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1 Introduction

As is well known [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11], there has been tremendous progress in recent years in

accurate quantum calculations on exchange (rearrangement) reactions of the form

AB+C
A+BC =+ Rearrangement Reactions, (1)

AC+ B

and these now include cases in which four atoms [12] are present (i.e., where C is replaced by CD in
the above reactions) as well as the above three atom reaction. Many of these methods use hyperspherical
coordinates and are efficient; however, the accuarate solution of the quantum Schrédinger equation continues
to be computationally intensive. Hence, there is a real need to make the codes more efficient and accurate,
especially if one is interested in collisions involving multiple electronic states or collision-induced dissociation.

In the hyperspherical coordinate formulation of triatomic reactive scattering, composed of a hyperradius
and five angular coordinates, the total wave function is expanded in a complete set of products of Wigner D-
functions for the three Euler angles “external angles” describing the spatial orientation of the three-particle
plane, times basis functions or surface functions which depend on the remaining two “internal” hyperspher-
ical angles. The dependence of the expansion coefficients on the hyperradius, which is a measure of the size
of the three pariticle system, is then determined by propagating the solution of a set of coupled-channel(CC)
differential equations from a small hyperradius, where the solutions must be regular because the atoms
coalesce, to a large hyperradius where the wavefunction is projected onto the arrangement channels and ana-
lytic boundary conditions are used to determine the scattering matrix. In the methods using hyperspherical
coordinates that treat all particles symmetrically[8, 13, 9, 10, 14, 15, 16, 17], one numerically obtains “sur-
face functions,” the basis functions of the two hyperangles, by numerically solving a two-dimensional (2D)
Schrodinger equation. This Schrodinger equation, which is discussed in more detail later in this paper (See
Sec. 3), depends parametrically on the hyperradius and must be solved at many values of the hyperradius.
In addition, a large number of surface functions must be obtained at each hyperradius, and hence efficient
computational procedures for numerically solving this 2D Schréodinger equation are essential.

The first accurate fully three-dimensional (3D) reactive scattering calculations employing hyperspherical
coordinates used finite element methods (FEMs)[9, 10, 14, 11, 17, 18, 19] to solve for the surface functions.
Although these FEMs give fairly accurate results, they are inefficient and not robust. Another commonly
used method involves the use of the discrete variable representation (DVR)[14, 15, 20, 21, 22|, which is most

efficient at small hyperradii where the surface functions are delocalized. At larger values of the hyperradius,



where the surface functions are highly localized, the DVR, points cover the whole space, making the method
much less efficient. In a few cases the DVR is even more expensive than the FEM because of the need
for many grid points in a small, localized region. Other methods such as the finite basis representation
(FBR)[8, 13, 16] of Launay and LeDourneuf, and the method of Wolniewicz and Hinze[23] are also efficient
only at large hyperradii. The analytic basis method (ABM) uses primitive ro-vibrational basis functions
centered in the arrangement channels, and provides a very compact representation and thus is quite efficient
at large hyperradii, but is inefficient and the basis is overcomplete at small hyperradii.[24]

In this paper, we present the Periodic Distributed Approximating Functional (PDAF) method, an ap-
proach that is efficient at both small and large values of the hyperradius. The PDAF method is similar to
the Symmetry-Adapted-Hermite Distributed Approximating Functional (SA-HDAF) approach of Iyengar,
Parker, Kouri and Hoffman [25], but differs importantly by involving only real symmetric matrices. In addi-
tion, in the present approach only the surface functions are obtained, while in the SA-HDAF approach [25]
the full 3D wavefunction was obtained directly, by using an iterative procedure. The symmetry adaptation
of the PDAF is carried out here in a similar, but simpler, fashion than in Ref. [25]. Here we employ the Dis-
tributed Approximating Functional (DAF') concept, but the PDAF differs from all previous DAF’s. However,
like other DAF’s it is both accurate and efficient as a computational tool. A more detailed exposition of the
connections between the PDAF and the Christoffel-Darbeaux formula for DAFs based on orthogonal poly-
nomials will follow [26]. The sequential diagonalization-truncation technique[27] is employed to project the
large-size Hamiltonian matrix into a smaller matrix using a projection matrix which is obtained by solving
a one-dimensional eigensystem, thus significantly reducing the memory requirements and the computation
time.

This paper is organized as follows. In Sec. 2 we introduce the PDAFs and derive their formulae. In Sec. 3
the ro-vibrational triatomic Hamiltonian in the APH coordinates system is presented and the symmetrization
and reductions of the Hamiltonian are illustrated. The PDAF approach is then tested in Sec. 4. Surface
functions for the FH; scattering system are computed, and the eigen-energies and the matrix elements are
calculated and compared to those of existing methods (FEM, ABM and DVR) in Sec. 5. In Sec. 6 we present

our conclusions.

2 Periodic Distributed Approximating Function (PDAF)

From the definition of the Dirac Delta function we know that

f@) = [ 8w —a) s (2)



for any continuous function f(z). Consider periodic functions, f,(x), for convenience scaled to have period

2m. Expressing the integration range as an infinite sum of segments of length 27 we can write

Z / ﬂé (x — 2’ —2mm) fp(z’ + 2mm)da’. (3)

m=—0o0

Interchanging the integral and sum, and using the periodicity of f,(z), we have

/ﬁ Z 5z — o — 2mm) (2! )da (@)
or .
fo(z) = A Op(x — xl)fp(xl)dml (5)
where

(x — ) Z 5z — 2’ — 2mm) (6)

m=—o0o
is the periodic delta function. Since 6(z) is an even function, it’s easy to see that d,(z) is even and is also

periodic with a period of 27. The k*® derivative of f,(x) is then given by

F9 () / 5 (z — 2') (2 )da. (7)

Expanding d,(z — 2’) in a Fourier series,

Sp(z —2') = % +;ancosn(x—x') (8)
and using the identities
27 Omnmcosnr n#0
/ cosm(z — z') cosnz'dz’ = (9)
0 Omn2m n=>0
2
/ cosm(z — ') sinnz'ds’ = Spnmsinne (10)
0
we obtain
an,=—, n=0,1,2 (11)

Thus, we obtain



for the periodic delta function.
We define the partial sum of the periodic delta function to be the continuous Periodic Distributed

Approximating Function (PDAF)

N~ 1|1 M , 1 (cos[(M —1)(z —2')] — cos[M (z — z')]
pmz—2')==|=+) cosn(z—2')| = — p , (13)
M T |2 nZl ] 27r{ 1 —cos(z —z') }

which is the basic result used in this work. The last expression is obtained by noting that 6, a(z — 2') is
the real part of a sum of exponentials which can be written as a geometric sum and thus done analytically.

By definition, as M increases the PDAF approaches the periodic delta function, i.e.
Splw —a') = lim 8y (x— ). (14)

One may obtain the fully discretized PDAF by approximating the integral over z’ in Eq. (7) using a

trapezoidal quadrature
N

£ () = 3760 (x — 25) fo2;) A (15)

j=1
where N is the number of grid points, Az = %’T and z; = (j — %)Aw This choice of quadrature points is
particularly useful if we are solving differential equations with singular points at the two ends (z = 0 and
x = 2m). As the grid points are fixed, 51(3\/[ (x) acts like the discretized k*" derivative operator. One can

also discretize x using the same grid points as used in the numerical quadrature. If we treat the discretized

fp.m(z) and it’s derivatives as a column vectors e. g., [f; = f(z;)], we have

N
17 =3"DYf (16)
i=1
where
(—1)%%224:1 n*sinn|(z; — z;)|z k odd
DZ(J’»C) = (5[()161\)4@Z —z;)Az = (17)

o S0k + (—1)5% Eﬁ/lzl n* cosn|(z; — z;)] k even

is the k" derivative operator in matrix form. The differential operators, D (¥) are periodic Toeplitz matrices
which depend on only one parameter M. As M increases, the PDAF gives an increasingly accurate rep-
resentation of the Dirac delta function. However, it is for small M the integrand of Eq. (7) is smoothest

and the trapezoidal rule is most accurate. Hence, we seek an optimal compromise value of M. Since, the



PDAFs

Figure 1: 51()5\)4 (z) for different M, where the number of grid points (N = 20) is used in both panels. In the
left panel M =5 and in the left panel and M = N/2 = 10. Note 6](0?1)\4 and 6[(31)” are symmetric about x = 0,

while 5(11)\/[ is anti-symmetric. Increasing M makes the PDAFs sharply peaked and a better representation
of the respective delta function and its derivatives.

integrand involves a Fourier function, the theory of Gaussian quadrature suggests a relation of M = N/2.
Through numerical experimentation (see Sec. 4) we verify that this value gives the most accurate results.
In this paper, we will use D, D) and D®) | consequently we need 5](0?1)\4, 61()%1)\/[ and 61(31)\/[. They can be
obtained simply by differentiating Eq. (13).

We see that (51()]6]\)4(.%‘) are even(odd) periodic functions when k is even(odd). The functions, (5[()(?1)\/[(3:)7
51()%1)\/[(95), and 51()21)\/[(95) which are the ones used in this paper, are shown in Fig. 1. In both panels of Fig. 1
N = 20, in the left panel M = 5 and in the right panel M = N/2 = 10. One can readily see the symmetry
of each PDAF. Comparing the left and right panels in Fig. 1 we see that increasing M makes the PDAFs in
the right panel sharply peaked and a better approximate representation of the periodic Dirac Delta function
and its derivatives.

The equations obtained in this section for the PDAF, namely Eq. (13) and Eq. (17), may be compared
with those obtained using the SA-HDAF [25] for functions with periodic symmetry, namely Eq. (5) and
associated expressions in Ref. [25]. It is clear that both representations are Toeplitz, however, the expression
in Ref. [25] has the additional characteristic of being banded, which is not the case in the present formulation.
However, as we will see later in this paper, this does not present any problems in the current implementation

and in fact helps in enhance the accuracy of the procedure introduced here.



3 Symmetrization and Reductions of the Triatomic Hamiltonian

in APH Coordinates

3.1 APH Hamiltonian

The detailed reactive scattering theory formulated in adiabatically adjusting principle axes hyperspherical
(APH) coordinates has been presented previously[9], and we repeat only the essentials here. In this approach,
one needs sector adiabatic basis functions ®¥, of the APH hyperangles, and in this work we choose surface

functions, ®”, defined by the equation

H®Y,(0,x; pe) = EXn(pe) @Y\ (0, X5 pe) (18)

where H is a portion of the full Hamiltonian omitting parts of the orbital angular momentum. Thus we take

= R[4 0 inopd 4 L 0? +15h2
= | ——=sin20— + ————
2upF | sin 26 96 90 sin®6 0x? 8P

+ CR*A? 4+ V(pe, 0, X). (19)

The first term in the Hamiltonian H is the “hyperspherical” part of the kinetic energy operator, and

1

B ppz(1 — sin6) (20)

is part of the centrifugal potential. The potential energy V used here is the complete potential energy surface
(PES) of Brown et al.[29], and the £7 , (p¢) are the eigenenergies of H at the hyperradius p¢. The variable
0 is the APH bending angle; its range is 0 < 0 < 7/2, with 7/2 describing linear configurations and 0
describing triangular symmetric top configurations. The variable y is the APH kinematic angle measured
from the “incident” arrangement channel; it measures motion between arrangement channels, and its range
is —m < x < w. The angles # and x cover the upper half of the surface of an internal coordinate sphere
which we loosely call the “hypersphere”. (More precisely, the surface of the hypersphere is the 5D space
covered by 6, x, and the three Euler angles which describe the orientation of the principal axes in space. In
fact, the hypersphere may be decomposed into two commuting subgroups, O(2) and O(3), and this aspect
has been exploited in computing surface functions with fixed total angular momentum. [9]) As one can see
from Eq. (18), the surface functions @ﬁ’ A and eigenenergies Sf’ A depend parametrically on the hyperradius
pe. They are needed at a set of p values {p¢},& = 1,2,...,n,, and are used as adiabatic basis functions
for expanding the full wavefunction in each sector where (pg + pe—1)/2 < p < (pe+1 + pe)/2 for sector &.

As shown elsewhere[9] this adiabatic-by-sector (or sector-Adiabatic) expansion of the wavefunction gives



rise to a set of coupled second order differential equations. These Coupled-Channel (CC) equations must
be numerically integrated from a small value of the hyperradius p where the full wavefunction is zero to a
large value of the hyperradius where asymptotic boundary conditions are applied. The term, 15k 2 / Supg, in
Eq. (19) results from removing the first derivative terms from the coupled channel (CC) equations; it is a
constant in this equation and can be folded into the Sf’ A if desired. In the numerical calculations we use
atomic units throughout and therefore i = 1. The quantity u is the three-body reduced mass of the system
arising from using mass-scaled coordinates. The three quantum numbers (A, p, 7) labeling £ f’ A and @ﬁ’ A are:
A is the component of the total angular momentum along the APH body-frame (BF) z-axis (the axis of least
inertia of the three-body system), p is the parity quantum number with p = 0 or 1, the parity of <I>ZT” A under
the parity transformation x — x + 7 is (=1)?, and 7 = 1,2,...,ng, which indexes the solutions in order of

increasing energy.

Equation Eq. (19) differs from equation (164) of Reference[9] slightly because it omits a rotational term
of the form (A + B)R*[J(J + 1) — A?] as mentioned above. As pointed out by Launay and LeDourneuf
[8], this gives surface functions <I>€7 A Which are independent of the total angular momentum J, so many
fewer surface functions must be calculated. The omitted term is easily included in the CC equations along
with the remaining Coriolis and asymmetric top terms. This surface function basis is expected to produce
rapid convergence of the CC expansion to the exact solution provided triangular symmetric top (6 = 0)

configurations are unimportant, which is the case for many reactions.

The full wavefunction must be continuous and regular everywhere. This requires that ®” , must also be
a continuous function of y at —7 and 7 and regular everywhere. For systems with two or three identical
atoms, the surface functions have other symmetries in addition to the parity, p, already defined and these

symmetries will be exploited. The surface functions are real and normalized according to

T /2 ,
/ dx/ DL, (0, x; pe )PP, (0, X; pe) sin20df = §-176pp. (21)
- 0



‘We now define

4 0 . 0
Hy = _—sinQO%mn%% (22)
82
H, = 3 (23)
15h2

Hy = + CR*A% + V(pe, 0, x 24
v 8up? (pg; 0, %) (24)

so that the surface function Hamiltonian, Eq. (19), is

h2
H = 3 [H@—l—
2ppg

1

— HX:| + Hy . (25)
sin“ 0

The discretized Hamiltonian is a matrix operator. In the rest of this paper, we use the term Hamiltonian to

refer to this matrix.

3.2 Symmetrization of APH Hamiltonian

The Hamiltonian H in Eq. (25) is real but it is not symmetric, because Hy is not symmetric. Therefore, if
we use this form, we have to solve a non-symmetric matrix eigensystem requiring a large amount of memory
and CPU time. It is therefore critical in the computation of APH surface functions to symmetrize H. The
matrix Hy is the non-symmetric part of H, and it is not periodic. We first extend Hy to a periodic form

and symmetrize it. Then the result is extended to symmetrize H.

El

Although Hy is defined initially on 0 < 6 < 5, we note that it is invariant under the transformation

6 — m — 6 and hence we can expand the domain of ¥ (6) to the full real space by defining,

W) = Yr-0), F<o<w (26)

YO +kr) = (@), 0<f0<mandk=0,+1,+2,.. (27)
Now v(6) is a periodic function with a periodicity of w. Note that

Hy(0) = H(r—0) (28)

Ho(0+kr) = H), k=0,+1,+2, .. (29)

One can see that the extended () satisfies Hp1p(0) = Ap(0) for any 6, i.e. the domain of Hy is also extended

to the full real space although it keeps its original form.



We comment that similar expressions for Hy were obtained in Ref. [25] by using a symmetry adaptation
procedure, wherein Hy was projected on the right side onto a function belonging to the A; irreducible
representation of the point group Csg,, and on the left side onto a function belonging to the As irreducible
representation of the point group Cs,. The choice of the A; irreducible representation conforms with the
symmetry requirements presented in Eqs. Eq. (26) and Eq. (27) above. The A irreducible representation
was chosen due to the fact that the first derivative of an A; function is an A, function in Cs,. The resultant
representation for Hy in Ref. [25] is, however, not symmetric.

Here, to obtain a symmetric representation for Hy, we transform it in two steps. First we introduce a

continuous mapping function,

0(y) = —[1 — cos(y + 2kw)] — km, k=0,£1,+£2,... (30)

NS

We note that the first derivative of this mapping is also continuous, but its second derivative is discontinuous
at § = km/2. This problem is handled by the mapping function itself: if we use a uniform grid for =, it
is equivalent to using a non-uniform grid for § which is dense near the singularities (§ = km/2) and sparse
otherwise, as shown in Fig. 2. Since more grid points are used in the § = k7 /2 region, high accuracy can be

obtained despite the discontinuity.

Substituting 6 with v in Eq. (22), we obtain,

64 1 0 sin26(y) 0

HG(V):_ﬁsinQH(’y)sinfy@_’y siny Oy (31)

Hy() is very similar to Hy(6) except that it has a periodicity of 2.

In the second step, we define the transformation function

T = /sin 20 siny (32)

We also observe that

" = T (33)
1
v/sin 26 sin y

10



Figure 2: Grid mapping function (). The uniform grid in € corresponds to the non-uniform grid for
which is dense near the singularities( § = k7/2) and sparse otherwise.

and it is important to note that the singularities in 7'~! are avoided by our choice of quadrature (see Sec. 2).

Applying Tt to Hytp(0) = Mp(6) and inserting the identity 71T between Hy and v(6), we obtain
HLT(0) = AT4(6) (35)
where

H, = T'He()T™*

_ 64 1 0 sin260(y) 0 1 (36)

_ﬁ\/Sin29<’}/)Sin’}/8_V siny 8_’7\/sin29(7)sin'y

is a symmetric Hamiltonian.

The eigenfunction of H, is

() =T()$(0(v)) (37)

which is always zero at v = 0, 7, or 27. It is not hard to see that extending ¢(6) from 0 < 6 < % to0<6O<m
introduces undesired degenerate eigenvalues. If we reduce matrix H, from 0 <0 <27 torange 0 < 0 <=

using the symmetry of 1, we can eliminate those undesired degenerate eigenvalues. We use a grid similar to

11



the one used for PDAF;
vi=0- )A% j=1,2N, (38)

where 2V, is the number of gird points, and Ay = —” = 4 is the distance between two consecutive grid
Y

points. For simplicity, we use a subscript j to denote a term evaluated at v;, and we also define the following

terms,

1
sin 20(v,) sin~;
sin 26(~;)
sin v,

Applying the derivative operator D) in Eq. (17) (substituting = with v), the eigen-equation Eq. (35) can

be written as

2N 2N

Mﬁi = ZZ tDzl? 1)tJ¢J
j=1k=1
N 2N 2N B
- Z+ Z Z——t DY s Dyt
j=1 j=N+1 k=1
N 2N
64 1 =
= Z _ptiDEk) (D( )+Dl(c %N—j+1)tﬂ/’j
j=1k=1
N ~
- ZH’:ijwj (41)
j=1
where
2N
r 1 1 1
H'”j = Z—_ﬁ D( ) (Dl(cj) +‘Dl(c %N—j-}-l)tj (42)
k=1

In the above derivation, 12)]- = 1,Z~)2N_j+1, t; =toN—j+1, S = S2anv—;+1 and the periodicity of DM ig employed.
One should note that in Eq. (41) 1 <¢ < N, and 1 < j < N,, which means 0 <y < 7, so HY is reduced
to the original domain. H is the desired symmetric matrix form for Hy. It is, however, interesting to note
that the bracketted quantity, (D( )+ D](c % N—jt1)s in Eq. (42) is not an anti-symmetric matrix, in contrast
to Ref. [25]. The full H presented in Eq. (42) is symmetric by contstruction.

Similarly we can transform and discretize H to obtain its symmetric form. Using Eq. (25) the Schrodinger

equation Eq. (18) reads

h? 1
{W {He t 3 aHx] + HV} ©70(0,X; p¢) = E7 (pe) D71 (0, X ) (43)

¢ S

12



We multiply by TT from the left on both sides of the above equation, and insert the identity 71T, to

obtain
H (0, x; pe) = EX4(pe) P 4 (0, X; pe) (44)
where
Hsh—z[HwLH}jLH (45)
N 2,up§ T sin?20 X v
and
B (7, % pe) = TP, (0, X; pe) (46)

The independence of the variables y(or #) and  is used in the derivation. After discretization of the APH

Hamiltonian, H*® is symmetric, because H7 is symmetric, Hy is diagonal, and H, is obviously symmetric.

3.3 Reduction of the H, using point group symmetry

If the Hamiltonian H? of a system commutes with a point group G, i.e. the potential Hy is symmetric under
the operations of GG, we can reduce the size of the Hamiltonian matrix by transforming the Hamiltonian into
the irreducible representations of G.

Let G = {R}, where {R} is a set of symmetry operations such as rotations and reflections. The order of

G is h, i.e, G contains h symmetry operations, R. Suppose H, satisfies the following eigen-equation,

Hyol=" (x) = Apl () (47)

where ¢[**] transform according the x-th column of the z-th irreducible representation of G, i.e. ¢ [ is the
k-th basis function for the z-th irreducible representation, and A is the corresponding eigenvalue. We will

discretize Eq. (47) using a uniform grid

where hN, is the number of grid points, Ay = }fTﬂx is the spacing between consecutive grid points, and

clearly N, is the number of grid points in interval [0, 27”] Then Eq. (47) can be written as,
hN,
> H () 0) = A5 (), k= 11} (49)

j=1

where [, is the dimension of the z-th irreducible representation. The full range of x can be generated by

13



applying each symmetry operation R on the range [1, Nx]. We can then write Eq. (49) as

NX
> o> Hlxi Rx)o™ (Ryy) = M (), w=1,{1.} (50)

i=1 R

From the well-known relations [30],
¢l (R™1y) Zw“ | (R) (51)

2]

where I' 7 _(R) is the (', k)-th element of the z-th irreducible representation matrix of R, we have,

D DL MO

— Z(b[zn Z]T( )
= Zdﬂ” T, (R) (52)

The following obvious properties of I‘E:,]ﬁ(R) are used in the above derivation,

rl(p=1) = 1l (g) = 112 (R) (53)

Substituting Eq. (52) into Eq. (50), we obtain,

Z > Hy(xi, Rx;) Z 10T (R) = Mgl (i), k=1, {12} (54)

j=1 R

The expression Eq. (54) is a set of coupled equations which can be written concisely in a matrix form. For
triatomic reactions, the relevant irreducible representations are either one-dimensional or two-dimensional.

For the one-dimensional case, K = k' = 1, so we simply omit them. Hence we have,

NX
> H (v, xi)8 () = A6 (xa) (55)
j=1
where
Hy(xi,x5) = 2 Hy(xi, R )T (R) (56)

R

is the reduced H, in a one-dimensional irreducible representation.

14



For the two-dimensional case, we have,

NX ¢[z71](Xj) d)[zv]-}(Xi)
> H (X x5) = (57)
j=1 ¢[272](Xj) ¢[Z12](Xi)
where
H (xisX5) = Y Hy (xi Rx;) TP (R) (58)
R

is the reduced H, in a two-dimensional irreducible representation. It has the same form as in the one-
dimensional case, but it is a 2 X 2 matrix. H can be proved to be symmetric if the associated irreducible

representation matrices are real (see Appendix A). There are three types of triatomic interactions:
ABC All atoms are distinct. The point group corresponding to this type is Cs

AAB Two atoms are identical. The point group corresponding to this type is C'o,

A AA All atoms are identical. The point group corresponding to this type is C'g,

For all the above groups in each type, the irreducible representation matrices are all real, so H | is symmetric.

We provide the representation matrices in Appendix B for convenience.

One should note that if we confine x to [0, 2Z], H} is a Ny X Ny matrix in an one-dimensional irreducible
representation and a 2N, x 2N, matrix in a two-dimensional irreducible representation. When the eigen-
system of Eq. (55) or Eq. (57) is solved, eigenfunctions in the range [0, ZT”] are obtained. One can employ

Eq. (51) to compute the eigenfunctions on the full range of x.

One can see that using H instead of H, doesn’t affect the symmetrization of H in Sec. 3.2. Hence we
shall use the following definition of H? in the rest of this paper
oo [H + LH} + Hy (59)
2upf |7 sin?0 ¥
The derivation presented here may be contrasted with the symmetry-adaptation procedure provided in
Ref. [25]. In Ref. [25] the symmetry-adaptation was carried out by projection of the Hamiltonian (or the
derivative operator) onto two different sets of projectors, one on each side of the Hamiltonian matrix. This
is useful for cases where the Hamiltonian (or the derivative operator) changes the symmetry of the function

it acts on (for example, as in the case of the d/dx operator). In the present case, the symmetry-adaptation

introduced in this section is only used to adapt the x-part of the Hamiltonian, which is totally symmetric

15



and hence does not change the symmetry of the functions it acts on (unlike the operator corresponding to

the 6-part).

3.4 Reduction of the Hamiltonian using projection

Suppose we discretize H° using N, grid points in x coordinate and N, in . The size of the Hamiltonian
matrix (N, N, x N,N,) to be diagonalized is very large for systems of physical interest when highly accurate
eigenvalues and eigenfunctions are needed. Since we wish to obtain only a few of the lowest eigenstates to
high accuracy, we consider here a projection technique to reduce the size of the Hamiltonian matrix, which
leads to reduction in the CPU time and memory requirements. First we find a nearly complete basis for the
desired lowest eigenvectors, and then we project the Hamiltonian matrix to this basis: H %t = PH 5P, where
P is the projection matrix and P is the transpose of P. The matrix H°" is small. We solve the eigensystem
of H°* and map it back to the original basis to obtain the approximate eigensystem of the H. Details are

given below.

Noting that H depends only on v and % is a constant, and introducing the identity matrices I, and
&
I, in the v and x spaces respectively, we can rewrite the Hamiltonian H*® in Eq. (59) in the tensor product

form,

2 2
h 1

S = —H'QQL,+(———I,QH +HyI,®1I 60
2#0? vy X (2up§sin29 ¥ X Viy x) ( )

Now H?* is divided into two terms

72
Hf = —H,Q1I 61
. o1

H; = I, H,+Hyl,®I, (62)

2/1,02 sin?0 "

The first term, H7, is independent of , while the second term depends on both v and x. Since we are only
interested in the lowest eigenvalues and eigenfunctions of H®, and H7 is independent of x, we can expect
to get accurate results using only a subeigenspace of H5 instead. We solve the eigensystem of H5 for each
fixed v,

H(yj)a) =X'a) j=1,N, (63)

where N, is the number of the grid points used in v and ()\Zj , azj ) is the k-th eigenpair for the given ;. Then

we discard the eigenvectors with large eigenvalues. The rest of the eigenvectors consist of a nearly complete
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basis for the lowest eigenvectors of H®. In our implementation, we sort all the eigenvectors obtained above in
ascending order of eigenvalues, and choose only a number of the eigenvectors corresponding to the smallest

eigenvalues. After normalization we construct the projection matrix,

Py
P
P = (64)
Py,
where
. Yi Yi i
Pi=(of"03",..., 00 ) (65)

Because P is an orthonormal, nearly complete basis for the lowest eigenvectors, 52 A7, x5 pe), we have

PP®] (v, x; pe) = Ty 5 (7, X Pe) (66)

Substituting ®- , (7, x; pe) in Eq. (44) and multiplying by P from the left we get,

HWY )\ (7, x; pe) = E2p (pe) 0 4 (75 X5 pe) (67)
where
H® = PHP (68)
and
TP, (7, x3 pe) = PBLA (7, X pe) (69)

We can see that P is a N, N, x N¢"* matrix, where
N, o
i=1

so HCU is a Nt x N matrix. Its size is much smaller than the size of H* if N is much smaller than
N, N,, which is the case if we want only a few eigenvalues. N°"* should be taken to be as small as possible,

consistent with the desired level of convergence.
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Noting that H® is symmetric, we have
H = PH*P = PH*P = H°" (71)

Thus H" is symmetric.

4 Numerical Tests

Numerical tests are carried out to study three aspects of the approach. First, we test the behavior with respect
to parameter M in the PDAF 6](ij)\4. Next we examine the H} using different irreducible representations of

various groups. Finally, the accuracy of HY is tested.

4.1 Test of PDAFs

We tested PDAF's using different periodic functions, all of them showing similar results. Here we present
only the test for the eigenvalues of H,. Using the PDAF matrix defined in Eq. (17), we obtain the discrete

representation of H,,

= =D 6306 - x;)Ax (72)

where N, is the number of grid points used in (0,27), Ax = 27 /N, and x; = (j — 4)Ax. We know that
the correct eigenvalues of H, should be 0,1,1,4,4,-- -, k2, k2,-- -, soit’s easy to check the difference between
the computed eigenvalues and the exact ones. We set the criteria of 107 as the maximum tolerable error
and then count how many good eigenvalues can be obtained. A typical result is shown in Fig. 3, in which
we set N, = 32 and various M from 1 to 35. One can see that when M = N, /2, almost all eigenvalues are

good. This suggests the optimal choice of M.

4.2 Test of H;

Tests of H, were done for all the aforementioned irreducible representations of the relevant point groups.
All of them give good results. Here we present only one typical result computed using the C'5, group, since

only Cs, is involved in the F Hs reaction calculation.
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Figure 3: The number of good eigenvalues reaches maximum when M = N, /2 (N, = 32), where M is the
parameter in PDAF (3[(){61)\/[@), and N, is the number of gird points in range (0, 27).

Similar to H,, we can obtain the PDAF representation of H}. Note that Cs, has only one-dimensional

irreducible representations, so we use Eq. (56) for H - We obtain the discrete representation of H; as,

NX
HXij = Z Z 5;(31)\/1(961‘ - RXj)F[Z] Ax
k=1 R

(73)

Note that the grid scheme is defined in Eq. (48). We set N, = 8, and the eigenvalues A, for each of
the irreducible representations are computed, and the /A, are shown in table Thl. 1 for easy comparison.

One can see that if we combine the results from all the irreducible representations, we will obtain the

approximate) eigenvalues 0,1,1,4,4,--- ,k2 k2, ---
(app ) eig

degenerate eigenvalues in H, are no longer degenerate in Hy.

, which are obtained from H,. We also note that the

Ay

B,

Ay

B;

0O ULk WN

0.00000052456066
2.00000000000007
3.99999999999999
5.99999999999999
7.99999999999999
10.0000000000000
12.0000000000000
14.0000000000000

2.00000000000009
3.99999999999997
5.99999999999999
7.99999999999999
10.0000000000000
12.0000000000000
14.0000000000000
22.6274169979695

0.99999999999989
3.00000000000004
5.00000000000000
7.00000000000000
9.00000000000001
11.0000000000000
13.0000000000000
15.0000000000000

1.00000000000007
3.00000000000002
5.00000000000000
7.00000000000000
9.00000000000001
11.0000000000000
13.0000000000000
15.0000000000000

Table 1: /g, square roots of eigenvalues of Hy in irreducible representations of group Cy,
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4.3 Test of H;‘

HY in Eq. (42) has the same eigenvalues as Hy in Eq. (22). If we rewrite Hy as

8 o . 0
Ho = = 50920 % 525 (74)

we can see that the eigen-equation of Hyy(0) = M\p(0), is a Legendre differential equation if we write the

eigenvalue as

N =8l(1+1) 1=0,1,.. (75)

Thus H has eigenvalues of 8/(1 +1). To evaluate the accuracy of the computed eigenvalue, we define S;(\;)
as follows,

—lg || 1=0,
Si(\) = (76)

A —8l(I1+1)
where ; is the I-th computed eigenvalue, and S;()\;) gives the approximate number of significant digits.
Fig. 4 shows the results when we set N., = 16, 32,48 and 64. One can see that for each N, there are about

N, /3 eigenvalues of high accuracy. This is accurate enough for the F'H, calculation, because typically the

order of the Hamiltonian matrix is about 1000 but we require less than 300 eigenvalues.

It is worth mentioning that we also tested the non-symmetric form, Hy, using the PDAF presentation.
Although we can get as highly accurate results as we get from H, or HY, we still choose the symmetric form,
because the non-symmetric matrix costs more time and memory to diagonalize. Moreover, when we add the

potential, the accuracy of the non-symmetric form will decrease to the accuracy of the symmetric H 7.

5 Calculations for the F'Hy System

In this section we report the results of PDAF calculations of surface functions and the matrix elements, and
compare them with the results of the DVR and ABM methods. The system chosen as a nontrivial example
is the F+Hs — HF+H reaction; its treatment requires generation of a large basis of surface functions. The
potential energy surface (PES) used is that of Brown et al.[29] commonly called the T5A surface, and we
choose the zero of energy to be at the bottom of the asymptotic HF potential wells. This PES has been used
in many calculations[8, 28, 14, 20, 31, 32, 33] on this reaction, and plots of the PES and surface functions
showing their appearance in APH coordinates have also been published. Arrangement 1 or i(initial) is taken

to be F+Hs reactants.
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Figure 4: Accuracy (number of significant digits) in eigenvalues of H7. For all N,, the smallest N. /3
eigenvalues are of high accuracy.

The calculations are for A = 0 and even parity (p = 0) and include all functions connecting to the even j
rotational states of the F+H, arrangement. Because of the symmetry due to the identical H atoms, this only
requires including in the PDAF calculations the A; irreducible representation, in which the surface functions

are even under reflection about x = 0.

5.1 Grid Size and Mapping

The grid sizes (the number of grid points),N,, N., and N are determined by the convergence test. We

present only the results here. To attain five significant digits in the lowest 100 eigenvalues for any pe¢,

N, = [25.852+45.85119p¢ — 0.130102p7 — 0.0042517 x p¢ | (77)
Nt = |1428.06 + 29.2007p¢ — 6.37755p7 — 0.119048 * p? | (78)
N, = |47rmax(N,)]/h (79)

where h is the order of the associated symmetry group. To get IV, we use the maximum of IV, because it

makes N, identical for all p¢, thus making it easy to compute the overlap matrices. Also, using the maximum

21



N, doesn’t significantly increase the computation time, because we reduce the matrix size according to N “**,

as discussed in Sec. 3.4.

Although N, is chosen to be the same for all p¢, N, is different. Hence, before we compute the overlap
matrix, we have to map the wave functions to a uniform grid, to reduce the computation time for the overlap
matrix.

Let N be the number of uniform grid points in v; N, is the original number of grid points. Applying

Eq. (15) to the wave function

2N,
0\ (vixipe) = D Spar(y — 1)L A (Vs X; pe) Ay
k=1

N

= D {0 (v = W)L A (Vs X PE) + Op.aa (V5 — 27 + k) BE L (27 — Yk, x5 )} Ay
k=1
N'Y

= ) [Bpar(v = )+ Spar (v — 21 + )] B2 (e, X3 p) Ay (80)
k=1

where Ay = /N, and 7,7+ represent the coordinates in the above two grid schemes respectively,

1
N VA L (81)
1
o= (k=5)Ay (82)
where Ay* = 7/N}
5.2 Eigenvalues
The atomic masses used are:
mass of F = 18.9984032 a.u. (83)
mass of H = 1.00782503 a.u. (84)

The calculations were performed at five representative p values ranging from the smallest to the largest
values that were needed in our reactive scattering calculations[14, 20]. The precise values of p chosen have

no particular significance, and some were chosen simply because the convergence of the DVR method had
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already been studied at these values.

The results are given in Tbl. 2 through Tbl. 6 for the five values of p chosen. In each table, the energy

eigenvalues of the highest ten important or open surface function states are given in eV. The omitted lower

eigenvalues always agree to more significant figures than those shown. Also shown is £(n), the average of

the first n eigenvalues. This gives a convenient measure of the overall agreement of the methods.

PDAF

ABM

DVR

FEM

T B oo No s w ol

|
=

6.9176
7.0341
7.1299
7.3044
7.4934
7.7007
7.9227
8.0786
8.1548
8.2495
7.5986

6.9177
7.0341
7.1298
7.3042
7.4932
7.7007
7.9219
8.0789
8.1524
8.2502
7.5983

6.9177
7.0341
7.1296
7.3038
7.4927
7.7008
7.9202
8.0786
8.1475
8.2494
7.5974

6.9177
7.0342
7.1299
7.3043
7.4933
7.7009
7.9222
8.0791
8.1529
8.2503
7.5985

Table 2: PDAF, ABM, DVR, and FEM surface

function energies £; and average energies in eV

at p=2.2ap.
T PDAF ABM DVR FEM
11 1.9845 1.9845 1.9845 1.9849
12 1.9975 1.9975 1.9975 1.9979
13 2.05614 2.0515 2.0515 2.0519
14 2.1090 2.1090 2.1090 2.1093
15 21275 21275 21275 2.1281
16 21352 2.1352 2.1353 2.1357
17 21993 21994 2.1994 2.1998
18 2.2578 2.2578 2.2578 2.2584
19 22730 2.2730 2.2730 2.2737
20 23197 23197 23197 2.3204
£(20) 1.8551 1.8551 1.8551 1.8554

Table 3: PDAF, ABM, DVR, and FEM surface
function energies £, and average energies in eV
at p = 3.0375828 ay.

5.3 DMatrix Elements

The APH surface functions ®%, (v, x; pe) are “sector adiabatic”; that is, they change from sector to sector,

but are independent of p within a sector.

Thus, when the APH wave function is substituted into the

Schrodinger equation, the resulting exact coupled channel or close coupling equations are of the form[9]
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T PDAF ABM DVR FEM
91 2.0699 2.0701 2.0701 2.0720
92 2.0721 2.0734 2.0727 2.0760
93 2.0864 2.0896 2.0869 2.0916
94 2.0941 2.0941 2.0943 2.0961
95 2.1087 2.1107 2.1093 2.1132
96 21215 21232 2.1220 2.1267
97 2.1487 21509 2.1495 2.1549
98 2.1643 2.1650 2.1645 2.1672
99 21793 21806 2.1799 2.1833
100 2.1892 2.1892 2.1893 2.1918

£(100) 1.3974 1.3977 1.3975 1.3985

Table 4: PDAF, ABM, DVR, and FEM surface
function energies £; and average energies in eV

at p = 4.9747966 ay.

T PDAF ABM DVR FEM
91 2.0559 2.0564 2.0569 2.0679
92 2.0749 2.0754 2.0760 2.0928
93 2.0980 2.0981 2.0981 2.1023
94 2.0985 2.0990 2.0994 2.1141
95 2.1098 2.1098 2.1099 2.1148
96 21194 21196 2.1198 2.1278
97 2.1268 2.1273 2.1278 2.1443
98 2.1538 2.1542 2.1543 2.1537
99 2.1551 2.1551 2.1551 2.1608
100 2.1597 2.1602 2.1608 2.1621

£(100) 1.3788 1.3788 1.3790 1.3811

Table 5: PDAF, ABM, DVR, and FEM surface
function energies £; and average energies in eV

at p = 7.2989993 ao.

T PDAF ABM DVR FEM
91 2.0747 2.0747 2.0748 2.0805
92 2.0774 2.0779 2.0782 2.0863
93 2.0957 2.0964 2.0974 2.1051
94 2.1010 2.1010 2.1009 2.1065
95 2.1153 21153 2.1154 2.1233
96 2.1189 21194 2.1197 2.1284
97 2.1250 2.1252 2.1253 2.1315
98 2.1461 2.1470 2.1482 2.1541
99 2.1542 2.1545 2.1546 2.1562
100 2.1558 2.1559 2.1560 2.1564

£(100) 1.3791 1.3791 1.3792 1.3812

Table 6: PDAF, ABM, DVR, and FEM surface
function energies £, and average energies in eV
at p = 9.0ap.



0%  2uE n 2p A A n
[8—p2 ; 7} VIR ) = 25 S @D 8, DY (85)
T/A/

The matrix elements are obtained in Reference [9] as,

2

R R P
(@2 D |H,|®, DI = p—gsm(pgwwaAAf
Jp Pg Jp
+oan (25 [V (p, 0, x) — FV(P&a X)| ©573)
+<(I)JpﬁJp A__B(J2_J2)+T o’P. DI ) (86)
TAMAM 2 T Y ¢ TN TN M

where p¢ denotes the ¢t hyper-radius sampled from interval [pmin, Pmax)- The pe are given by

pe = [pmin + (€ = 1)Ap1)(1 + Apo)* ! (87)

This algorithm spaces the sector centers logarithmically. Given a sector with sector center p¢, we evaluate

matrix elements at the three rho values given by

Pe—1 + pe

P = 5 (88)

p2 = pe (89)
+

03 = 143 2p5+1 (90)

All the matrix elements in Eq. (86) are independent of E, so that they can be calculated once, stored,

and used at many scattering energies.
The wave functions <I>§7 A (75 x; pe) should be normalized before computation of the matrix elements. The

normalization factor N can be calculated in the desired irreducible representation easily according to Eq. (21)

as shown below,
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2 /2
1 = N/ dx/ dﬁsin29<I>§A2(6,X;p5)
0 0

27 ™
T 2
= N/o dX/o d’yz siny sin 209, “ (v, x; pe)

ANy N,
T . . 2
= ND_ D AxAysing;sin20(y) 87y (v, xi p¢)
i=1 j=1
N, N,
T . . _ —
= ND_D D AxAygsing;sin20(y;) 87, (v, B xis pe) R4 (05, B xas pe)
i=1j=1 R
N, N, ,
T . 2
= N Z Z Z AxA'yZ sin y; sin 20(y; )T (R)®2, * (75, xi; pe)
i=1j=1 R
N, N,
m™ . . 2
= hN Z Z AxA’yZ siny; sin 20(7y; )2 “ (5, X35 pe)
i=1 j=1
Thus )
1 N, N, 3
. . 2
N = ThrdxAy Y > siny; sin20(y;) 75" (v, xis p¢) (91)
i=1 j=1

After ®7, (v, x; pe) is normalized, we compute the matrix elements. The first term on the right-hand side
of Eq. (86) is just a local internal energy which together with the E-term on the left-hand side of Eq. (85)
determines a local wave number.

The second term of Eq. (85) is often called a potential matrix element. It is small on the sector and can
be evaluated with the same quadratures used in getting the surface functions. Similar to the evaluation of

the normalization factor, we obtain for the potential matrix elements,

2 Ny N,
o 1 . .
(@R (pe) | V(p) — p—ﬁV(ps) | @0\ (pe)) = hmAxAy) D siny;sin20(y;) X
i=1 j=1

2

p
P\ (75, X3 pe) V(p)—p—ﬁV(pg) P, (vj xis pe)  (92)
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The Coriolis term can be simplified as

—h?
J J Jp J
@RDW LIS DY) = 5 (¥

x[(1+ 6a0) (1 + darg)] /2

XA (S A)dar a1 — A= (J, A)darn—1

A (T, A)(—1)TTATPS L 1 ] (93)
where
AL(JA) = [(J £A+1)(J F A)]? (94)
and
N, N, N
6 o A cos 07)
o, | <2 o, ) = —h Ax2A J
< ™A | sin 93){ A X 'ygjzlgsn% sin 6(y )
B2, (95, X33 0 )05 A (i — X ) BP0 (7, X5 Pe) (95)

It should be noted that the last term in the bracket in Eq. (93) is only nonzero when A = 0 or 1 and also
that because the p dependence of the operator factors out, the matrix elements over the ®%, (v, x; p¢) only
need to be evaluated once on each sector.

They are readily evaluated using the PDAF ®% (v, x; pe) and their quadrature points since the PDAF

code generates the derivatives of ®%, (v, x; pe) directly.

The asymmetric top terms of Eq. (86) can be explicitly written as

(rAI5 (A~ B)Z — TN} = {RA@24]A — BI®,0)[(1 -+ a0) (1 + 50%0)] /2
XA4 (L, M)A (J, A+ 1)0ar Ao

A_(J, MA_(J,A — 1)8pr A—2

+(=1)TFAPA (T, AN (J, A — 1)0pr 2] (96)
where
1
_ 97
upg(l + sin” 0) 1)
1
B= - 98
2upg sin? 6 (98)
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Ny N
1 X vy ) )
(@Y, |A— B|®%,,/) = ZhWAxA'y Z Zsm 7; sin 26(v;) x

i=1 j=1
B\ (75, Xa5 pe) (A — B)®Y, ., (75, X5 pe) (99)

The third term in the bracket in Eq. (96) is always zero if |A — A’| > 2, and the p dependence of A — B
again factors out, giving the same simplifications and allowing the evaluation of the integrals by the same
methods as for the Coriolis terms.

At the boundaries between sectors, the R matrix is transformed by an orthogonal transformation, which

requires calculation of the overlap matrix elements. The formula for the overlap matrix elements is given by

M

J J
<®T/I;(p§) | QT’pA(pfl»
Ny N,

1 w o, .
= ZthxA’y Z Z 7 Sinssin 20(ry;) x

=1 j—1
J J
DR (75, Xis pe) Py (V55 Xiper) (100)

We compare the computational efficiency of the PDAF, DVR, ABM, and FEM methods on the same
computer (PIII 866MHz), by computing eigenvalues, potential matrix elements, and overlap matrices at 100
pe’s. pe starts from 2.0 ag and ends at 9.0 ag and is evenly spaced in between. The computation times (CPU
time) are shown in Fig. 5.

The FEM method takes much more time than the others, thus we do not include it in Fig. 5. We see
that the PDAF method is much faster than the DVR over most of the range of pe. If p¢ is very small (less
than 2.2 ag), the DVR is the most efficient method. Although the ABM works slightly faster than the PDAF
method, it turns out that the ABM diverges when p¢ is small.

We compare only the potential matrix elements and the overlap matrix elements here, computed using
the ABM, DVR and PDAF. The comparison of the potential matrix elements is shown in Fig. 6 and one can
see that all the three methods agree with each other very well when p > 3.3a¢. However, when p < 3.3, the
ABM result diverges from the PDAF and DVR significantly. The comparison of the overlap matrix elements
is shown in Fig. 7. One can see clearly from the figure that the PDAF gives results very close to the DVR
at small p (rho < 3.4agp), and it also agrees with the ABM very well at large p (rho > 4.4ap). The ABM

gives very different results from the PDAF and DVR at small p, and DVR gives very different results from
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Figure 5: CPU Time of PDAF, DVR and ABM

PDAF and ABM at large p. We know that the ABM is very accurate at large p and the DVR at small p,

and thus the comparisons show that the PDAF is accurate both for small and large p.

6 Conclusion

In this paper we have presented a periodic distributed approximating functional (PDAF) method for calcu-
lating the surface function basis needed in hyperspherical formulations of reactive scattering theory. PDAF
functions are introduced and shown to be capable of providing an accurate, efficient representation of the
derivative operators.

Test calculations on the F + Hy system with the TSA PES, comparing the PDAF, ABM, DVR and FEM
methods showed that the FEM is always the least efficient of the four, and the ABM is the most efficient
method for large p but is not accurate at small p. On the other hand, the DVR is the most efficient method
for small p but is not accurate for large p.

The PDAF is efficient at both large p like the ABM and small p like the DVR and it is accurate for all
p. As a result, we find that PDAF is the best method for surface function calculations in hyperspherical

reactive scattering calculations.
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A H is symmetric

Hy(xisx5) = ) Hy(xi Rxy) T (R) (101)
R

To prove that Hy is symmetric, it is sufficient to show

T
XkK,k'

(Xian) :H;K/,K(Xja)(i) (102)

where

HL (xioxs) = O Hy(xi, Rx;)TE% (R) (103)

Xk,k'
R

We know that I, is symmetric, so

H, (Gxi) = > H (g Ra)T L (R)

XK',k
R

= Y H (Rxi, x;)TE(R)
R

= Y H(R )L (R
R

= Y H(R )T (R)
R

= Y H (R X )T (R)
R

= Y H (R )T (R) (104)
R

Because H, (i, X;) (DAF®) (yx; — X;)) depends on |x; — x;|, and R is a length-preserving operation, we

have

Hx(R_1vaXi) = HX(R_lxj’Xi)

= H,(RR 'x;,Rx:)

= Hy(xj, Bxi) (105)
Combining (Eq. (104)) and (Eq. (105)) gives
HY, (O xs) = D Hy (i BT (R) (106)

R

Therefore, if Tl is real, (Eq. (102)) is true, and H % is symmetric.
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B Irreducible representations of group Cs, 5, and Cj,

The irreducible representation matrices for some point groups frequently used in APH surface function
computations are given in Tables Tbhl. 7, Tbl. 8 and Tbl. 9. The first column in each table gives the names
of the irreducible representations. The second row gives the transformation when a symmetry operation R

acts on x. The parity p is also given in each table.

C2 FE 02 p
Rx | x 7m+x

A 1 1 0
B 1 -1 1

Table 7: Irreducible representations of group C's

Co | E (O Oy oy | P
Rx | x m+x 2m—x 7—X
Ay 1 1 1 1 0
A, 1 1 -1 1 0
B; 1 -1 1 -1 1
By 1 -1 -1 1 1
Table 8: Irreducible representations of group
021)
CGU B OG 065 C’3 Cg% 02
Ry X Z+x 2 4x =+ X X T+ X
A 1 1 1 1 1 1 0
A, 1 1 1 1 1 1 0
B 1 -1 -1 1 1 -1 1
B 1 -1 -1 1 1 -1 1
1 0 1 _3 1 V3 1 _ 3 1 3 -1 0
E, 2 2 2 2 2 2 2 2
<0 1> i1 51 IV R _V3 1 < 0 —1>
2 2 2 2 2 2 2 2
1 0 1 V3 _1 V3 1 V3 1 _ V3 1 0
E, 2 2 2 2 2 2 2 2
(0 1) V3 1 _¥3 1 _v3 1 V3 1 (0 1>
2 2 2 2 2 2 2 2
R o ol ol od o ol
Rx | 2m —x gl ol f-x ™ — X -
Ay 1 1 1 1 1 1
A, -1 -1 -1 -1 -1 -1
B; 1 1 1 -1 -1 -1
By -1 -1 -1 1 1 1
1 V3 1 3 1 V3 1 V3
B (1 0 > (‘5 T) ( —3 —7> 3 2 (—1 0) 3 %
0 -1 ¥3 1 _¥3 1 ¥v3 1 0 1 V3 1
2 2 2 2 2 2 2 2
1 0 1 _3 S VY _1 V3 1 0 1 _3
E, 2 2 3 2 2 2 2 2
<0 —1> V31 Ve VR <0 —1) _V3 1
2 2 2 2 2 2 2 2

Table 9: Irreducible representations of group
CGv
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