Problem 1: Strange power plant.

volt meter

w=0.200 rad s1

B=0.050 Tesla

radiusa =1.414 m

A perfectly conducting spherical shell of radius a rotates in along an axis
parallel to a uniform magnetic field B at an angular frequency w. A voltmeter
is hooked up to the north pole and equator (using conductive brushes.) Find
an expression for the voltage read in terms of B,, w and a and find the voltage
for the values indicated in the figure.

e~ [ Fdl

Withﬁfﬁ the sum of all non-resistive forces per charge. Here this will be given
by v x B with ¥ =7 x &. Thus

f = —Bx(Fxad)
= —(B- P&+ (B-o)F

In this problem we have

Now we let 7(f) be any path between the two termals of the sphere. We let

7 = a(sin 0% + cos 02)

so that
f = —Boawcosbz + B,aw(sin 6 + cos H2)
= Byawsinfzx
dl = a(cos 6,0, — sin 0)do
leading to
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& = Boazw/ sin 6 cos 0df
0

2 w/2
= Boa w/ sin 20d0
0

2
_ BOZQw _ (0.O5Tesla)(42m2)(.25*1) sV



Problem 2: Not about to change space travel

We will learn in class that far way from a time-dependent neutral charge

distribution, the electric and magnetic fields are often well approximated by

R
FE = 471_7‘[7" X (7" X W)]
B o UM I
© dar {r(r dt2) dt?
>3 Mo~ dZﬁ
B = —ftepxZPl
4drre [ dt2]

where p'is the time-dependent dipole moment of the distribution.

Also recall that the maxwell Stress Tensor is given by

1 1 1
Ti; = co(EiE; — 5csl-jEQ) - M—(BiBj - 5csl-jB2)
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(a) Consider a source of radiation consisting of two tiny balls located at
+d/2 on the z axis. The charges are hooked up to a power source so that
charge on the top ball is ¢,sinwt whereas the charge on the bottom ball is
—(gosinwt. Find an expression for the z,y and z components of E and B at
a time ¢ in terms of the spherical polar coordinates 6, ¢,and r as well as the

constants ¢, and w.
Here p' = dg, sinwtz,

d*p
Eg = (—w?dg,sinwt)z
Fxi = xx—i—yy—i—zzxéz—xy—i—y:v
r r
= siné(sin ¢, — cos ¢, 0)
Px(Fx2) = f(f.g)_ngw_g

r r
= sin6(cos b cos ¢, cosf sin ¢, — sin 6)

Let us let
B=_ podqow? sin wit
4dr



Then this becomes

E = E;sinf(cosfcos ¢, cosfsinp, —sinb)

—

B

B sin O(— sin ¢, cos ¢, 0)
c

— <—> <~ >
(b) Asbuming 1 and 3 correct, find an expression for T, = (T 4z, T 2y, T 22)

=

and Ty -7 =T, - - (sin 6 cos ¢, sin f sin @, cos 6).

/’

1 1 1
T.j = eo(E.Ej— 55IjE2) + M—(Bsz - 5<$ij;2)
e}

L

= &(E.E; — %&EJEE sin? 0) + EO(C2Bsz - %dijf sin? 6)
= ¢,(ELEj + ?B.Bj) — 04jc,Ef sin 0
T, = ¢e,E?sin?60(cosfcos@(cosb cos g, cosbsin ¢, —sin )
—sin ¢(—sin ¢, cos ¢, 0) — (1,0,0))
= £,E?%sin?0(cos? O cos® ¢+ sin ¢ — 1,
cos? 0 cos ¢ sin ¢ — cos ¢ sin ¢, — cos 0 sin 6 cos ¢)
= £,E?sin?0(— cos? ¢psin® 0, — sin” § cos ¢ sin ¢, — cos O sin @ cos ¢)

Note that T, - # has a really simple form:

&3
=
|

= —¢,E?sin? (- cos® ¢sin® @ — sin® 6 cos ¢ sin? ¢ — cos? fsin 6 cos ¢)
= £,E%sin?0(— cos® ¢sin® 0 — sin® 0 cos (1 — cos? ¢) — cos? Osin  cos ¢)
= £,E%sin?0(—sin® 6 cos ¢ — (1 — sin? ) sin @ cos @)
= &,E7sin? (—sin 6 cos ¢)
= —¢,E?sin®0cos¢
(¢) A new rocket ship is designed to be propelled by expelling photons from
a dipole antenna. Half of the radiation from the antenna is allowed to be spewed
out the back side of the ship whereas the radiation emitted in the direction of
the ship is absorbed as shown in the figure. USE YOUR ANSWER TO PART

(b) to find the average force < F, > on the rocket ship. You may assume that
the second integral in the expression

:%‘_’d———/sm
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will time average to zero.
We will solve

F, = j{T}-da
S

T pm/2 .
= 72 / / (T, - #) sin Odpdh
0 —m/2

Note we are technically integrating over the enitre sphere, but the absorber is
blocking the radiation for x < 0, thus this half of the sphere has T, = 0. Now
let us complete the integral over the hemisphere

T /2
FE, = —aOTQEtZ/ / (sin® 0 cos ¢)dpdf
0 —m/2

= —2507"2Et2/ (sin* )d6
0

3
= —IﬂaorzEf, E, =
3 p2e2d?q2w sin’ wt
4 £o1672
3 d2q2w!
Fp>= ———=
< fa 128 g, m2ct

podqow? sin wit
d7r

(d) Assuming that the rock ship is traveling at a velocity v << ¢ and the
power supply moving charge from the ball at z = d/2 to the ball at z = —d/2
has an internal resistance R, determine an expression for the efficiency of the
propulsion method. (.i.e. the ratio of power < F}, > v going to propell the ship
to the average power < P > used by the supply.

P =I’R = (qwcoswt)’R. < P >= 1¢*w’R

Foo 3 d?q?wtv
< P> 64e,m2c4q?wR

3 (d)Pol(p)
64 ct

(e) Assuming R = 1Q and given ¢, = 8.85 x 107125/m/Q and assuming
wd ~ v ~ 1000ms~!, how efficient is the scheme?

=21 =6x1071"
‘T u (3 x 105m/s)d %




Problem 3: Thin WHIdOW transmission: Etalon
at great.
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(a) Light of vacuum wavelength A = 27 /k travels through vacuum to a
flat glass surface (index of refraction n). The light is incident normal to the
surface. We eventually will calculate the percent of light transmitted as a
function of the thickness d of the plate. To make sure this does not turn into
an algebraic nightmare for you, please fill complete the following table in terms
of F41, F4o, E3 and the indices of refraction.

Electric Field Magnetlc Field
incident #1 Eiq = B peika—wt) By = E+1A pi(kz—wt)
reflected #1 E | =F jz2¢i-k—t) | B | = e 1ge—z(kz wt)
transmitted #2 | E o = B oze'kez—wt) | B, — ”E+2 geitkzz—wt)
reflected #2 E_Q = E_,gel(kaz—wt) §_2 _ B —nEz g oi(—kzz—wt)
transmitted #3 | E3 = Eszei(kz—w1) B3 = T}g@i(kz wt)

(I have taken the liberty of using the fact that ks = k1 = k.
(b) The static boundary value conditions

El = El e1Bf = e, B3
B|1|/#1 = B|2|/#2 Bi = By
accurately determine the ratio of reflected to transmitted light. For the study

here, we may assume that p; = py = pg, making the two relevant boundary
value conditions simple. Find FEs3 in terms of Fj.



Only the parallel boundary conditions are relavent, leading to

Eanw+FE,1 = Ep+FEo
Flopeh2d f B_yemikad  — ik
Evi— B = n(Ess— E_y)
(B o0 — B_yehd) —  Eyikd

Adding n times the second equation to the last equation gives:

(1 =+ TL)Egeikd = 27’LE+2€ik2d
1+n i(k—
Epy = —5 =Byt

Adding the first and the thrid equation gives

2E+1 = (1 + n)E+2 + (1 - n)E_g
2 1+n
Eor = g By B
_ 2 B (1+n)? Eyeith—k2)d

1—-n H_Qn(l—n)

Plugging this back into the second equation gives

l4+n 2 (1+n)? . » ;
E 1kd E _ E i(k—k2)d ikod — B ikd
on 3¢ + <1 —n 2n(l —n) 3¢ ¢ 3¢

2 _ - 1+n  (14+n)? _,
E kod — B 1kd 1— i2kqd
1—n 1€ 3¢ 2n + 2n(1 — n)e

4By BT = By(2n(1 —n) — (14 n)(1 —n) + (1 +n)’e k)

_ 4n —i(ko+k)d
Es = (1+ n)2e~i2kad — 2 4 2 — lE+16 ’
4n ;
— i(k2—k)d
(12— (n— 1)2ei2kddE+1e ’
(c) Find the reflection coefficient R = [Power reflected : Power in] as a

function of o = kod and n.
To determine this, we note that

(n+1)% = (n—1)%eka? = (n41)% — (n — 1)% cos(2kad) + i(n — 1)? sin(2kyd)
= (n+1)*4 (n—1)*=2(n+1)%(n — 1)% cos(2kad))/? exp(i¢)
Here ¢ is an unimportant angle. The real part of Fs is given by

4n
(n+1)*+ (n—1)*—2(n+1)%(n — 1)2 cos(2kd))1/2

Re[Es] = E1 cos((ka—k)d—wt+¢)



The power transimitted is proportional to the time average of Re[E3]? and the
transmission is
< RG[E3]2 >

T pr—
1
3B

In 2
B <((n +1)4+(n—-1%-2(n+1)2(n-1)>2 cos(2k;d))1/2>

R = 1-T=1- 16n”
N N (n+1D*+ (n—1)*—2(n+1)2(n — 1)2 cos(2kad))
4 sin® (kod . n+1
(B + 7z —2+4sin (kad)) n

Of course on a test you may not get to such a pretty final result. For large
(n not too different from 1) this becomes

n—1

2
i } sin? (kyd)

R%4[
n —+



Problem 4: Mutual Inductance

Use the fact that the integral

1 [ cos ¢
— —————dp=7aFi1(e) —2K(e) (for0<e < 1
2/0 (1—50052%)1/2 ¢ 2F1() (&) ( )

to find an expression for the mutual inductance M, between to cocentric wire
loops, one of radius a¢ and the other of radius b. Show explicity that
JL[ab = Jv{ba'

We start by finding the magnetic field from loop a. We have

B, = VxA
T Ho
A = ==
4 J/) _'Ta|

The flux through loop b is given by

w- /]
losed
= // V x A-di,
losed
= /A-déb
//dé déb
|70 — 7]

//dﬁ - dby
May |Fa — 75|

bm

So



letting 7, = b(cos ¢y, sin ¢y, 0), 7, = a(cos ¢, sin ¢, 0)

|7 — 7| = ((beosgy —acosg,)? + (beos gy, — acos p,)?) /2
= (a® 4 b* — 2abcos(¢, — &))"/
af, = j; 46, = a(—sin 6, c03 6,,0)do,
i, = G, = b(sindy.c0504,0)d5,
dly - dly = abcos(d, — ¢,)de,de,
T abeos(d, — 6,)d0,dd,
Map = / / 2 1 p2 _ _ 172
(a2 + b2 — 2abcos(¢, — ¢p))Y/
M abcos(o)do
2 o (a%+ b2 —2abcos(¢))1/2
b 2m ab cos(p)de
2 Jo (a4 b2+ 2ab—2ab(1 + cos ¢))'/?
R abcos(¢)dg
2 /0 (a% + b2 + 2ab — 4abcos? £))1/2
e [T ab cos(¢)dg
T2 ((a+b)2 — 4abcos? £))1/2
p, ab [T cos(¢p)de 4ab
- 7@—1—6/0 (1 — e cos? £))1/2 °T (a+0b)?
= ng R ()~ 2K ()
= My



