Physics 5213/4213 Problem Set 7 – due October 27

A. Parity and Charge Conjugation

1). Determine which of the following decay modes of the ρ−meson (J^{P C} = 1^{−−}) are allowed by the strong or electromagnetic interactions; examine the J^{P C} properties of the initial and final states, then give an argument for each of your answers: (a). ρ → π^+π^−, (b). ρ → π^0π^0, (c). ρ → η^0π^0, (d). ρ → π^0γ.

B. Spin, Isospin, and SU(2)

The angular momentum algebra is the non-Abelian Lie algebra of the SU(2) group with three generators (J_i) satisfying the following commutation relations:

[t_a, t_b] = iϵ_{abc}t_c, a, b, c = 1, 2, 3, or [J_i, J_j] = ih̄ϵ_{ijk}J_k i, j, k = 1, 2, 3,

where ϵ_{abc} is the anti-symmetric Levi-Civita symbol. These generators are often expressed as N × N matrices, for a particle with angular momentum j and N = 2j + 1. This shows that generators of angular momentum along different directions do not commute. However

[J_i, J_i] = 0, for any i.

We often choose J_3 to be diagonal with orthonormal eigenvectors |j, m⟩:

J_3|j, m⟩ = mh̄|j, m⟩, m = j, j − 1, ..., −(j − 1), −j, ⟨j, m|j, n⟩ = δ_{mn}.

Defining another operator

J^2 = ∑ i J_iJ_i

we have

[J_i, J^2] = [J_i, J_j J_j] = J_j [J_i, J_j] + [J_i, J_j]J_j = J_j (ih̄ϵ_{ijk}J_k) + (ih̄ϵ_{ijk}J_k)J_j = ih̄ϵ_{ijk}(J_j J_k + J_kJ_j) = 0

Thus the operator J^2 commutes with all generators of infinitesimal rotation.

Furthermore, a theory is rotationally invariant if the generators commute with the Hamiltonian. This implies

[J_i, H] = 0 and [J^2, H] = 0 i = 1, 2, 3 .

However, since different components of the angular momentum operator do not commute among themselves, it is clear that H, J^2 and one component of the angular momentum can be simultaneously diagonalized for a rotationally invariant theory. A simple example of rotationally invariant theory is H = P^2 2μ + V (r) =

P^2 2μ + V (X^2 + Y^2 + Z^2)

where the potential only depends on the radial component. Higher dimensional isotropic Harmonic Oscillator is a simple example. In such a problem, we can always choose to diagonalize H, J^2, and J_3 simultaneously. That means they can have common eigenvectors.

To study the eigenvalue spectrum of these operators, we further define

J_+ ≡ J_1 + iJ_2 J_− ≡ J_1 − iJ_2 J_− = (J_+)^† , or t_+ ≡ 1 √ 2 (t_1 + it_2)

t_− ≡ 1 √ 2 (t_1 − it_2) t_− = (t_+)^† ,

in the standard form and we have

[J_+, J^2] = [J_1 + iJ_2, J^2] = 0 ,

since J^2 commutes with any component J_i. Similarly, we have

[J_−, J^2] = [J_1 − iJ_2, J^2] = 0

Let |λ, μ⟩ represent the simultaneous eigenstates of the operators J^2 and J_3 such that

J_3|λ, μ⟩ = μ|λ, μ⟩ and J^2|λ, μ⟩ = Λ|λ, μ⟩

Let us now examine the effect of the operator J_+ on a given state,

J_3J_+|λ, μ⟩ = ([J_3, J_+] + J_+J_3)|λ, μ⟩ = (h̄J_+ + J_+J_3)|λ, μ⟩ = (μ + h̄)J_+|λ, μ⟩

Similarly

J^2J_+|λ, μ⟩ = ([J^2, J_+] + J_+J^2)|λ, μ⟩ = J_+J^2|λ, μ⟩ = ΛJ_+|λ, μ⟩

Thus we see that the effect of J_+ acting on a given state is to raise its eigenvalue μ by a unit of h̄ while leaving the eigenvalue of J^2 unchanged. Thus we must have

J_+|λ, μ⟩ = C_+|λ, μ + h̄⟩

where C_+ are constants depending on λ and μ.

We can also show that

J_3J_−|λ, μ⟩ = ([J_3, J_−] + J_−J_3)|λ, μ⟩ = (−h̄J_− + J_−J_3)|λ, μ⟩ = (μ − h̄)J_−|λ, μ⟩

Similarly

J^2J_−|λ, μ⟩ = ([J^2, J_−] + J_−J^2)|λ, μ⟩ = J_−J^2|λ, μ⟩ = ΛJ_−|λ, μ⟩

Here we notice that the operator J_− decrease the eigenvalue of J_3 by a unit of h̄ while leaving the eigenvalue of J^2 unchanged. Thus we expect

J_−|λ, μ⟩ = C_−|λ, μ − h̄⟩

where C_− are constants depending on λ and μ.

Since the operators J_+ and J_− raise and lower the eigenvalue of J_3, they are also known as the raising and lowering operators. Furthermore, it follows that given a state |λ, μ⟩ we can construct a sequence of states |λ, μ + h̄⟩, |λ, μ + 2h̄⟩, · · ·, and |λ, μ − h̄⟩, |λ, μ − 2h̄⟩, · · ·, respectively by applying the raising and lowering operators.

However, physically this sequence cannot go on without termination. For the operator J^2 is J^2 = J^2_1 + J^2_2 + J^2_3 .

Thus J^2 − J^2_3 = J^2_1 + J^2_2 ≥ 0.

This is a positive semidefinite operator. Thus the eigenvalues must satisfy Λ − μ^2 ≥ 0 or Λ ≥ μ^2.

This implies that there must exist states with a maximum μ such that J_+|λ, μ_{max}⟩ = 0 ⟨λ, μ_{max}|J_−J_+|λ, μ_{max}⟩ = 0 ⟨λ, μ_{max}|(J^2 − J^2_3 − h̄J_3)|λ, μ_{max}⟩ = 0 (λ − μ^2_{max} − h̄m_{max})⟨λ, μ_{max}|λ, μ_{max}⟩ = 0 λ − μ_{max}(m_{max} + h̄) = 0.

One can similarly show that there must also exist a state with a minimum μ such that J_−|λ, μ_{min}⟩ = 0 ⟨λ, μ_{min}|J_+J_−|λ, μ_{min}⟩ = 0 ⟨λ, μ_{min}|(J^2 − J^2_3 + h̄J_3)|λ, μ_{min}⟩ = 0 (Λ − μ^2_{min} + h̄m_{min})⟨λ, μ_{min}|λ, μ_{min}⟩ = 0 Λ − μ_{min}(m_{min} − h̄) = 0.

Comparing the two relations we obtain μ_{min} = −μ_{max} N.B. The other solution has μ_{max} = μ_{min} − h̄. However, it is not meaningful.

Furthermore, let us assume that we can go from the state |λ, μ_{min}⟩ to |λ, μ_{max}⟩ by applying the operator J_+ k times. Thus μ_{max} − μ_{min} = h̄k 2μ_{max} = h̄k μ_{max} = h̄ 2 k = −μ_{min}.

Then Λ = μ_{max}(μ_{max} + h̄) = h̄ 2 k( h̄ 2 k + h̄) = h̄^2[ k 2 ( k 2 + 1)] We may define j =^k_2 , which takes only multiples of half integral values. Thus we have Λ = h̄^2j(j + 1) and −h̄j ≤ h̄m ≤ h̄j where m takes 2j + 1 values and j takes values j = 0, 1 2 , 1, 3 2 , · · · that has positive multiple of half integers.

Let us define m to be a number −j ≥ m ≥ j and we can determine the normalized states J^2|j, m⟩ = h̄^2j(j + 1)|j, m⟩ J_3|j, m⟩ = h̄m|j, m⟩ J_+|j, m⟩ = C_+|j, m + 1⟩.

Thus ⟨j, m|J_−J_+|j, m⟩ = |C_+|^2 ⟨j, m|J^2 − J^2_3 − h̄J_3|j, m⟩ = |C_+|^2 h̄^2[j(j + 1) − m(m + 1)] = |C_+|^2 Choosing C_+ to be real, we have C_+ = C^∗_+ = h̄[j(j + 1) − m(m + 1)]^{1/2}.

Hence J_+|j, m⟩ = h̄[j(j + 1) − m(m + 1)]^{1/2}|j, m + 1⟩ |j, m + 1⟩ = 1 h̄[j(j + 1) − m(m + 1)]^{1/2}

J_+|j, m⟩.

Similarly, we can also show that J_−|j, m⟩ = h̄[j(j + 1) − m(m − 1)]^{1/2}|j, m − 1⟩ |j, m − 1⟩ = 1 h̄[j(j + 1) − m(m − 1)]^{1/2}

J_−|j, m⟩.

This, therefore, defines all the eigenstates for a particular value of j. They define a Hilbert space E^j which is a subspace of the total Hilbert space of the angular momentum operators. That means the operators J^2, J_3, J_+ and J_− take any vector in this space to another vector in the space. In other words, they leave the space E^j invariant. The dimensionality of this space is 2j + 1.

Summary in the Natural Units J^2|j, m⟩ = j(j + 1)|j, m⟩, J_3|j, m⟩ = m|j, m⟩, J_+|j, m⟩ = √ j(j + 1) − m(m + 1)|j, m + 1⟩, J_−|j, m⟩ = √ j(j + 1) − m(m − 1)|j, m − 1⟩.

2). Apply the su(2) commutation relations of J_i and show that [J_±, J_3] = ∓J_±, and [J_+, J_−] = 2J_3.

3). Find the matrix representations of J^2, J_3, J_±, J_1, and J_2 for a spin-^1_2 particle. 4). Find the matrix representations of J^2, J_3, J_±, J_1, and J_2 for a spin−1 particle.