”El {(l+n e ,
is an integral function which satisfies the relations
G (z+1)=T() &), ¢)=1
(n)%/G (n+1)=11.28. 3% ... 2" (Alexeiewsky.)

(The most important properties of the G-function are discussed in Barnes’ memoir,
Quarterly Journal, XXXI.)

49. Shew that

G (z+1)_ _ I (2)
G(z+1)—ilog(2")+i z+zr(z))
and deduce that ”
1—z)= s _
log a0+9 /s w2 cot 7z dz — z log (2m).

50. Shew that

fo log T (t+1) di=3s log (2x) — §a (s-+ 1) +2log T (s +1)=10g & (2 +1)



