Introduction to Quantum Mechanics II

4th Homework Assignment
Due: WEDNESDAY, October 3, 2012

September 25, 2012

1. Recall that any Hermitian matrix can be brought into diagonal form
by a suitable unitary transformation,

H,=U'HU,
where H; has zero for all elements not on the diagonal,
(n|Hglm) = A\nOmn,
where |m) and A, are the eigenvectors and eigenvalues of H,
H|m) = X\, |m).

Prove that \,, is real and if \,,, # A, the corresponding eigevectors are

orthogonal,
(mln) =0, A # A\

2. Show that for a Hermitian operator,
TrH = Z A
What is det H?
3. Show that for oscillator variables satisfying
v,y =1
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that
eAyTyye—/\yTy =y,

by constructing a differential equation. Evaluate

T(\) =Tr (e),
by using differentiation and the property of the trace. To within a
multiplicative constant, the result is

1

TO) = +—.

What does this say about the eigenvalues of y'y?

. Show directly that a state with zero eigenvalue of yy,

y'yl0) =0,

must obey
y|0) = 0.

N.B. y' does not have an inverse. If you add the fact that this state is
unique, what further information follows from 7'(\)?

. In Einsteinian relativity the new feature is the finiteness of the speed
of light ¢, and hence the abandonment of absolute simultaneity. Under
a displacement, a rotation, or a boost the time coordinate changes by

Sct = 5€ + iév -,
in addition to the change in the spatial coordinates,
or = J€ + dw X 1+ Ovt.
It is convenient to designate the space-time coordinates collectively by

= (ct, 1),

where 2° = —zy = ¢t and 2% = 25, = ri. The infinitesimal coordinate

transformations of the Einsteinian relativity group are

e 4

T =a" =", ox" = de” + 0w x,.



Here, repeated indices are summed over:
3
py  — 4010 "y
atb, = —a"b +Zalb].
i=1

Here the 4 constant parameters de” correspond to translations in space
and time, while the 6 constant independent parameters in dw*”, which

are antisymmetrical,
wo_ v
owh = —ow"*,

correspond to four-dimensional rotations. They correspond, in fact, to
three-dimensional rotations, parameterized by dw,

5wkl = Ekzm&dm,

and to boosts, parameterized by v,

(SU].C
(Ska = —.
C

Show that the composition properties of the ten-parameter group of ro-
tations, boosts, and displacements, corresponding to successive trans-
formations 1, 2, 171, 271, are specified by

5[12]6” = 510‘)“”62611 — 52&]’[“/516”,

v A v A v
(5[12](,0” = (51&)‘“ (52w A (52&)’“ (51&) A

. The generators of the unitary transformation induced by an infinitesi-
mal coordinate transformation are comprised in

1
G = Ploe, + §J‘“’5ww + 0ol

The correspondence with the Galilean generators is

1

it = ktmdm,  —J% =Ny, P’ =H+ Mc.

c
Show that, because no bilinear scalar can be formed from the vectors
d1,2¢" and the tensors 6, pw"” which is antisymmetrical, 0129 = —dj21]9,
we must conclude that

(5[12}@5 - 0
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Show from the results of Problem 5 that the full set of commutators
for these generators is

[puv P] =0,
1
ﬁ[Pua Jn)\] = g,u)\Pn - g,th)\J
1
%[J/U/? in)\] = g/uv]u/\ - gl/ﬁt]u/\ + gl/)\J/uf - gu)\t]wm

where g, is the metric tensor specified by

go=—1, gk =0, Gk = ix.

Show that the commutators can also be written as

1
o
1 1
%[tﬂwv §JM5WH,\] = SWM I\ + Sw Iy,

1
P, gﬂawm] = 6w P,,

indicating the response of vectors and tensors to infinitesimal Lorentz
rotations (comprising three-dimensional rotations and boosts), and

1
—[P", P*e\] =0
ih [ ) E)\] )
1
—[J", PXoey] = b P” — 6" P,
th
which gives the translational response of these operators. Show that
when written in three-dimensional notation, all these commutators re-
produce the Galilean ones, with two exceptions:
1 PO 1 1
— P, Ni| = 6p—, —[Np, N} = ——=Ju.
zh[ s V1) K zh[ %, V1] 2k
Thus, show that in Galilean relativity, J/c? is neglected, and H is ne-

glected relative to Mc?, giving the effective replacement of the operator
P°/c by the number M.



