Chapter 16

Quantum Grand Canonical
Ensemble

A straightforward analysis, parallelling that in Chapter 15, shows that the den-
sity operator describing a system which is part of a large ensemble of intercom-
municating systems with definite energy and particle number, is

e—BH—pN)

X(B,p)

where H is the Hamiltonian operator, whose eigenvalues are the possible energy
states of the system, and A is the number operator, whose eigenvalues are the
number of particles in the system. Note, in contradistinction with the classical
probability distribution, there is no N! because the combinatorical factors are
taken care of in the definition of the quantum state vectors. This holds whether
the particles are bosons or fermions. Because

Trp=1, (16.2)

p= (16.1)

the grand partition function is
X(B,p) = Tr e AH—uN)
= > (BN, ke =B, N, k)
E,N,k

= Z eiﬁ(Ei’uN)gE_’N, (163)
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where gg n is the degeneracy of the state with energy E and number of particles
N.

Now
~ 55 X Bo) = (H = ) = U =, (16.4)
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Ba—ulnx(@/i) = (M) =N, (16.5)
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where U and N are the thermodynamic quantities. The pressure is

0H 10

W> = BWlnX(B’”)’ (16.6)

p=(Fv)=—(
so therefore
dinX (B, p,V) = —(U — uN)dS + SN dp + fpdV, (16.7)
or from Eq. (14.26)

d[B(U — uN) +In X] = B(dU — d(uN)) + BN dy + BpdV
S

d
= B[dU—l—pdV—,udN]:ﬂ(SQ:?, (16.8)
so, up to a constant,
%zﬁ(U—uN)—l—lnX, (16.9)
or
TS=U—-uN+kTlnhX. (16.10)

This suggests defining still another kind of free energy, the grand potential,
J=F—-uN=U-TS—uN =—-kThh X, (16.11)
which is analogous to F' = —kT In x. Note that

dJ = TdS — pdV + pdN — d(TS) — d(uN)
= —pdV — SdT — N dy, (16.12)

which says that J(T, u, V') is a function of the indicated variables, that is,

8J) (8J) <8J>
<6T oy 1) v V),

The last two equations are just those given in Egs. (16.6) and (16.5), while the
last is

aJ 0
10
= —klnX+—=—InkX
nAg + T3 n
— LU N — kT = -5, (16.14)

T
16.1 Bose-Einstein and Fermi-Dirac Distributions

The grand structure function for a gas of noninteracting particles is (no N')

X =>"2Nx(a,N), (16.15)
N
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where

x(@N)=3 oy, [T, (16.16)
{n} o

where n; is the number of particles in the single-particle energy state ¢;. Thus

X = Z Hz"jefﬁ"jsj

fng} g
- l_Izeﬁ[unrnjsj]7 (16.17)
Jom

which also immediately follows from

X = e A = 3" VLA DVL] (16.18)
N.E {n;}

For particles obeying Bose-Einstein statistics, bosons, the sum on n; ranges
from 0 to oo, so

o me 1
3 e e = T (16.19)

ny =0

while for particles obeying Fermi-Dirac statistics, fermions, the sum on n; ranges

only from 0 to 1:
1

D 2t = 1 4 e, (16.20)
n;=0
so in general
D amiem Mt = (14 zemPe)E (16.21)
nj

where the upper sign refers to fermions, and the lower to bosons. Thus the
grand partition function is

X =]+ zeP9)*, (16.22)

J

and
X =+ In(1+ze 79) =+ In(l & ePe ), (16.23)
J J

Then, the total number of particles is

10 eBln—ej)
T Bou - - 1+ eBln—e5)

1
J
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and 9
__9 N _&TH
U—puN = aﬂlnX_ZeMsrmir (16.25)
J

which implies that the thermodynamic energy is

N &
U= Z R (16.26)
J

The mean number of particles in the [ energy level is

10 eBlu—er)
(ng) = —Ba—gllné’(’ T
1
= eI’ (16.27)
so as expected
N=> (), U= (me. (16.28)
1

l

These results coincide with those found in Sec. 12.1, with (o = e°#.

16.2 Photons

For photons, there is no restriction on the number of particles, so we can set
z=1or u=0:

x=> J[e o =]Ja-e), (16.29)

{n;} J J
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(16.31)

The fluctuation in the individual level occupation numbers is
(= (u))?*) = (nf) — (m)?
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