PHYS 5213/4213: Nuclear and Particle Physics, Autumn 2021
Problem Set 10 — due December 03

Problem (1): Finite Rotation for a Dirac Spinor
Let us consider a finite rotation of angle ¢ about the z—axis with 2’ = Az and
Wig = €123¢3 = 3 = ¢ Where wj; = €;;pPx
Then the Dirac spinor will change under this rotation as ¢'(z') = Sg(A)Y(x).
(a) Find the rotation operator A as a 4 x 4 matrix.
(b) Find o;; for an infinitesimal rotation
1

SR(A) =1—- Zgijwij .

(c) Show that for a finite rotation of angle ¢ about the z—axis,

Sr(A) = e~3%393 — T cog <§> — 123 sin <§> where Y3 =019 = < o3 0 ) )
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(d) Find the rotation operator Sg(A) as a 4 x 4 matrix for a Dirac spinor.

Problem (2): The Hamiltonian of a Scalar Field

In the case of free Klein-Gordon theory with quantized fields, the Hamiltonian is

/Hd%

/ (lﬁ(x) + %w Vo + %m2¢2) P

H

2
where
d3k N, —ik-x kT
o(x) = /m[a(lﬁ)e +al(k)e } and
m(z) = —i / % %O{a(lg)e_ik'm—aT(E)eik“].

The operators a(k) and af(k) have commutation relations analogous to the annihilation

and creation operators of a harmonic oscillator:

[a(k), a(@)] = 0 = [a' (k),a(@)] and [a(k),a'(q)] = (2)*6*(k — q) .



(a) Show that

(b) Show that

| Vo) Vo) ' = =5 [ G5 (i -e@al () — ol (Bja()

(c) Show that

| ¢@da = 5 (a(F)al (F) + ol (F)a(F)

(d) Substitute (a)-(c) into the Hamiltonian, and show that

H= / (;i’;% [a(R)a! () + af (F)a(k)] -

Problem (3): Scattering in Quantum Electrodynamics
The interaction Lagrangian of QED for e”e™ — v — pu~pu™ is
EQED = elzefyuA;ﬂﬁe + 61@7“14“1% .

(a) Draw Feynman diagrams for the photon propagator and the e”e™~y vertex and

describe the Feynman Rules.

(b) Show that the spin averaged amplitude squared is

2 4+ u?
82

(MY e () = o] =26
at high energy limit (m. ~ 0 ~ m,,) in terms of Mandelstam variables
s = (p1+p2)? t = (p2 — p3)?, and u = (p1 — p3)*.

(c¢) Show that in the CM frame, the differential cross section is

do o

70 :4_3(1+COS29)

with ¢ = 0 and €% = 4ra.

(d) Integrate over 6, ¢ and find the cross section (e~ et — p~pu™) in the CM frame.



