
Physics 5403

Problem Set 1 – Due September 4, 2009

(1). Noether’s Theorem

For every continuous symmetry of the form qi → zi(q, α), such that L(z, ż) = L(q, q̇),

there is a conservation law for the conserved quantity

Q =
∑

i

Λi

∂L

∂q̇i
= constant,

where α = constant,

Λi ≡
∂zi(q, α)

∂α
|α=0, and Λ̇i =

∂żi

∂α
|α=0.

(a). For a rotation θ → φ = θ + α with a constant α, find Λ and Λ̇.

(b). Find the conserved quantity Q associated with rotational invariance under a trans-

formation φ = θ + α for the Lagrangian L(r, ṙ, θ, θ̇) with a central force.

(2). Under an infinitesimal rotation about the z−axis with angle δφ, the basis vector

|φ〉 and the state vector |ψ〉 become

U [R]|φ〉 = |φ+ δφ〉 , and

U [R]|ψ〉 = |ψ′〉

where U [R] is the rotation operator in the Hilbert space and R is the rotation operator

in the coordinate space.

In the φ-basis, let us define

ψ(φ) ≡ 〈φ|ψ〉

and consider

ψ′(φ) ≡ 〈φ|ψ′〉 = 〈φ|U [R(δφ)]|ψ〉 = R(δφ)ψ(φ)

for a spherically symmetric system.

(a). Find the rotation operator R(δφ).

(b). Express R(δφ) in terms of the angular momentum

Lz = −ih̄(x
∂

∂y
− y

∂

∂x
) = −ih̄

∂

∂φ
.

(c). Describe the condition for rotational invariance and identify the conserved quantity

for this symmetry.

(d). Find the rotation operator R(∆φ) for a finite rotation (∆φ).



(3). For a system with a spherically symmetric potential, the complete solution to the

Schrödinger equation is

ψℓ,m(r, θ, φ) = R(r)Yℓ,m(θ, φ)

where

Yℓ,m = ǫ

√

√

√

√

2ℓ+ 1

4π

(ℓ− |m|)!

(ℓ+ |m|)!
Pℓ,m(cos θ)eimφ

with ǫ = (−1)m for m > 0 and ǫ = +1 for m < 0,

Pℓ,m(x) = (1 − x2)
|m|
2

d|m|

dx|m|
Pℓ(x)

with x = cos θ and

Pℓ(x) =
1

2ℓℓ!

dℓ

dxℓ
(x2 − 1)ℓ.

Parity means reflecting a vector through the origin. In spherical coordinates, a

position vector is described with ~r = (r, θ, φ).

(a) Find Π(r, θ, φ).

(b) Find Πeimφ.

(c) Find ΠPℓ,m(x).

(d) Find ΠYℓ,m(θ, φ).

(e) Find ΠR(r).

where Π = the parity operator.


