1 Unit #5: Radiation

Radiation is the escape of electromagnetic radiation from a charge distribution.
More formally, to define radiation we first imagine a localized charge distribu-
tion. We then write down the energy escaping a sphere of radius r surrounding
the distribution per unit time:
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When we take the limit as 7 — oo we find the energy that actually escapes the
charge distribution, never to return.
Pryg = lim P(r) (3)
The first thing we note is that a static field does not radiate power. To
see this, recall that the multipole expansion of a static field far away from a
steady-state charge distribution:
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and the magnetic field far away from a steady-state charge distribution:
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We see that the lowest-order term in E x B is of order %5 On the other
hand the area of the integral goes up as r2. Thus the power slipping by a
sphere surrounding by a steady-state localized charge distribution is going to
drop as 1/r® or faster. Apparently, to produce radiated power, we need to
leave steady-state conditions. (Even if magnetic monopoles were to exist, the

Poynting vector would drop like 1/r%.)

1.1 Radiation from a simple electric Dipole
1.1.1 The simplest dipole radiator

We first consider a simple case of two charges +q(t) and —g(t) separated by
a distance d located at +d/2 on the z axis. To keep the calculation of the
retarded time simple, we imagine that the location of the charge is fixed but the
charge varies with time according to

q(t) = qo cos(wt) (6)

The charge varies by a straight wire that connects the two points and carries a
current I = dq/dt.



1.1.2 The scalar potential
The retarded scalar potential is given by
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We will be interested in both E and B far a way from the charges. We therefore
can assume that r >> d so that
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With this and similar approximations for |+ 42| we have
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Here § = wdcosf/2c.

1.1.3 The dipole approximation

Now we assume that dw/c << 0 (or that d << A). This may not be a great
approximation for a radio antenna (of length comparible to the transmitted
wavelength) but it is very often justified approximation for atomic and molecular
radiation. For example, an atom only a few angstroms across will radiate visible
light from 4000 — 7000 angstroms. With the approximation d << A, we may
make a Taylor series approximation about ¢:
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Notice that we did not have to work very hard to see that the 6 and 6° terms
of the Taylor series vanish: The function V is even in §. Continuing with the
simplification and letting p, = g,d we have
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Now we remember we are ultimately interested in the Poynting vector in the
limit of large r. We suppose that we will look far enough away so that the term



dropping as r? vanishes. Actually this is not a big new approximation. We

are really saying r >> ¢/w. But we have already said d << ¢/w. Thus this
new approximation is valid if » >> d, which we have already stated. In any

case, we now have
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This is the approximate form of the potential we have desired.

1.1.4 The vector potential

Now we consider the vector potential A. Fortunately, the lowest order term in
d is much easier to find than it was for the case of finding V:
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Again we take the lowest term that doesn’t vanish in d. In this case we need
only take the first term in the Taylor series:
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1.1.5 Finding E and B

Now we

Now we
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compute the fields. To get these we need ﬁV, V x A and 8@/ ot :
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find the curl of A in order to obtain B:
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terms that are zero by inspection
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1.1.6 The Poynting vector

Finally, we may determine the Poynting vector for the oscillating dipole and the
power radiated:
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The last line has been written down using A = 2wc/w simply as a unit check:
The term in square brackets has units of force whereas the rest has units of
distance per area per time. Thus S has units of energy per area per unit time
as it should.

For many measurements of electromagnetic radiation, we measure the aver-
age power over many cycles. In this case, the time averaged flux becomes
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1.1.7 Power Radiated and why the sky is blue

Notice the flux is radial and drops off as 1/r2. This is the drop off required to
have a non-zero amount of radiated power:
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The w* dependence of the power radiated by an oscillating dipole is the reason
the sky is blue: White sunlight passing through our atmosphere causes charges
to oscillate. The oscillating charges radiate more in the blue than in the red,
causing our sky to be blue.

1.2 A simple Magnetic Dipole Radiator

We imagine a loop of radius b in the x-y axis with no net charge, but carrying
a current

I(t) = I, cos(wt) (42)
The magnetic dipole is given by
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Now A can have ?qg but, by symmetry, it can not have a 5 or z component. We
can solve the integral by writing:
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Here we have assumed that 7is over the x axis. This will result in a y-component
of A. By symmetry of the problem, the final answer will be true in general if
we take the final result and replace i with ¢.

Continuing with the substitutions, we have
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Notice that we have not yet made any approximations. Notice also that the
Z component of this integral is odd in¢ and vanishes as expected. We are left
with

 Arx

g:

MObIOZ/J\% I, cos g cos(w(t — /12 + b2 — 2brcos¢sin9/c))d¢ (52)
4 /72 + b2 — 2br cos ¢sin 0

(over the z axis) (53)
_ pobl, [ cosgcos(w(t — /T2 4 b2 — 2br cos ¢sinf/c))
S dw ¢j{ /72 + b2 — 2br cos ¢sin f

dp  (54)
Again we are interested in the case of very large r. For this case, the b? term
can be ignored and the radical term can be simplified:
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Now I assume that b << A\ = 27¢/w. To find the implication of this assumptions,
Ilet 6 = wbcosgsinf/c. The integrand becomes
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Now I can Taylor series this in terms of §
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The first term integrates to zero whereas the second term integrates to the result
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