PHYSICS 6433
Problem Set 2 — Due February 01, 2017

(1). Spin of the Electron

Let us define a generalized Pauli matrix (spin operator)
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such that

Thus we see that £ commutes with 3;,
(i, 5] = 2ie;62, and [X;, 5] =0.
In terms of these matrices, we can write down the Dirac Hamiltonian as
H=cd- P+ Bm?+V(r)=c - P+ fmc +V(r).

Here we have added a spherically symmetric potential to allow for interaction. We know
that since the Hamiltonian is invariant under rotations, angular momentum must be

conserved.

(a) Show that

Ly, H] = ilic€(S1Py — SoP) .
(b) Show that

(X3, H] = 2ic€ (X2 P — X1 Py) .

(c¢) Find the operator (J3) for the total angular momentum that commutes with the

Hamiltonian as a function of L3 and 3.

(d) Find the spin operator (S = .J — L) and the spin (s) for the electron.



Problems (2) and (3): Dirac Equation in an Electromagnetic Field

The classical interaction of a particle with charge () can be expressed as

U(Z, &) = —%7- A+ Qo

from a 4-vector potential A* = (P, ff) where ® = the electric potential and A = the mag-
netic vector potential. We can define a velocity operator v = c@ in quantum mechanics

for the Dirac equation. The the Hamiltonian becomes

Q

H=cd (P—2A)+pmc+Qd
&

and the Dirac equation becomes
[c@ - (P — %ff) + Bmc* + QO = zh%—qf

In the non-relativistic limit, we have

E =F +mc®, with E' < mc*.

(2). Let us consider the wave function of the form

W(Z,t) = /(Z, t)e” WPt and o = ( ¢ ) .

X
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Hint: Let’s define
sop-9i
c

and rewrite the Dirac equation as
m%w' = [co? T4 (B —Dmc* + Qcp} W
with

(—2mc* + QP — zh%)x ~ —2mcty .



(3). In addition, let us consider an electron in a system with
e a weak electric field, |Q®| < mc?, and
e a uniform weak magnetic field B with A = (1/2)B x 7.

Let us choose the Coulomb gauge V - A=0.

(a) Apply the tensor notation to show that

-

(b) For a weak magnetic field, terms with A2/¢? are negligible. Show that the equation
of motion for ¢ becomes
L8 | P e 5 . o
h—=|—+—B-(L+25)—¢ed
Z@t 2m+2mc (b 425) —ed) 0
where () = —e = charge of the electron, S = the spin angular momentum, and

L = the orbital angular momentum.



