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Abstract

The effect of increasing the total angular momentum J on the value of the reaction probability has been investigated
theoretically using exact quantum calculations. The contribution of higher J probabilities to the calculated value of the
cross-section has been treated as a correction to its J-shifting model formulation. Two interesting features of the calculated
cross-section have been evidenced in this way: (a) as more exact quantum contributions are added to the calculation, the
agreement between theory and experiment improves; (b) the resonance structure characterizing low-energy probabilities
survives the averaging over partial waves. © 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

In recent years, the progress in rigorous quantum
approaches to chemical reactivity [1] has made im-
pressive advances thanks also to the possibility of
comparing calculations with measurements
performed using molecular beam apparatuses [2].
However, it is still quite challenging, from the com-
putational point of view, to apply exact quantum
techniques to the treatment of three-atom reactions
having a strongly bent transition state and a struc-
tured potential energy surface (PES). This is particu-
larly difficult for reactions whose arrangement chan-
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nels have significantly different mass and energy
properties. In this case convergence of the reactive
cross-section with the value of the total angular
momentum quantum number J may be so slow to
require calculations at J values of the order of 102,
For this reason it is extremely important to find
relationships tieing the value of the reactive probabil-
ity calculated at low J values with that calculated at
high J values.

A suitable prototype for three-atom reactions hav-
ing a bent transition state is Li + HF for which
various classical (QCT) [3-6] and reduced dimen-
sionality quantum [7-10] studies have already been
reported in the literature. This type of studies were
converged with total angular momentum both for full
dimensional QCT approaches and for reduced di-
mensionality quantum ones (in the case of the infi-
nite order sudden (RIOS) method convergence is
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checked against the value of the orbital angular
momentum |).

This type of studies have evidenced interesting
properties of the Li + HF reaction some of which are
directly related to the experiment [11,12]. For these
properties quasiclassical calculations [6] performed
on the PES described in Ref. [13] fitted using bond
order [14] polynomials to adjusted ab initio potential
energy vaues of Refs. [15,16] have given satisfac-
tory agreement. Among these properties are the reac-
tive cross-section and its energy dependence as well
as some product distributions and stereodynamic
properties.

Quasiclassical calculations and reduced dimen-
sionality quantum ones also led to results highlight-
ing the dynamic nature of related reactive mecha
nisms like the increase of the cross-section with the
decrease of the collision energy about the threshold
and the decrease of reactivity with the increase of
both the F and the H mass via a substitution with
heavier isotopes [7,8].

Exact quantum calculations for the title reaction
have already been reported in the literature for zero
total angular momentum. For the first time they were
reported in Ref. [17] and then in Ref. [13] where the
PES used for the calculation is also described. These
results were compared with those obtained from a
time-dependent treatment in Ref. [18]. Starting from
these zero total angular momentum results cross-sec-
tions [19] and stereodynamical properties [20—22]
have been estimated. Quantum techniques have also
been used for calculating J= 0 isotopic properties
[23].

In this Letter we report results of exact quantum
caculations for the title reaction at a few small
values of J. Related reactive probabilities are com-
pared in order to evaluate the effect of increasing the
total angular momentum on the value of partial wave
contributions to the reactive cross-section of the
system. Results from different J values are aso
combined together to provide approximate estimates
of the reactive cross-section.

The Letter is articulated as follows. In Section 2
the computational procedure for total angular mo-
mentum values larger than zero is described. In
Section 3 quantum probabilities calculated at increas-
ing values of the total angular momentum and re-
lated product distributions are illustrated. In Section

4 the effect of increasing the total angular momen-
tum is discussed and a comparison with a model
treatment is made.

2. J > 0 quantum calculations

Our calculations have been performed using a
revised version [24] of the time-independent APH3D
code based on hyperspherical APH coordinates
[25,26]. APH3D is a numerical procedure that calcu-
lates atom—diatom quantum reactive probabilities by
determining the time-independent partial wave of the
system. Each nth partial wave ¥MP"(p,6,x) (for
the sake of simplicity the arrangement label of y is
dropped) of parity p is determined by integrating the
time-independent nuclear Schrodinger equation that
in hyperspherical coordinates reads

[T,+To+ T+ T+ V(p,0,x)]¥™M"(p.0,x)

=E¥MP(p.0,x) (1)

where E is the total energy of the system. In Eq. (1)
J is the eigenvalue of the total angular momentum,
and M its projection on the z axis of the space fixed
frame. The various terms of the Hamiltonian are
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T=A(p.0)I2+B(p,0)I7+C(p,0)J7,
and
ihcos 6 0

depending upon the hyperradius p and the two
hyperangles 6 and y (subscripts ‘h’, ‘r' and ‘c
stand for ‘ hypersphere’, ‘rotational’, and ‘ Coriolis',
respectively). The constants A, B and C are defined
as A Yp,0)=pup?(l+snv), B p,Ho) =
2up?sin?@, and C (p,0) = up?(L—sin9) with
w« being the reduced mass of the system.
The partid wave WIMP(p,6,y) is usualy ex-
panded in terms of products of the Wigner rotation
functions DJf, of the three Euler angles «, 8 and y
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times the surface functions @ P of the two internal
hyperangles 6 and x at fixed (p,) vaue of p (the
key scattering information is carried by the expan-
sion coefficients ¢,°P"( p)):

wMen = 42 P75/2¢t3\pn( P)(ptj/\p(ea)(;Pg)
t,A

XD (@,B.y) . (2)

The substitution of the expansion (2) in Eq. (1)
and the averaging over angular coordinates leads to
the following set of coupled differential equations:

[32 2uE
_+_

= 0 p)

2u ~ ~
= 7 L (@O KR DRy v ( p)
tA

(3
where the internal Hamiltonian H, reads

1542
H=T,+T,+T.+ —= +V(p,0,x).
8up

To carry out the integration of Egs. (3) the hyperra
dius is segmented into several sectors (277 in our
case) and the following eigenvaue problem in 6 and

X

2
T, +
8upf

+ A2GI(J+ 1) + A%FA?

+V(pe,0,x) = 80 pe) |2R(0,x:p) =0
(4)

with G=(A+B)/2 and F=C—G, is solved at
the midpoint of each sector ¢ using the analytic
basis method [27]. To not repeat the calculation of
the surface functions at each value of J, as sug-
gested by Launay [28], one can perform it at a
reference value J of the total angular momentum
guantum number that ensures a proper behaviour of

the surface functions. In this case the surface func-
tions are calculated by solving the equation

2

T, + 5 +72GI(J+ 1) + h2CA?

(3
+V( p§,¢9,)() —&f( Pe) @tJAp(e'X;pé) =0.

(5)
Accordingly, the internal Hamiltonian H, of Egs. (3)
is modified as
15#2
8up? +V(p,0,x)

H=T,+T +T.+

+72G[ I(I+1) —I(I+1) — A2].

The coupled differentiad equations (3) in p are
integrated by propagating the solution as an R matrix
(at the border between adjacent sectors the R matrix
has to be mapped from one sector surface functions
onto those of the new sector). At the asymptote, a
further mapping of the solution into Delves and then
into Jacobi coordinates is performed, boundary con-
ditions are imposed and the elements of the scatter-
ing matrix S matrix are evaluated.

The APH3D computational procedure is highly
demanding in terms of memory and computing times.
For this reason, APH3D has been articulated as a
sequence of programs. The first program (ABM)
performs the computation of surface functions solv-
ing Eg. (4). The second program (LOGDER) inte-
grates Eq. (5) for the desired number of energies. For
both ABM and LOGDER programs significant ef-
forts were paid in their parallelization using models
based on a dynamic alocation of the work load
[29,30].

LOGDER is followed by a series of smaller pro-
grams at the end of which the S matrix is worked
out. From a proper summation of the square modulus
of the S matrix elements one obtains averaged and
detailed reactive probabilities.

3. Reaction probabilities

Reaction probabilities were computed from
threshold up to atotal energy E of 0.6 eV for values
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of the total angular momentum quantum number J
varying from 0 to 2. For J = OE was varied in steps
of 0.001 eV. State selected (for zero initid vibra-
tional number v and various values of the initial
rotational number j) J=0 reactive probabilities
summed over all product rotational states are shown
in Fig. 1 as solid lines for the different values of the
product vibrational states v’. Corresponding J=1
(crosses connected by dotted lines) and J = 2 (circles
connected by dashed lines) state selected reactive
probabilities are also given in Fig. 1. In the case of
J=1and J=2 caculations E was varied in steps
of 0.01 eV. As shown by the figure (where, as
already mentioned, probability plots for non-zero J
values have a lower resolution than the J = 0 plots)

average contributions to reaction are almost the same
for al values of J. Occasionally, some values ex-
hibit larger differences. This may be due to the fact
that resonances occur at different energies when J
varies and that the coarser grids have not the neces-
sary resolution. As apparent from the figure, reaction
products are prevalently channeled into v =0 and
reactive probability has a maximum 0.4-0.5 eV
irrespective of the value of the total angular momen-
tum. The threshold value of total energy increases
with the initial rotational state j since not the whole
energy supplied as reactants' rotation is suitable to
enhance reaction. The threshold value of total energy
increases also with the product vibrational excitation
and the maximum of the reactive probability (that

Quantum Li + FH reaction probability
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Fig. 1. Reactive probabilities summed over rotational product states (j’) for single product vibrational states (') calculated at v =0and at |
values ranging from 0 to 9 (from lhs to rhs) for J= 0 (solid line), J=1 (dotted line with crosses) and J= 2 (dashed line with circles)

plotted as a function of total energy E.
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becomes lower as v’ increases) shifts to higher total
energy with o'. A similar dependence from j is
found when probabilities calculated at fixed value of
v’ are considered.

An evident feature of the J =0 results (as it was
shown by previous quantum calculations [13], for
which a model rationalization was worked out, and
confirmed by a stereodynamics study) is the com-
bined action of two reaction mechanisms: A reso-
nant-like mechanism dominant at low energy (re-
sponsible for probability spikes) and a more direct
mechanism dominant at high energy (responsible
for the smoother background signal). The trajectory
study [31] depicted the indirect mechanism in terms
of the formation of a weak triatomic aggregate in

which H is gradualy displaced before reaching a
geometry leading to its expulsion and the direct
mechanism in terms of an attack of Li on its fina
product partner F.

The dense gquantum resonant structure superim-
posed to a background signal of the reactive proba-
bility of this reaction was rationalized in terms of
bound states supported by the wells located at inter-
mediate distances in the plots of the surface eigen-
values as a function of p. This resonance structure is
particularly dense at low energy and persists when J
increases.

The comparison has been extended also to the
effect of the parity on the calculated probabilities.
The two contributions (parity zero and one) to the

Quantum Li + FH reaction probability (J=1)
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Fig. 2. Reactive probabilities summed over rotational product states (j’) for single product vibrational states (') calculated at v =0and at j
values ranging from O to 9 (from lhs to rhs) for J= 1 and parity p =0 (dashed line) and p = 1 (dotted line) plotted as a function of total
energy E. The sum of the probabilities for the two parities is plotted as a solid line with circles.
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Quantum Li + FH reaction probability (J=2)
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Fig. 3. Reactive probabilities summed over rotational product states () for single product vibrational states (') calculated at v =0 and at j
values ranging from 0 to 9 (from lhs to rhs) for J= 2 and parity p =0 (dashed line) and p = 1 (dotted line) plotted as a function of total
energy E. The sum of the probabilities for the two parities is plotted as a solid line with circles.

J> 0, v = 0and different j values reactive probabil-
ities are plotted in Fig. 2 for J=1 and in Fig. 3 for
J=2. As is apparent from the two figures, the two
contributions show the same energy dependence and,
apart from a difference in the absolute value (that
reflects the different multiplicity of the parities) they
have a quite similar behaviour.

4. Cross-sections
To provide a priori estimates of quantities mea-

sured in crossed molecular beam apparatuses, reac-
tive probabilities need to weighed and summed over

J. This means that fixed J exact quantum calcula
tions need often to be performed at high values of J.
However, exact quantum calculations meet increas-
ing computational difficulties as J increases. Thisis
particularly the case of the title reaction proceeding
through a strongly bent transition state and not being
hydrogen dominated.

For this reason, when calculating high J probabil-
ities approximations are often introduced able to
reduce the computational burden. A quite popular
approximation that can be used in this case is the so
called J-shifting [19,32] approximation. In this ap-
proximation the amount of energy associated with
the different rotational motion of the whole system
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(and therefore with the value of J) is considered to
be unavailable for reaction. This alows to set the
reactive probability for a given J value equal to that
caculated at a different J value provided that en-
ergy is scaled accordingly. Since the J shifting
approximation is most often applied to J= 0 reac-
tive probabilities, one can make use of the following
relationship

P (E) =P (EY) (6)

vj] vj.']

where P} . (E) is the (estimate of the) state specific
probability from the vj vibrotational state to the v'j’
vibrotational state at the total energy E and the total
angular momentum guantum number J (P,j79(E”))
is the square modulus of the state to state S matrix
element calculated at J=0 and an energy E’ ob-
tained by subtracting to the total energy E the rota-
tional energy of the triatom evaluated at the geome-
try of the transition state).

For Li + HF, due to the definite heavy heavy light

nature of the system and to the late location of the

2.5 T

barrier to products in the exit channel, a further
approximation can be introduced by substituting tri-
atomic LiFH rotational energies with diatomic LiF
ones. The application of this approximation starting
from exact J= 0 exact quantum probabilities led to
satisfactory results as discussed in Ref. [19]. It was
found, in fact, that calculated values agree within
experimental error bars with measured cross-sections
[11]. This is confirmed by the use of the new S
matrix elements obtained from the revised version of
the APH3D computational procedure (see solid line
of Fig. 4).

Estimates of the cross-section obtained from a
J-shifting approximation can be gradually improved
by replacing J shifted probabilities with exact quan-
tum probabilities and by performing the shift using
the highest J calculated exact probabilities. In such
an improved treatment P} ..(E) is, therefore, set
equal to the exact state-to-state probability, when this
is avalable. In al other cases, it is estimated by
properly shifting the exact state-to-state probability
cdculated at J* (a reference value of J for which

cv=0( Eir)/ A2

0.2 0.3 0.4

E,/eV

Fig. 4. J-shifting reactive cross-section calculated using the J=0 exact quantum probabilities (solid line), the J=0 and J=1 exact
quantum probabilities (dashed line) and the J=0, J=1 and J=2 exact quantum probabilities (dotted line) plotted as a function of
trandational energy. For comparison, measured values are also reported (diamonds with error bar lines).
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exact calculations have been performed). Accord-
ingly, the following relationship

Pzi L’J’(E) Pz\} I’J’(EJ’JN) (7)

applies where E™ is set equal to E— B (J—
J*)J—-J* + 1) with B,,- being the spectroscopic
constant of the LiF diatom. Accordingly, the integral
reactive cross-section can be formulated as

m(2j + 1)e ei/keT
0, _
) ( Etr) ? kf'Qrot

XZ 37 (Ee) (8)

Y (23+1)

where, as is typlcal of experimental data the cross-
section has been expressed in terms of the tranda-
tional energy E, (rather than in terms of the total
energy E).

Using Eq. (8) and exact quantum probabilities for
J=0, J=1 and J=2 we caculated the reactive
cross-section of the title reaction at initial conditions
mimicking the experiment. Related results are plot-
ted in Fig. 4. As aready mentioned, the agreement
with the measured cross-section when the J-shifting
model is applied to J= 0 probabilities is, indeed,
satisfactory as far as the absolute value is concerned
(experimental error bars are estimated by the authors
of Ref. [11] to be of the order of 2). However, for the
dependence of the cross-section from collision en-
ergy the authors of Ref. [11] set stricter boundaries
which are not met by the calculations. Yet, when
exact quantum probabilities for J= 1 (dashed line)
and J=1 and J=2 terms (dotted line) are in-
cluded, and the shifting is performed on the reactive
probability curves calculated for non zero J values,
the average value of the cross-section in the consid-
ered energy interval lowers getting closer to that of
the experiment. In addition, while the lowering of
the average value of the J=1 results is more dra-
matic and more evenly distributed, the lowering of
the average value of the J = 2 results is smaller and
more selective. In fact, it penalizes the value of the
estimated cross-section in the higher-energy region
while increasing that at low energy improving the
agreement not only of the absolute value of the
cross-section but also of its trend with energy.

Another interesting feature of these results is the
surviving in the evaluated cross-section of the low-

energy resonant structure characterizing the reactive
probabilities after the partial wave averaging. In fact,
while in the J = 1 results the low-energy structure is
amost completely smoothed it becomes clearly ap-
parent when J=2 data are used. Threshold reso-
nance effects have been already discussed in theoret-
ical studies [33] and have obvious effects on the
system dynamics and on the rate of the reactive
process. The experimental detection of chemica re-
active resonances, however, is particularly difficult.
Most of the work has concentrated on the F+ H,
reaction and its isotopic variants. Theoretical calcula-
tions and experiments agree in indicating that the
F+HD (v=0, j=0,1) -» HF', |)+ D reactive
process has a low-energy structure of definite reso-
nant nature [34]. As shown by Fig. 4, the present
work suggests that this may be also the case of the
Li + HF reaction at the conditions of the crossed
molecular beam experiment [11,12] when more low-
energy measurements of the reactive cross-section
become available.

Obvioudly, the J-shifting treatment can be further
improved not only by pushing the use of exact
quantum results to higher J values but also by
making more flexible the J-shifting model in terms
of the dependence of the average value of the proba
bility from J. Interesting indications in this sense
come from plots of quantum probability calculated
for the same reaction on a different surface (see Ref.
[35]) using a time-dependent method.

5. Conclusions

Exact quantum calculations for the Li + HF reac-
tion have been performed for values of the total
angular momentum quantum number differing from
zero. From the calculated probabilities it has been
possible to evaluate the effect of an increase of the
total angular momentum to reaction as well as the
role played by the contributions to reactivity from
the two parities.

The main am of this Letter was, however, to
investigate whether approximations are able to surro-
gate exact calculations for high J values. In particu-
lar, the validity of using a J-shifting model was
investigated by progressively including more contri-
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butions from exact quantum probabilities. Although
from a comparison of the S matrix elements them-
selves calculated at increasing values of J it was not
immediately apparent how effective could be the
model, a comparison of reactive cross-sections calcu-
lated with an increasing contribution from exact
results showed a progressive convergence of the
calculated cross-section towards the experimenta
value. The calculations singled out also another im-
portant features of the results. Low-energy values of
the integral cross-sections show that there are reso-
nance structures that survive the partial wave averag-

ing.
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