PHYS 3803: Quantum Mechanics I
Problem Set 10—Due April 30, 2021

Problems 1 — 3

Let us choose |¢, m) as the common eigenvector for angular momentum operators L?
and L, = L3 such that

L.|¢,m) = hm|¢,m), and
L2|6,m) = R0+ 1)|6,m)

where m is a quantum number —¢ < m < /. The eigenvectors |¢, m) form a complete
set of orthonormal basis with (¢, m/|¢, m) = 8¢ 10 m,

In addition, the lowering and raising operators are defined as

L_ = Ll—ZLQILm—ZLy
L+ = L1+ZL2:Lx+ZLy

Problem (1)

Find the coefficients ¢,, and d,,, for

L_|t;m) = cpull,m—1)
L+|€>m> = dm|€>m+1>

Problem (2)

The angular momentum operators have interesting relations

L_t,m) = hyJl(t+1) —m(m —1)|¢,m —1),
Lilt,m) = myJU(l+1) —m(m+1)|f,m+1).

Calculate (L,), (Ly), (L) and (L2) in such a state denoted by [¢,m).

Problem (3)

The eigenvalue of L, has a maximum value myax = ¢ such that L, |¢,¢) = 0. In the

spherical coordinate basis, we have

L 0
L, = —zha—¢, and

_ (N e ; .
L, = he < 9+lcot9 ) .



Let us define

Uy = (r,0,6/¢,m) and

Ure(r,0,0) = Reo(r)Ope(0)Pe(0) .
Apply separation of variables and show that
Oy(¢) = Age,

Oue(0) = Ap(sin 9)4,

and
Ure(r,0,¢9) = ARy 4(sin 0)*e™?

where A;, Ap and A are normalization constants.

Problems 4 and 5

For the hydrogen atom, the ground state wave function is

Y(r) = Proo(r) =

e—r/a ’

ma’d

and the wave functions of the hydrogen atom with n =2,/ =1, m = +1 are

1 1 .
Yo141(7) = F —_re T ging et

V/ma 8a?

Problem (4) [Griffiths 4.13]

(a) Find (R) and (R?) for an electron in the ground state of hydrogen. Express your

answers in terms of the Bohr radius.

(b) Find (X) and (X?) for an electron in the ground state of hydrogen atom. Hint:
This requires no new integration-note that R? = X2 + Y? + Z2, and exploit the

symmetry of the ground state.

(c) Find (X?) in the state n =2,/ = 1,m = 1 with X = Rsin#f cos ¢.

Problem (5) [Griffiths 4.15]

A hydrogen atom starts out in the following linear combination of the stationary

statesn=2/=1m=1andn=2,/=1,m=—1

= %(%11 +921—-1) .

(a) Construct W(r,t), Simplify it as much as you can.

v(r,0)

(b) Find the expectation value of the potential energy, (V). Give both the formula

and the actual number in electron volts.



