PHYS 5213/4213: Nuclear and Particle Physics, Autumn 2021
Problem Set 7 — due November 03

Problem (1)

The magnitude of the magnetic dipole moment (MDM) of an elementary fermion

such as a quark of charge ¢, mass m, and spin s is

i = <;—Z> g. (1)

(a) What are the values of the MDM of the up quark (1, ) and the MDM of the down

quark (pg) in terms of the proton charge e and the quark masses m,, and m,?

(b) If the neutron were an elementary particle, what would be the naive value of the

neutron magnetic dipole moment p,(naive)?

(¢) The neutron has a measured magnetic dipole moment

1
Mneutron = g(_,uu + 4,ud) = UnltN, (2)

where m, = 938 MeV and

_e¢h
pin = 2myc

Find the value of p, with effective quark masses m, = my = 336 MeV.



Problem (2)

In the energy basis of a harmonic oscillator, we have

h
X = 2mw(a%—oﬁ) and

P = —i hﬂ;w (a — aT)

where a and a' are the lowering and raising operators, respectively.

Let us define the operator a'a as the number operator
N =adla

and the Hamiltonian can be expressed as

1
The eigenvector is |n) such that
Nin) = nln)

where n is the eigenvalue and the vectors |n) form a set of orthonormal basis vectors.

Then we have
H|n) = hw(N + %)|n) = E,|n)
with
E,=(n+ %)hw
(a) and (b) Find ¢, and d,, for lowering and raising operators:
(a) a|n) = cyln—1), and
(b) a'ln) = d,|n + 1).
(c) and (d) Calculate the following matrix elements for a quantum oscillator:
(c) (2|X3]0), and

(d) (21X°[1).



Problem (3)

Let us consider three 3 x 3 matrices GG; with elements given by
(Gz>yk = —ihEijk ’i,j, ]{7 = 1, 2, 3
where j and k are the row and column indices.

(a) Show that G,’s satisfy the angular momentum commutation relations:
[Gi, G]] = 'LhEZ]ka

(b) Find the matrix G, then calculate the eigenvalues \; and normalized eigenvectors
|)\z> of Gg.

(¢) Find a unitary matrix that transforms Gs to J3 for j = 1 with J3 being diagonal

10 0
Js=h| 0 0 O
00 -1

N.B. This unitary matrix transforms the Cartesian space representation of the angular
momentum operator (z; to its spherical basis representation J; for j = 1. This problem

is helpful in understanding the spin of photon.

Problem (4)

The Pauli spin matrices are defined as

(01 (0 — (1 0
01 = 0y = 10 , O2 = 0y = i 0 , 03 = 0y = 0 —1 .

(a) Three two-by-two matrices (¢;,7 = 1,2, 3) satisfy the relations
[t1,ta] = —ils, [to,ts] = —ity, [ts,t1] = —its.
Determine such a set of matrices.

(b) Show that

imo, /2 —

10, .

(c) Show that

U) = emi09/2 = cosg —i(6-3) sing :
2 2
where § = 00 and § = the unit vector.

N.B. For a quantum operator, an expression of this form is to be interpreted as

Q 2 3 n
— 140+ P4 Py =Y 0
© 2 3' non!



