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A methodof optimizing a sequencef economizedational approximantsERAd
to producea sequenceof approximantswith enhancectonvergencepropertiesis
describedlt is shownthat sucha techniqueimprovesupon the error of the Pad&
approximantsat a chosenvalue of the independentariable, and in some cases
leadsto dramaticimprovement,evenin caseswhere Pad&approximantsbehave
erratically. The procedurds testedon six known functions,with improvedconver-
genceandaccuracyin eachcase.The procedurds thenappliedto the problemof
evaluatinga perturbationseriesof an atomic system,diamagnetichydrogen,with
signi®cantimprovementin both convergenceand accuracyas well. < 2000
Americanlinstitute of Physics.@0022-24880!02008-%¢

I. INTRODUCTION

The divergenceof perturbationseriesis animportanthindranceto progressn many®eldsof
physics.Fortunatelymany methodéf4 canoften transformperturbationseriesinto approximants
thatconvergeto accurataesults.Paddapproximant3 canincorporatesingularitiesinto their struc-
ture that the original perturbationseriescannot,and for this reasonhave long beena favored
methodof approximation.They tendto haveremarkableshort-rangeaccuracy-thatis, whenthe
distancefrom the origin to the point of evaluationis small, but somewhatpoorerlong-range
accuracy.Therefore,althoughthey almostalwaysyield betterresultsthan directly summingthe
perturbationseriesand often convergewhen direct summationcompletelyfails, they can still
producefrustratinglypoor or meaninglessesultsat largerdistancesawayfrom the origin. Various
extrapolationmethodscanextractaccurateresultsfrom poorly convergingsequenceby extrapo-
lating the sequenceout to in®nity? but thesefrequently fail with poorly convergentPad’ése-
quencessince they tend to be quite irregular in their convergenceOther rational polynomial
approximant$ can perform signi®cantlybetter than Pad%approxmants but rarely sharetheir
ruggedversatility.

In the ®eldof appliedcomputingoneis usuallyinterestedn evaluatinga function repeatedly
within a certainrangeof the independenvariablex. Becausecomputerscan only add, subtract,
multiply, anddivide, rationalfunctionsof polynomialsarethe mostcomplexfunctionswhich can
be directly evaluatecon a computer® Thereforecomputersuserational polynomialapproximants
to approximatemore complex functionsto a high degreeof accuracy.The Pad&approximant,
beingoneexamplejs hamperedy its relatively poorlong-rangeaccuracy Fortunately thereare
methodghattransformPad&approximantsy sacri®cingheir superiorshort-rangeaccuracyso as
to lower the maximumerror over the entire evaluationrange.One suchmethodis economization
Pad®approximantsanbe economizefl’ to producean approximantcalledan economizedtatio-
nal approximantERA!, thatguaranteesa lower maximumerrorthroughouta speci®eangeof the
independenvariable.

With perturbatiortheory,however,oneis usuallymoreconcernedvith evaluatingthe pertur-
bationseriesat a particularvalueof x which is known beforehandln suchcasest is bene®ciato
minimize the error at that speci®ovalue of x, ratherthanto minimize the maximumerror overthe
entirerange.In this paper,we introducea methodfor optimizing ERA< to minimize the error at
a speci®walue of the independentariable.We choseto optimize ERAs because
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~1! theyarecapableof providinga moreaccuratesummationof the perturbatiorseriesthan Padk
approximantsvhenthe point of evaluationis far from the origin,

~2! they containa variable parametethat allows oneto changethe convergencef the resulting
sequenceén a continuousfashion.

In Sec.ll we review the economizationof power seriesand in Sec.lll we brie'y review the
processof economizationof Pad&approximantsin Sec.lV we demonstratehow to optimize
ERAs to producea convergentsequencevhich reduceshe error at a speci®ovalue of the inde-
pendentvariable, even when the original Pad&sequencebehaveserratically. We then test this
methodon six basicfunctionsin Sec.V, andshowin Sec.VI how optimizing ERAs improves
uponthe convergencef the original Pad&approximantsvhenappliedto the perturbatiorseriesof
anatomicsystem.Finally, in Sec.VIl we discussvariousdetailsof the numericalprocedureused
in optimizationand suggestan explanationfor its success.

I. ECONOMIZATION OF A POWER SERIES

In approximationtheory one often derivesan approximaterepresentatiorof a function ~an
approximank, speci®edy N1 1 parametersthat havebeenderivedfrom the ®rstN1 1 coef®-
cientsof the power series.Sucha representatiomay be, for example,the original power series
truncatedat the Nth order,Sy, or a Pad&approximantP,, ((x), wherem andk arethe respective
ordersof the numeratorand denominatorpolynomialsand m1 k5 N. Economizationinvolves
®ndingan alternativerepresentatiofior the function containingN1 1 parametershat possesses
the samefunctionalform asthe initial approximantput alsoincorporatesnformation presentn
the higherordersof the original powerseriesto minimize the maximumerror of the new approx-
imant over a speci®edangeof x. In other words, one hasan economyof representationAn
accuracyis obtainedwhich would otherwisebe achievedby taking the original approximantto
higherorder,which would requiremorethanN1 1 parameterso specify.

In this sectionwe considerthe economizatiorof a power seriesrepresentationThis may be
achievedby subtractingfrom Sy, ; ~the original powerseriestruncatedat orderN1 1) a suitable
polynomial Py, ; of the sameordersuchthat the leadingorderscancel.In otherwords,

N1 1 N
Sna al g CiX') Sn112 Pn1i5 g ciX', ~!
i50 i50

wherecf denoteshe resultingexpansiorcoef®cienpf x'. Naturally, the goalis to pick Py; ; SO
that the maximum error of the new Nth order seriesrepresentatiorover a speci®edangex is
signi®cantlyreducedWe cansatisfythis requirementvith the Chebyshepolynomial Ty, ; such
that

N1 1 N11 S 11
PNl 15 ZCNl 1WTN1 11 TNl 1~X/a!5 2 % 1 pN~X/a!, ~2'

wherepy(x/a) is apolynomialof orderN anda is anarbitrary,unitlessscalingparamete?. If we
apply the transformation

N11 aNl 1 N N
Sni il g cix') Cnl Sn112 2cn; 15N T Tniax/als g Cix'2 pyx/als g cix', 3!
i50 i50 i50

we producean economizedpower seriesrepresentatiorCy of order N provided a is chosen
suf®cientlysmall and x lies within the region2 a< x< a. When a5 0 we recoverthe original
representatiordy 1 -

The maximumerror of this new Nth-orderpolynomial,Cy, for ®nitea is nearlythe sameas
the maximumerror of the (N1 1)th order polynomial Sy; ; and considerablylessthan Sy. In
Fig. 1-al the errorsfor the power seriesand economizedbower seriesexpansiorof f(x)5 e* are
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FIG. 1. -8 Comparisorbetweenthe error of the third andfourth orderpowerseriesexpansionsS; andS,, andthe third

order economizedepresentatiorC, for the function f(x)5 e€*, wherewe have highlighteda speci®cvalue of the inde-
pendentariablex, atx5 0.42.The maximumerrorof Cj is considerabljjowerthanS;, andcomparedavorablywith S, .

However,theerroris largerin someregionsof x, especiallynearthe origin. -b! A closeupof the circled regionin the ®rst
®gureWhena, approachef.61we seethatthe errorof C5(x) reducesddramaticallyatx, . Noticethatincreasinga further
to a5 1 leadsto considerableerror at x,. (S; not shown!

shownfor valuesthroughouttherange2 1< x< 1. Herewe haveseta5 1, which guaranteeshat
the economizatiorprinciple will apply throughoutthe rangeshownin the ®gure® As we cansee,
the maximum error of C; is only slightly largerthan S,, but is considerablysmallerthan S;.

However,we emphasizethat in certainregions,especiallynearthe origin, even Sy providesa
better representatiorof the function. Again, the errors we discussedpreviously corresponcdto
maximumerrorsthroughouta speci®edange,anddo not indicatein any way how the errorswill

compareat a speci®cvalue of x. Economizingthe power seriesrepresents trade-off; the error
will belargerin someregionsbutthereis a guarante¢hatthe maximumerror of the entireregion
will be lower.

For thoseinterestedn ®ndingan analyticapproximationfor a functionin power seriesform
thatis valid for a speci®aangeof the independenvariablex andis aseconomicin its expression
aspossiblejnsuringthatthe maximumerroris assmallaspossibleis essentialHowever,in most
applicationsof perturbatiortheoryit is desirableto minimizethe errorat a particular value of the
independenvariable x, irrespectiveof the effectsthis hason the maximumerror throughoutthe
range.We will denotethis valuex,. Thefact that the parametera is arbitrary and continuous
allows us, in principle, to raise a from 0 until it reachesa valuethat minimizesthe error at x;.
This is illustratedin Fig. 1-b!, which is a closeupof Fig. 1-al nearx,5 0.42.At this x, the error
in C5 for a5 1 issigni®cantlylargerthanS,. However,if we hadinsteadincreased to thevalue
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a5 0.61,theresultingerrorin Cs; would havebeenconsiderablylower thanS,.

From hereon, we designatdahe value of a thatreduceshe error at X, to a minimumasa,.
Finding a, when the original function is not known is the goal of this researchput we ®rst
describehow the processof economizatioris appliedto problemswherethe functionis approxi-
matedby a Pad&approximant.

II. PADP_-&AND ECONOMIZED RATIONAL APPROXIMANTS

When the original power seriesSy divergesit is often bene®ciato replaceit with a more
suitablerepresentatiosuchas a Pad&approximant:

P! apl a;x1 a1 ...1 ax™

~I !
Syx!) Prx![ QX! " 11 byx1 byx?1 byx®1 ... 1 b x*’

4!

wherethe orderN5 m1 k. The coef®cients@re chosenso thatthe Pad%approximantand its ®rst
N derivativescoincidewith thoseof the original powerseriesrepresentatioat the origin. We can
economizehe Pad&approximanin muchthe sameway aswe economizedhe powerseriesin the
precedingsection.The correspondingeconomizedational approximantC., is®

Porx!1 ()25'9;1 1Pi!1 go

Syt 17X CrX!5 5!
Tt mk Qi1 ( 1!\15201911 1Qj2 1!
where
dyg 1 a?! dyiia™ 'ty
g1115 d 2N t]ll! g052 T "‘15 0,1,N2 1‘, "6'
11

andt; is the Chebyshewoef®cientof x'. The coef®cientsd;%are given by d,5 ( ]-‘5 oCi2 jbj»
where$;%aresimply the expansiorcoef®cient®f the original powerseriesandk is the powerof
theleadingcoef®cienbf Q, . As for the Pad&approximants, ((x), mandk aretheordersof the
polynomialsof the numeratoranddenominatoryespectivelyandml k5 N. To calculatethe ERA
from Eq. 5! Padsapproximanbf theformin Eq.~4! mustbe choserandgeneratedproducingthe
termsP;, Q;, andb;. From the coef®cientsfb,%we can determinethe coef®cient¥ $d;%and,
therefore calculatethe parameterg, and g; 1.

Like Pad&approximantsP,, , the ERAs C,, are speci®edy (ml1 1)1 k5 N1 1 param-
etersWhena is reducedo 0, theERA C, , is identicalto the Pad’ésapproxmaanm «- TheERASs
areeconomizedn the samesenseasfor the economizegowerseriesCy of Sec.ll. Forthe Padd
approximantsP,, ., theseN1 1 parametersare derivedfrom the ®rstN1 1 coef®cientof the
power series;however,the N1 1 parametersspecifying C,, « are derived from the ®rstN1 2
coef®cientof the power seriesso that the maximumerror over 2 a< x< a is minimized. The
(N1 2)th coef®cientey; 1, of the powerseriesis neededo calculatethe g; . -A proof thatCp, «
economizeghe Pad%approxmaan « for suf®cientlysmall a is givenin Ralston®!

In Fig. 2 we comparethe error betweena Pad%approxmamandthe correspondindeRA for
the function f(x)5 log(11 x) when a5 1. As expected,the ERA has a lower maximum error
throughoutthe range2 1< x< 1, andfor somevaluesis signi®cantlymore accurate.

As in Sec.ll, insteadof using ERAs to minimizing the maximum error over a rangeof x
speci®edy a, we canuseERAS to minimize the error at somespeci®ovalue x, of the indepen-
dent variable x by choosinga suitablevalue for a. We now turn our attentionto ®ndingthe
appropriatevalue of a.

IV. OPTIMIZING THE SCALING PARAMETER

There appeardgo be no de®nitiveprescriptionin the literature for determiningthe optimal
value of a of an ERA, which we denoteay(m,k), that minimizesthe error at a point x,. We
basedour methodfor ®ndingagy(m,k) on threeassumptions:
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FIG. 2. The error of the Pad%approximantPM(x) and the correspondingpconomizedDad%approximam(ERA) Cs4X)
for the function f(x)5 log(11 x). Here, a5 1. Notice that the overall maximumerror of C, 4 is muchlower thanP, 4, a
leastover the interval shown.Outsidethis interval the errorin C4 4(x) divergesaswell.

~1!

b

If the optimizedERA providesa good representatiorof the original function at a particular
point, then, for suf®cientlylarge N, the value of the optimizedERA will convergesmoothly
towardsthe correctvalue as the order is increasedowardsthe maximumorder, N, of the
power series.Thereforethe valuesof the sequencef optimizedERAs will ®tcloselyto the
function of the form Gy(N)[ A(12 e? 9N)), where g(N) is a smooth function such that
g(N)!' * asN! ° andAis thefully converged N! ") valueof the summedpowerseries.
We alsorequirethat limy, - exp@ vN#(N)5 0 for all v. 0. Therefore,in the vicinity of N

5 Ng we canexpandg(N) in a Taylor seriesaboutN, andwrite

Ga-N!5 A~12 e” 970" exp@ g8N!y, DNSLL @IN!/-2g8N!!#, DN1 ~ %' A-12 & =B,
7!

whereDN[ N2 No, B5 exp@,98N)y, 2 9(No)# s5 g&N)y,,, andthe approximationholds
whenNjy is suf®cientllargeandN is in thevicinity of Ny. Hencewe determinethe value of

as ag(m8k8 which optimizesthe accuracyof eachC,gg in a sequenceof approximants
m& (ml i), k& (k1 i), wherei is aninteger,asfollows. We requirethat the valuesof a

sequencef optimizedERAs at large N5 m8L k8locally ®tcloseto a function of the form

FapsN![ A~12 e?sNBI, -8l

whereA, B, ands arearbitrary®ttingparametersiegardles®f the natureof the original series
~convergentpr divergent.

If afor the @, ktapproximanis optimizedwhena5 aq(m,k), thenthe optimalvalueof a for
all approximants@ml i), (k1 i)# of the samesequenc@ear@, ki wherei canbe positiveor
negativeand not too far from zero,will be closeto ag(m,k). Therefore whenlocally ®tting
asequenceo afunctionof theform F 5 g s(N), eachapproximanimay be assumedo havethe
samevalueof a.

The basisfor optimizing a cannow be easily summarizedThe optimal value of a is that which
produceshe closest®tto the functionof theform F 5 g ((N) whereA, B ands> 0 are determined
by the ®t Sincethe functional form F 5 g «(N) for the optimal convergenceemergedocally at
large orders,F 5 5 s(N) should be ®ttedto the last availableterms of the sequencevhere this
behavioris moststrongly manifested Four termsof the sequencearethe minimum necessaryo
determinethe four quantitiesa,, A, B ands specifyingthe optimal ®t. At this point we candetail
an algorithmfor optimizing a:
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FIG. 3. The role optimization plays in reducing the error of an ERA to a minimum. The function here is
f(x)5 1/(11 ) in the asymptoticregion.As a is sweptacrossa, we seethatthe error reducego a minimum at a value
very closeto a,. This minimization of erroroccursin muchthe sameway aschoosingan optimal valuefor a reduceghe
error of a powerseries,aswe found by comparingFigs. 1-al and 1-b!.

~1! Selecta sequenc®f ERAs speci®edy theintegerp, wherep5 m2 k, for someinitial value
of a.

~2! Forthis valueof a ®ndthevalueof A, B ands which maximizeshe®tof F 5 g {(N) to thelast
four termsof the ERA sequence.

~3! Choosea new valuefor a andrepeatStep2.

The value of a which maximizesthe ®tis designateda,, from which the lastand mostaccurate
approximanin the sequencés generatedin the restof the paperwe referto this lastapproximant
of an optimizedsequenceasthe optimizedERA and denoteit by C;?k.

In practicewe performstep2 througha least-square®tto the lastfour termsof the sequence
by minimizing S (@2, ; v» 12 (A2 e? SN2 2)Bg# with respectio the linear parameters\ and
B8 whereB& AB. We usethe coef®cienbf determinatiorR? to quantify the accuracyof the ®t,
whereR? is the squareof the multiple correlationcoef®cienR, andis given by

Si35 0~A2 g2sN22ilpg? Si35 @2, 1422 A2 g2 s N2 2ilpg 2

2
512
Sigso“cznzi!,«zi!!z

. -0l

3 a 7
Si50Clnz iz it

The coef®cienbf determinatiorR? clearly runsbetweer0 and 1, anda perfect®t correspondso
R?5 1. The maximizing of the ®twith respecto the nonlinearparametes is achievedby maxi-
mizing R? with respecto s. The optimal parameteg,, is thatvalueof a for which the maximum
value of R? with respectto s, is maximized*!

As in Fig. 1 and the discussionin Sec. ll, we can seein Fig. 3 @ this case, for
f(x)5 1/(11 e)#how optimizationreducegheerrorof the ERAs: As a is sweptfrom 0, the error
reduceauntil it reachesa -neat minimum at a,, correspondindo a sequencéavingthe closest
®tto an exponentiafunction. Beyonda, the error beginsto increase. .

This procedureis illustrated in Figs. 4-al+4-d! for f(x)5 tanhk). At a5 0 -the Pad&se-
quence the highest-orderederm appeargo be reasonablyaccurate put the lower-orderedterms
do not convergetowardsthe correctvalue in a smoothfashion.As a is increasedthe lower-
orderedtermsbeginto dropin valuesoasto createa monotonicsequencehatultimately ®tsvery
closelyto an exponentialine. Finally, at somevalue of a the termsline up very preciselyto the
exponentialine. Oncethis pointis reachedhe correspondingaluefor a is designateda, andwe
canthendeterminewhetherthis ~optimized ERA is moreaccuratehanthe original Pad&approx-
imant.
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FIG. 4. ~al+~d! Economizedational sequencesasthe parametem is variedfrom 0 ~equivalentto the Pad%sequenc!eto

4.662~correspondingo the optimizedeconomizedationalsequence Note the changeandre®nementf the vertical axis.

The function beingapproximatechereis f(x)5 tanh§) at x5 6, with the actualvaluerepresentedby the horizontalsolid

line. For eacha, the secondsolid line correspondso the bestexponential®tF , g ((N). The coef®cienbf determination,
R?, is maximizedat a,.

Beforewe summarizeour resultsin the next section,we shouldnotethat ERAs which origi-
nally thatis, when a5 0) haveoscillatory convergencelo indeedtendtowardsmonotoniccon-
vergenceas a is increasedowardsits optimal value. This canbe seenin Figs. 4-al +4~d!. +or a
discussiorof similar behavior,seeRef. 12!

V. RESULTS

We testedthis methodfor determininga, on the Pad@gapproximantsgeneratedrom power
seriesof six known functions:

fx!5 1/~11 e, ~10!
X1 1

fx15 Foox G-1/x!, 1

fx!5 €, 42

fx!5 log~11 x!, ~13

f~x!5 arctanx!, ~14

f~!5 tanhx!. ~15

The power seriesof the secondfunction listed is an asymptoticseries.We now summarizethe
results.



J. Math. Phys., Vol. 41, No. 8, August 2000

Local optimization of power series summations 5821

FIG. 5. The magnitudeof the errorsin the Padk approximantsand optimized ERAs for the asymptotic region of
f(x)5 1/(11 €). Here,asin the restof the ®guresPad&approximantsare denotedwith opencirclesjoined by straight
dashedines, whereasERAs are denotedwith solid dots. The vertical axis is log scaled,so the differencesin error are
considerableThe conversionfrom an alternatingsequenceo a monotonic sequences very clear. Note that the Padg
approximantslo not appearto be evenconvergingto the correctvalue,asthe erroris stabilizingto a nonzerovalue. The
errorshereare derivedfrom the datain Tablel.

~1! Enhancedaccuracyand convergenceThe most dramaticimprovementover Pad%approxi-
mantsinvolved the test function f(x)5 1/(11 €*), which hasa radiusof convergencef p
-therearepolesatx56 ip). At x,5 6000,the optimizedERAsweremoreaccurateat second
order (m5 k5 1) than the Pad® approximantsat 16th order. From the results shown in
Fig. 5 andtheright-handcolumnsof Tablel, the Pad&approximantsio not evenappearto be
convergingto the correctvalue. The optimizationof the asymptoticseriesrepresentinghe
functionin Eqg.~11! improvedtheaccuracyto nearlythe sameextent,asshownin Tablell and
Fig. 6. As we seein Table lll and Fig. 7, improvementin convergenceof f(x)5 e* at
Xo5 8D wherethe low-order Pad&approximantsare essentiallyworthlessbwasalso remark-

TABLE |. Resultsshowingdramaticimprovementn low orderconvergenc@ndaccuracyof aPad@approximaanvk by

optimizingthe correspondingconomizedationalapproximantERA! C:{’k. Thefunctionhereis f(x)5 1/(11 €¥), evalu-

atedat the two points, xo5 6 and x,5 6000. Note that relying on the low-order Pad&approximanteadsto considerable
error, whereaseven the low-order optimized ERAs are signi®cantlymore accurate.This is especiallyapparentin the

asymptoticregion ~ight-hand columns, where the @/1# optimized ERA is more accuratethan even the @/8# Padk
approximant~! ~SeealsoFig. 5.! Thelastrow in the table designateshe error of the highestorderedapproximant.

Xo5 6 Exactvalue:0.002472623157 Xo5 6000 Exactvalue? 107 2606
@/ k# Pk crol @/k# Pk crol
@/on 0.50000000 0.50000000 @/o¢ 0.50000 0.50000
@'1# 2 1.0000000 0.24105856 @/1# 2 1499.5 0.41447
@24 0.12500000 0.021910077 @/2# 0.49950 0.26411
@I3# 20.021739130 0.0011931096 @/3# 2 249.50 0.11724
@4 0.0050761421 0.002468 6256 @/ 4% 0.49833 0.035395
@/5H# 0.0022727273 0.0024781024 @/5# 299.501 0.0076689
@/6# 0.0024837600 0.0024726212 @/6# 0.49650 0.0012793
@7 0.0024721536 0.0024726186 @/ 253.073 0.00015866
@/8# 0.0024726386 0.0024726231 @/8# 0.49400 0.000025680
Error 2 1.546023 10?8 1.682123 107 12 2 0.49400029 2 0.000025680

22,5 8.757,F o 5 s(N)5 0.0024726209L 0.1049650717exp@ sN), s5 9.860.,R?5 0.9999995.

b2,5 529.71,F o 5 s(N)52 0.0000307011 0.045665exp@ sN), s5 1.78,R?5 0.99996.
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TABLE II. PaddandERA valuesfor the asymptoticoowerseriesgenerated
from Eq. 41! at X,5 5. For brevity we omit the low-orderedresults. The
errorsareplottedin Fig. 6, andin Fig. 11 we showtheresultswhenthe Padk
approximantsare optimizedindividually at eachsuccessiverder.Note that
thevalueA5 1.3796669-the convergedimit of the®ttingfunction is more
accuratehanthe highestorderedERA, sothe exponential®tmaywell apply
globally aswell aslocally. Note thata straightsumof the asymptoticseries
is optimally truncatedat the zerothorderterm, and soiis unity.

Exactvalue: 1.380290405

@1/ k# F}m,k Ci(,)ka

@/5# 1.4354227 1.3865357
@ /6t 1.3220338 1.3753524
(@ 1.4236428 1.3794838
@/t 1.3335364 1.3786878
@/ 1.4163588 1.3789340
@0/1G# 1.3409803 1.3790855
@1/1% 1.4113652 1.3791569
@2/12# 1.3462210 1.3792392
@3/13 1.4077065 1.3793082
@4/144 1.3501264 1.3793661
Error 0.030164 0.00092430

33,5 1.089, Fa.+(N)5 1.379666@ 0.0006082153exp sN), s5 0.176,
R?5 0.99999999.

able.Evenat 16thorder~TablelV andFig. 8, for x,5 10) optimizationproducesan ERA with
an absoluteerror of only 53 107 3, comparedo the Pad&approximanterror of 1837.Even
more noteworthyin the table and ®gureis the improvementover dual-parametrizedtuler
transformations,consideredto be highly effective for summingthe power seriesof this
function® We alsoshowin TablesV andVI the optimizationresultsfor the functionsf(x)
5log(11 x) and f(x)5 arctank), respectivelyIn thesecaseshe improvementover Pad&ap-
proximantsis lessdramatic,but nonethelessigni®cant.

~2! Precision Almost all of the ®tswere very precise,evenlarger than R?5 0.9999999999in
somecases~The coef®cienbf determinationR?, is notedin eachtable!

FIG. 6. SameasFig. 5, exceptfor the asymptoticseriesgeneratedy the gammafunction @eeEq. 1 11#at x,5 5. Again,
the vertical axisis logscaledsothe differencesn errorareconsiderableTheseerror resultswere calculatedrom the data
in Tablell.
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TABLE IIl. AnothercomparisorbetweenPadkapproximantsandoptimizedERAs. Here, f(x)5 € atx,5 8 and boththe
diagonaland off-diagonal sequencesare tabulated The errorsfor the diagonalsequencare plottedin Fig. 7.

Exactvalue:2980.957087

@/ k# Pmk C:{?ka @/k# Pk c;?kb
@/0# 1.00000 1.00000 @/0# 9.00000 25.5324
@/1# 2 1.66667 8.12615 @I1# 2 10.2000 241.537
@/24 4.44286 192.552 @/24 23.9333 1603.42
@/3# 2 18.0769 2988.20 @/3# 299.3871 2982.66
@44 101.952 2995.58 @4 486.046 2985.83
@/5# 21212.05 2979.09 @/5# 7444.92 2980.62
Error 4193.01 1.87293 2 4463.96 0.334190

3205 8.123,F 5 5 (N)5 2987.62 3.361363 10° exp@ sN), s5 14, R?5 0.99997.
bay5 8.132,F 5 5 (N)5 2983.22 3.334043 10° exp sN), s5 7.790,R?5 0.99999.

3! Transformationof alternating sequencesowards monotonicsequencesWe alreadysaw in
Figs. 4-al 4! how the optimizationprocesgsransformsan alternatingPad&sequencento a
monotonicsequenceAnalogousbehaviorwas noticedby Le Guillou and ZinntJustinwhen
they optimized-usinga differentmethod sequencesf Borel-Leroytransformations? In each
casewhere the Pad&approximantswere alternatingly convergentthe optimization process
found a value for a, which coincidedwith a monotonicallyconvergentsequenceFor ex-
ample, the Pad&sequencedor f(x)5 arctank) convergesalternatingly towardsthe correct
value. Yet, thereexistsa value a, that not only producesa sequencehat is monotonically
convergentput asseenin TableVI andFig. 9 the error of eachapproximants signi®cantly
lower thanthe Pad&approximantat all orders.This behaviorwas repeatedor the testfunc-
tions f(x)5 €* ~Tablelll! andf(x)5 tanh§) ~Table VII!.

~4! Stability with respectto the point of evaluation The optimization methodappeargo offer
signi®cantmprovementno matterwhich valueof x, is chosenup until the point whereboth
Pad&approximantsindoptimizedERAsfail to convergeTablel showsthatin somecaseshe
improvementin accuracy-as measuredy the numberof additionaldecimalplacesof accu-
racyl, in comparisorto the original Pad®approximantactuallyincreasedor largerxg.

FIG. 7. The magnitudeof the errorsfor f(x)5 e* at x5 8. In this example the bestexponential®t of the ERA sequence
is not completelymonotonic,which explainstherise in error -exaggeratetby the verticallogscalind at N5 8. Again, the
vertical axisis logscaledso the differencein accuracybetweerthe two approximatess considerableThe relevantdatais
tabulatedin Tablelll.
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TABLE IV. Sameas Tablelll, exceptat higherorder.Sincea, herediffers somewhafrom thatin Tablelll theresulting
sequencat all ordersdiffer aswell. Yet, the error remainssigni®cantlylower at nearlyall ordersthanthe Pad%approxi-
mants, demonstratinghat the optimization methodis stablewith respectto order. Here, we include the resultsfrom
applying a dual-parametrizeduler transformatiorPET. Note the dramaticimprovementin accuracyof the optimized
ERAs over the Pad@gapproximantsand Euler transformation.As in Table Ill, the optimization techniqueproducesa
monotonically converging sequencedespitethe fact that the Pad%approximantsare alternatingly convergent.For a
comparisorof the errorsasfunctionsof order,seeFig. 8.

Xo5 10
ExactValue: 22026.46579
N Sy @,N12#  PET@,N12#  @lk# Pk clob
0 1.0000000 - - @/o# 1.0000000 1.0000000
2 61.000000 @44 2 32.750000 @1# 2 1.5000000 5.2913740
4 644.33333 @6 complex @/ 3.3076923 91.029420
6 2866.5556 @84 complex @I34 210.428571 8427.3527
8 7330.8413 @104 201718.49 @4 45.375000 19093.040
10 12842.305 @0,1¢ 29468.144 @/5# 2 269.64516 22106.611
12 17435.192 @2,14¢ 23450.497 @6t 1866.0847 22026.513
14 20188.171 @4,16¢ 22325.434 @ITH 2 205032.75 22 026.360
16 21430.835 @6,18¢ 22085.476 @8t 20189.229 22026.471
Error 595.631 59.010 1837.2370 2 4.90820263 1073

aComputedfrom an algorithm adaptedrom Ref. 13.
Pa,5 10.064,R?5 0.999998, F 5 5 s(N)5 22026.418 65608.93%xp@ sN), s5 6.707.

FIG. 8. A comparisonof the dual-parameteEuler transformation(PET@,N1 2#), Padféapproximants,and optimized
ERAsfor f(x)5 e atx,5 10. The horizontalline correspondso the exactvalueof f(x). Noticethatif P, ; weretakento
be the convergedesult-a seeminglyconvergedesultat low orders the error would be considerableOn the otherhand,
the optimized ERAs are signi®cantlymore accuratefor nearlyall orders,evenwhencomparedo PETs.See Table|V.
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TABLE V. Here, f(x)5 log(11 Xx) a x,5 5. The gainshereare not enor-
mous,but the error hasbeenhalved.

Exactvalue: 1.791759469

@ k# Pk cro2
@/o# 0.000000 0.000000
@1 1.4285714 1.5060643
@24 1.7213115 1.7404539
@3¢ 1.7787115 1.7829493
@44 1.7898952 1.7902805
@5t 1.7913354 1.7917137
@/6# 1.7916838 1.7917189
@/ 1.7917460 1.7917528
@/sH 1.7917571 1.7917594
Error 2.3918 107 ¢ 1.0988 1076

3205 1.141, F 5 5 «(N)5 1.791759% 0.0014867123exp@ sN), s5 1.800,
R?5 0.999999996.

5! Stability with respectto order. It is importantthatthis optimizationmethodnot be con®nedo
a few select-and subjectivé choicesof order. In eachtest the optimized ERAs provided
signi®canimprovementover Pad&approximantsio matterwhich maximumorderis chosen.
An exampleis found by comparingthe datain Tablelll for f(x)5 €%, aswell asTablelV for
the samefunction. Uponindividually optimizing eachERA for eachordernearN, the result-
ing valuesconvergesmoothlyto the correctvalue,asseenin Table VIl andFig. 10 for the
tanh) functionandin Fig. 11 for the asymptoticseriesgeneratedrom Eq. <11!. This indi-
catesthat optimizing the ERAs at eachorder producesa sequencehat re ects the global
behaviorof the ®t. Table VIl clearly showshow the parametersf the local ®ttingfunctions
Fag.s(N) adjustto provide a local approximationto Gy(N) for different valuesof N. This
characteristids especiallyevidentwhen examiningthe optimized sequenceof the atomic
perturbationseriesin the next section.

We now demonstratehe effectivenesof the procedureasit pertainsto a physicalproblem,
whenthe original function is not known beforehand.

TABLE VI. Here, f(x)5 arctank) at x5 4. Notice that optimizing C, «
againtransformsthe alternatingPad&sequencénto a monotonicsequence,
which is apparentwhenexaminingthe errorsin this datain Fig. 9.

Exactvalue: 1.3258177

@/k# Pk crol
@/o# 0.000000 0.000000
@1 4.000000 2.3315173
@24 0.6315789 0.9129322
@34 1.9874214 1.2911074
@4 1.0236425 1.2023396
@/5# 1.5443095 1.2721575
@/6# 1.2058444 1.2873382
@/ 1.4038412 1.3008169
@/s# 1.2800401 1.3126944
Error 0.045777579 0.013123226

33,5 1.582, Faps(N)5 1.4040862 0.14911241exp@ sN), s5 0.1224,
R?5 0.9999994.
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FIG. 9. Error comparisorbetweerPad@approximantsandoptimizedERAsfor f(x)5 arctank) at x5 4. The conversion
from alternatingto monotonicconvergencéiereis very apparentThe relevantdatais tabulatedin Table VI.

VI. APPLICATION: ENERGY CALCULATIONS OF DIAMAGNETIC HYDROGEN AT LOW
nzAND LARGE FIELD STRENGTHS

The hydrogenatom in a constantmagnetic®eld B is a well-studied problem in atomic
physics'**Y mainly dueto its applicationsn astronomyandquantumchaos andthe factthatit is
fundamentallysimpleandyet permitsno analyticsolution.For this reasormanyapproachefave
beenemployedin orderto deriveaccurateenergyvalues,especiallyin thelimit of enormous®eld
strengthssuchasthat found in white dwarfs and neutronstarst*!’ Sincethe paramagneti®eld-
strengthterm simply raisesor lowersthe overall energy,mostresearchasfocusedon the effects
of the diamagnetiderm.

In Ref. 18 we useddimensionalperturbationtheory® -DPT! to studythe physicalproperties
of circular ~-and near-circular statesof diamagnetichydrogenat large valuesof both B and the
magneticquantumnumberm. The perturbatiorparamete/usedin DPT variesinverselywith umy
so the resulting perturbationseries divergesat low values of unu for suf®cientlylarge ®eld
strengthsThe DPT perturbationseriesfor diamagneticydrogencanoften be Pad&summedjuite
effectively at low umufor broadregionsof the spectrum,evenat m5 0 ~which correspondgo a
perturbationparameterab 1/2).2° However, for noncircular statesin certain regions of ®eld
strengththe Pad&approximantseither convergeslowly or erratically. In thesesituationswe ap-
plied the optimizationproceduredescribedn this paperandfound the optimizedERAs in many
casesconvergedsmoothly and producedenergiesthat comparefavorably with those obtained
usinga multicon®gurationaHartree:Fock procedure’

TABLE VII. Thetanh§) at x,5 6. Note the precise®t, surprisinggiventhe
low-order erratic behaviorof the original Pad®&approximants.

Exactvalue:0.99998772

@/k# Pm.k crol
@/0# 1.000000 1.000000
@/1# 6.000000 210.524225
@2 0.4615384 0.57148464
@/3# 1.3246753 0.87461628
@4 0.9235352 0.96829300
@/5# 1.0174904 0.99718535
Error 20.0175028 0.0028023

34,5 4.065, Faps(N)5 1.010129 1.4199726exp@ sN), s5 1.1747,
R?5 0.999999993.
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TABLE VIIl. A comparisonof the convergencef the optimized ERAs as the parametera is individually optimizedat
eachorder, for f(x)5 tanh§) at x,5 6. Noticethata,, s -the exponential®ttingparameter andR? areroughly the same
at all orders,and that the valuesof the resultingapproximantsconvergeasymptoticallytowardsthe correctvalue, sug-
gestingthat this methodof optimizing the ERAs is stablewith respectio order. This datais plottedin Fig. 10. The errors
for the Pad®approximantsat eachorder are alsotabulated The numbersin parenthesesorrespondo powersof 10.

Exactvalue:0.999987 72

@/k# cﬁ{)k A B s R? Error (Pmk)  Error (cfn?k
@/5# 0.9971854  1.010129 21.42033 1.175 0.9999999872 21822 2823
@/6H# 0.9991068 1.000052 21.23328 1.793  0.9999999988 3.02 3 8.82 4!
@/ 0.9998925  1.000050 2 0.205655 1.795 0.9999999995 24024 9.52 5!
@/8t 0.9999752  0.9999930 2 0.0549783 2.010 0.9999999991 452 5! 1.22 5!
@/ 0.9999869 0.9999880 20.00798289 2.189 0.9999999984 2412 6! 9.12 7!

As anexamplejn Fig. 12 we illustratethe convergencef the DPT perturbatiorseriesfor the
lowest-lyingexcitedm52 2 stateat the ®eldstrengthb5 700 ~around329 MT! evaluatedusing
Pad&approximantsand optimized ERAs. ~The ®eldstrengthparameteib is measuredn units of
4.73 10° T.) While the Pad®approximantsn this casedo not convergestrongly towardsa well-
de®nedesult, the optimized ERAs convergemonotonicallyand exponentiallyat all ordersnear
the largestorder,andstill relatively low order, studiedin this paper.The ability of the optimiza-
tion procesgo createa smoothmonotonicconvergencéecomesvenmore apparentwhen con-
sideringthe groundstateshownin Fig. 13, wherenine membersof the ERA sequencevereused
in a single optimizationto F g (N) with the samevalueof aj.

VII. DISCUSSION

Onemeansof determiningwhethera resultis likely to be accuratds to examinethe conver-
genceof the sequenceof approximantsas the orderis increasedo its maximumvalue. Erratic
behaviorin convergenceés a goodindicationthat the highest-orderedpproximantmay not be a
satisfactoryrepresentatiof the function at the point it is beingevaluatedln this case,accurate
resultscould merely be the fortunateresultof a numericalartifact. In optimizing the economized
rationalapproximantsERAd, the resultingsequences requiredto be almostsmoothand mono-
tonically convergentwhich raisescon®dencé¢hat the optimizedERA is providing a satisfactory
representatiomnf the system.

FIG. 10. A comparisorof the convergencef the optimizedeconomizedational approximantssolid circled with Padk
approximantsopencircled for f(x)5 tanh§) at xo5 6. Here,eachtermof the optimizedeconomizedationalapproximant
sequencéasbeenoptimizedindividually ~seeitem 5 of Sec.V!. Thevalueof a, correspondingo eachorderis shownin
parenthesesThe exactvalue of f(x) is shown by the horizontalline. The dataappearsn Table VIII.
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FIG. 11. Anotherexampleof individual optimization,but for the asymptoticseriesgeneratedy the gammafunction @ee
Eq. ~11# Again, the numbersin parenthesesorrespondo the a, for eachparticularorder.In this case the exponential
®tis not only preciselocally, but also appearsto apply globally as well. The equationof the line shownis given by
1.379428982 0.0008876041exp@ 0.641IN#

A few remarkson the numericalprocessarein order.We usedthe minimum numberof points
neededo determineA, B, sanda. As canbe seenfrom Fig. 13 we cansometimesakemanymore
thanfour pointsandstill provideanaccuratexponentia®t. Generallythough,the moretermsthat
are included, the lower R? and the less accurateare the results at the relatively low orders
consideredn this paper.This is to be expectedsincein general,as we notedabove,the ®tting
functionF 4 g s(N) will bevalid only locally, not globally, aroundN5 Ng. Sincethe least-squares
®tusedin this paperweightsall points equally,any additionaltermsof the sequenceisedin the
®t could lower R? andresultin a lessthan optimal a for the last approximantof the sequence.
Evenif the ®ttingfunction happengo be globally appropriate@s appeardo be the casefor the
log (11 x) functior¥# thereis the possibilitythatthe earliertermsof a sequencéavenon-negligible
®niteN correctiongo thelargeN exponentiabehaviorof the error. Again sincethe least-squares
®t weightsall points equally, any additional earlier termsof the sequenceaisedin the ®t could
lower R?. Keepingthe numberof termsof the sequencesedin the®ttingto the minimumnumber
of four guardsagainsttheseerrors.

FIG. 12. The energyof the lowestlying m52 2 stateof diamagnetichydrogenfor 65 700(329MT). The horizontalline
correspondgo the multicon®gurationaHartreetFock calculationof Ruder~-Ref. 17!. Note that the ERAs have been
optimizedindividually.
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FIG. 13. Sameas Fig. 12, but for the groundstateat 65 1.5(705kT). Herewe showthatwe canoftenincorporatemany
elementof the sequencénto the optimizationprocessAgain, the horizontalline correspondso the energycalculatedby
Ruderet al. As in the other®guresthe optimizedERAs areshownby solid dots,with the best-®ttingexponentia®tshown
by a solid line.

In general the ®ttingparameteA @atis, limy, - Fa g s(N)#will notbethe convergedvalue
of thesequencsainceF 5 g s(N) isvalid only locally, not globally. However,if R? is exceptionally
large aswith the function f(x)5 log (11 x) ~seeTable V!, A canbe more accuratethanthe last
approximate,mplying that the ®tting function, F 5 g {(N), may well be globally valid for this
function.

As a is increasedherewill usuallybe multiple regionsof a wherethe lastfour approximants
line up closeto an exponentialine and,asan example,in TableIX we tabulatethe valuesof the
diagonaloptimizedERASs for the function f(x)5 exp() at the nextandslightly largervalueof a
at which this occurs.Again the optimizedERAs convergeto the correctanswer,somewhaimore
slowly thanat the smallervalue of a ~seeTablelll!, but still signi®cantlybetterthanthe perfor-
manceof the Pad&approximantsWe havefound that the smallestvalue of a for which the last
four pointsline up closeto anexponentialine yieldsthe largestvalueof R? andthe mostaccurate
results.This is perhapgo be expectedsinceERAs ““spreadhe error” without systematidavorin
the regionfrom the origin to X' a. The largerthe value of a, the largerthe regionthe error is

TABLE IX. DiagonalPadéapproximantsandoptimizedERAsfor thefunc-
tion f(x)5 € at xo5 8. However, herethe next largestvalue of a which
optimizesthe convergenceés used.This table shouldbe comparedwith the
resultsof Tablelll andFig. 7 wherethe smallerandmostoptimizedvalueof
a is used.Note that the convergencethoughstill betterthan for Pad&ap-
proximantsiis signi®cantlyworsethanfor the optimizedERAs at the small-
estvalueof a at which the last four termsof the sequencdine up closeto
an exponentialine.

Exactvalue: 2980.957897

@n/k# Pk cam?ka

@/o# 1.00000 1.00000
@/1# 2 1.66667 3.97462
@/24 4.44286 97.3388
@3t 218.0769 1877.56
@4 101.952 2658.54
@/5# 21212.05 2999.70
Error 4193.01 218.7424

33,5 9.541, Fag.s(N)5 3266.62 7232.74exp@ sN), s5 0.8251,
R?5 0.99999992.
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FIG. 14. The @/5#polesof the Pad%andeconomizedationalapproximants‘.l'hosepolesjoined by commonmovementas
a is changedare joined by a solid line. The zeroesof the approximantsall lie in the negativehalf-planeand havebeen
omitted. The function f(x)5 €* was chosenhere sinceit is an entire function for which the optimization processis
especiallyeffective.As we cansee,as a increasesrom 0 the polessweeptowardsthe left. In this case|t seemss if a,
correspondgo the instancewhenthe polesare, on averagethe farthestdistancefrom the summationpoint.

““spread"overandsothelargerthe averagesrrorbecomedor x< a. Thereforeonewould expect
the bestresultsto be obtainedfor the smallestvaluefor which the lastfour pointsline up closeto
anexponentialine. However,asthe abovediscussiormakesclear, this smallestvalueof a cannot
be muchsmallerthanthe value of x at which the seriesis beingsummed As Pad&approximants
sometimesappearto convergeto the wrong value ~an exampleappearsn Fig. 5! it would not be
surprisingif this weretrue of optimizedERAsaswell. Indeed,if onechoosesan “optimal” value
of a which is too large,eventhoughthe lastfour pointsarelining up aroundan exponentialine,
the sequencef ERAs appearo convergeto the wrong result.

In orderto furtherunderstandvhatis taking placeduring the optimizationprocessve exam-
ined the effectsthe optimizationprocesshason the singularity structureof the ERAs. As seenin
Fig. 14 for theentirefunctionf(x)5 €, a a, the polesappeatto be locatedsuchthatthe distance
of the closestpole to the point of summationis roughly maximized.Sincee* hasno singularities
exceptat in®nity, the polesmark isolatedregionsat which the ERAs locally fail. Thereforethe
optimizationprocesamovesthe polesso thatthey are,asa whole, suf®cientlyfar from the point
of evaluationthat their disturbingeffectsare minimized.If a is chosenarge enoughthe polesin
Fig. 14 movefar to the right of the summationpoint andwe might imaginethat yet betterresults
would be obtained.However,as we havenotedabove,the overall error at the summationpoint,
Xg, Of an ERA generallypbecomewery largewhena@x,, andthis worksagainstthe reductionof
the error resultingfrom moving the poleswell away from the summationpoint.
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