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A methodof optimizing a sequenceof economizedrationalapproximants~ERAs!
to producea sequenceof approximantswith enhancedconvergencepropertiesis
described.It is shownthat sucha techniqueimprovesupon the error of the PadeÂ
approximantsat a chosenvalue of the independentvariable,and in somecases
leadsto dramaticimprovement,even in caseswhere PadeÂ approximantsbehave
erratically.Theprocedureis testedon six knownfunctions,with improvedconver-
genceandaccuracyin eachcase.The procedureis thenappliedto the problemof
evaluatinga perturbationseriesof an atomicsystem,diamagnetichydrogen,with
signi®cantimprovement in both convergenceand accuracyas well. • 2000
AmericanInstituteof Physics.@S0022-2488~00!02008-9#

I. INTRODUCTION

The divergenceof perturbationseriesis an importanthindranceto progressin many®eldsof
physics.Fortunately,manymethods1±4 canoften transformperturbationseriesinto approximants
thatconvergeto accurateresults.PadeÂapproximants5 canincorporatesingularitiesinto their struc-
ture that the original perturbationseriescannot,and for this reasonhave long beena favored
methodof approximation.They tendto haveremarkableshort-rangeaccuracy~that is, whenthe
distancefrom the origin to the point of evaluationis small!, but somewhatpoorer long-range
accuracy.Therefore,althoughthey almostalwaysyield betterresultsthandirectly summingthe
perturbationseriesand often convergewhen direct summationcompletely fails, they can still
producefrustratinglypooror meaninglessresultsat largerdistancesawayfrom theorigin. Various
extrapolationmethodscanextractaccurateresultsfrom poorly convergingsequencesby extrapo-
lating the sequenceout to in®nity,1 but thesefrequently fail with poorly convergentPadeÂ se-
quencessince they tend to be quite irregular in their convergence.Other rational polynomial
approximants2 can perform signi®cantlybetter than PadeÂ approximants,but rarely sharetheir
ruggedversatility.

In the®eldof appliedcomputingoneis usuallyinterestedin evaluatinga function repeatedly
within a certainrangeof the independentvariablex. Becausecomputerscanonly add,subtract,
multiply, anddivide, rationalfunctionsof polynomialsarethemostcomplexfunctionswhich can
be directly evaluatedon a computer.6 Thereforecomputersuserationalpolynomialapproximants
to approximatemore complex functions to a high degreeof accuracy.The PadeÂ approximant,
beingoneexample,is hamperedby its relativelypoor long-rangeaccuracy.Fortunately,thereare
methodsthat transformPadeÂapproximantsby sacri®cingtheir superiorshort-rangeaccuracysoas
to lower themaximumerrorover theentireevaluationrange.Onesuchmethodis economization.
PadeÂapproximantscanbeeconomized6,7 to produceanapproximant,calledaneconomizedratio-
nal approximant~ERA!, thatguaranteesa lower maximumerrorthroughouta speci®crangeof the
independentvariable.

With perturbationtheory,however,oneis usuallymoreconcernedwith evaluatingthepertur-
bationseriesat a particularvalueof x which is knownbeforehand.In suchcasesit is bene®cialto
minimize theerrorat thatspeci®cvalueof x, ratherthanto minimize themaximumerrorover the
entirerange.In this paper,we introducea methodfor optimizing ERAs8 to minimize the error at
a speci®cvalueof the independentvariable.We choseto optimizeERAs because
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~1! theyarecapableof providinga moreaccuratesummationof theperturbationseriesthanPadeÂ
approximantswhenthe point of evaluationis far from the origin,

~2! they containa variableparameterthat allows oneto changethe convergenceof the resulting
sequencein a continuousfashion.

In Sec. II we review the economizationof power seriesand in Sec. III we brie¯y review the
processof economizationof PadeÂ approximants.In Sec. IV we demonstratehow to optimize
ERAs to producea convergentsequencewhich reducesthe error at a speci®cvalueof the inde-
pendentvariable,even when the original PadeÂ sequencebehaveserratically. We then test this
methodon six basicfunctionsin Sec.V, and show in Sec.VI how optimizing ERAs improves
upontheconvergenceof theoriginal PadeÂapproximantswhenappliedto theperturbationseriesof
anatomicsystem.Finally, in Sec.VII we discussvariousdetailsof thenumericalprocedureused
in optimizationandsuggestan explanationfor its success.

II. ECONOMIZATION OF A POWER SERIES

In approximationtheory one often derivesan approximaterepresentationof a function ~an
approximant!, speci®edby N1 1 parameters,that havebeenderivedfrom the ®rstN1 1 coef®-
cientsof the powerseries.Sucha representationmay be, for example,the original powerseries
truncatedat theNth order,SN , or a PadeÂapproximantPm,k(x), wherem andk arethe respective
ordersof the numeratorand denominatorpolynomialsand m1 k5 N. Economizationinvolves
®ndingan alternativerepresentationfor the function containingN1 1 parametersthat possesses
the samefunctional form asthe initial approximant,but also incorporatesinformationpresentin
thehigherordersof theoriginal powerseriesto minimize themaximumerrorof thenewapprox-
imant over a speci®edrangeof x. In other words, one has an economyof representation:An
accuracyis obtainedwhich would otherwisebe achievedby taking the original approximantto
higherorder,which would requiremorethanN1 1 parametersto specify.

In this sectionwe considerthe economizationof a powerseriesrepresentation.This may be
achievedby subtractingfrom SN1 1 ~the original powerseriestruncatedat orderN1 1) a suitable
polynomialPN1 1 of the sameordersuchthat the leadingorderscancel.In otherwords,

SN1 1[ (
i 5 0

N1 1

cix
i) SN1 12 PN1 15 (

i 5 0

N

ci8x
i , ~1!

whereci8denotesthe resultingexpansioncoef®cientof xi . Naturally, the goal is to pick PN1 1 so
that the maximumerror of the new Nth order seriesrepresentationover a speci®edrangex is
signi®cantlyreduced.We cansatisfythis requirementwith theChebyshevpolynomialTN1 1 such
that

PN1 15 2cN1 1

a N1 1

2N1 1 TN1 1 , TN1 1~x/a !5
2N1 1

2 Sx

a DN1 1

1 pN~x/a ! , ~2!

wherepN(x/a ) is a polynomialof orderN anda is anarbitrary,unitlessscalingparameter.9 If we
apply the transformation

SN1 1[ (
i 5 0

N1 1

cix
i) CN[ SN1 12 2cN1 1

a N1 1

2N1 1 TN1 1~x/a !5 (
i 5 0

N

cix
i2 pN~x/a !5 (

i 5 0

N

ci8x
i , ~3!

we producean economizedpower seriesrepresentationCN of order N provided a is chosen
suf®cientlysmall and x lies within the region 2 a< x< a . When a5 0 we recoverthe original
representationSN1 1 .

Themaximumerrorof this newNth-orderpolynomial,CN , for ®nitea is nearlythesameas
the maximumerror of the (N1 1)th order polynomial SN1 1 and considerablylessthan SN . In
Fig. 1~a! the errorsfor the powerseriesandeconomizedpowerseriesexpansionof f (x)5 ex are
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shownfor valuesthroughoutthe range2 1< x< 1. Herewe haveseta5 1, which guaranteesthat
theeconomizationprinciplewill apply throughoutthe rangeshownin the®gure.6 As we cansee,
the maximumerror of C3 is only slightly larger than S4 , but is considerablysmaller than S3 .
However,we emphasizethat in certain regions,especiallynear the origin, evenSN providesa
better representationof the function. Again, the errors we discussedpreviously correspondto
maximumerrorsthroughouta speci®edrange,anddo not indicatein any way how the errorswill
compareat a speci®cvalue of x. Economizingthe power seriesrepresentsa trade-off; the error
will belargerin someregions,but thereis a guaranteethatthemaximumerrorof theentireregion
will be lower.

For thoseinterestedin ®ndingan analyticapproximationfor a function in powerseriesform
that is valid for a speci®crangeof the independentvariablex andis aseconomicin its expression
aspossible,insuringthat themaximumerror is assmallaspossibleis essential.However,in most
applicationsof perturbationtheoryit is desirableto minimizetheerrorat a particular valueof the
independentvariable x, irrespectiveof the effectsthis hason the maximumerror throughoutthe
range.We will denotethis valuex0 . The fact that the parametera is arbitrary and continuous
allows us, in principle, to raise a from 0 until it reachesa valuethat minimizesthe error at x0 .
This is illustratedin Fig. 1~b!, which is a closeupof Fig. 1~a! nearx05 0.42.At this x0 the error
in C3 for a5 1 is signi®cantlylargerthanS4 . However,if we hadinsteadincreaseda to thevalue

FIG. 1. ~a! Comparisonbetweenthe error of the third andfourth orderpowerseriesexpansions,S3 andS4 , andthe third
order economizedrepresentationC3 for the function f (x)5 ex, wherewe havehighlighteda speci®cvalue of the inde-
pendentvariablex0 at x5 0.42.Themaximumerrorof C3 is considerablylower thanS3 , andcomparesfavorablywith S4 .
However,theerror is largerin someregionsof x, especiallyneartheorigin. ~b! A closeupof thecircledregionin the®rst
®gure.Whena 0 approaches0.61weseethattheerrorof C3(x) reducesdramaticallyat x0 . Noticethatincreasinga further
to a5 1 leadsto considerableerror at x0 . (S3 not shown.!
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a5 0.61, the resultingerror in C3 would havebeenconsiderablylower thanS4 .
From hereon, we designatethe valueof a that reducesthe error at x0 to a minimum asa 0 .

Finding a 0 when the original function is not known is the goal of this research,but we ®rst
describehow the processof economizationis appliedto problemswherethe function is approxi-
matedby a PadeÂapproximant.

III. PADEÂ AND ECONOMIZED RATIONAL APPROXIMANTS

When the original power seriesSN divergesit is often bene®cialto replaceit with a more
suitablerepresentationsuchasa PadeÂapproximant:

SN~x! ) Pm,k~x! [
Pm~x!

Qk~x!
5

a01 a1x1 a21 ...1 amxm

11 b1x1 b2x21 b3x31 ... 1 bkx
k , ~4!

wherethe orderN5 m1 k. The coef®cientsarechosenso that the PadeÂapproximantandits ®rst
N derivativescoincidewith thoseof theoriginal powerseriesrepresentationat theorigin. We can
economizethePadeÂapproximantin muchthesameway aswe economizedthepowerseriesin the
precedingsection.The correspondingeconomizedrationalapproximantCm,k is6

SN1 1~x! ) Cm,k~x!5
Pm~x!1 ( j 5 0

N2 1g j 1 1Pi~x!1 g0

Qk~x!1 ( j 5 0
N2 1g j 1 1Q j 2 1~x!

, ~5!

where

g j 1 15
dN1 1

d j 1 1

a N2 j

2N t j 1 1 , g052
dN1 1a N1 1t0

2N ~j 5 0,1,...,N2 1! , ~6!

and t i is the Chebyshevcoef®cientof xi . The coef®cients$di%are given by di5 ( j 5 0
k ci 2 jb j ,

where$ci%aresimply theexpansioncoef®cientsof theoriginal powerseriesandk is thepowerof
theleadingcoef®cientof Qk . As for thePadeÂapproximantsPm,k(x), m andk aretheordersof the
polynomialsof thenumeratoranddenominator,respectively,andm1 k5 N. To calculatetheERA
from Eq.~5! PadeÂapproximantof theform in Eq.~4! mustbechosenandgenerated,producingthe
termsPi , Qi , and bi . From the coef®cients$bi%we can determinethe coef®cients10 $di%and,
therefore,calculatethe parametersg0 andg j 1 1 .

Like PadeÂapproximantsPm,k , the ERAs Cm,k are speci®edby (m1 1)1 k5 N1 1 param-
eters.Whena is reducedto 0, theERA Cm,k is identicalto thePadeÂapproximantPm,k . TheERAs
areeconomizedin thesamesenseasfor theeconomizedpowerseriesCN of Sec.II. For thePadeÂ
approximantsPm,k , theseN1 1 parametersare derived from the ®rstN1 1 coef®cientsof the
power series;however,the N1 1 parametersspecifying Cm,k are derived from the ®rst N1 2
coef®cientsof the power seriesso that the maximumerror over 2 a< x< a is minimized.The
(N1 2)th coef®cient,cN1 1 , of thepowerseriesis neededto calculatetheg i . ~A proof thatCm,k
economizesthe PadeÂapproximantPm,k for suf®cientlysmall a is given in Ralston.6!

In Fig. 2 we comparethe error betweena PadeÂapproximantandthe correspondingERA for
the function f (x)5 log(11 x) when a5 1. As expected,the ERA has a lower maximum error
throughoutthe range2 1< x< 1, andfor somevaluesis signi®cantlymoreaccurate.

As in Sec.II, insteadof using ERAs to minimizing the maximumerror over a rangeof x
speci®edby a, we canuseERAs to minimize the error at somespeci®cvaluex0 of the indepen-
dent variable x by choosinga suitablevalue for a. We now turn our attentionto ®ndingthe
appropriatevalueof a.

IV. OPTIMIZING THE SCALING PARAMETER

Thereappearsto be no de®nitiveprescriptionin the literature for determiningthe optimal
value of a of an ERA, which we denotea 0(m,k), that minimizesthe error at a point x0 . We
basedour methodfor ®ndinga 0(m,k) on threeassumptions:
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~1! If the optimizedERA providesa goodrepresentationof the original function at a particular
point, then,for suf®cientlylargeN, the valueof the optimizedERA will convergesmoothly
towardsthe correct value as the order is increasedtowardsthe maximumorder, N, of the
powerseries.Thereforethe valuesof the sequenceof optimizedERAs will ®t closely to the
function of the form GA(N)[ A(12 e2 g(N)), where g(N) is a smooth function such that
g(N)! ` asN! ` andA is the fully converged(N! ` ) valueof thesummedpowerseries.

~2! We also requirethat limN! ` exp@2 vN#g(N)5 0 for all v . 0. Therefore,in the vicinity of N
5 N0 we canexpandg(N) in a Taylor seriesaboutN0 andwrite

GA~N!5 A~12 e2 g~N0! exp@2 g8~N!uN0
DN$11 @g9~N!/~2g8~N!!#N0

DN1 ¯ %#!' A~12 e2 sNB!,
~7!

whereDN[ N2 N0 , B5 exp@N0g8(N)uN0
2 g(N0)#, s5 g8(N)uN0

, and the approximationholds
whenN0 is suf®cientlylargeandN is in thevicinity of N0 . Hencewe determinethevalueof
a5 a 0(m8,k8) which optimizesthe accuracyof eachCm8,k8 in a sequenceof approximants
m85 (m1 i ), k85 (k1 i ), wherei is an integer,as follows. We requirethat the valuesof a
sequenceof optimizedERAs at largeN5 m81 k8 locally ®t closeto a function of the form

FA,B,s~N! [ A~12 e2 sNB! , ~8!

whereA, B, ands arearbitrary®ttingparameters,regardlessof thenatureof theoriginal series
~convergent,or divergent!.

~3! If a for the@m,k#approximantis optimizedwhena5 a 0(m,k), thentheoptimalvalueof a for
all approximants@(m1 i ),(k1 i )# of thesamesequencenear@m,k#, wherei canbepositiveor
negativeandnot too far from zero,will be closeto a 0(m,k). Therefore,whenlocally ®tting
asequenceto a functionof theform FA,B,s(N), eachapproximantmaybeassumedto havethe
samevalueof a.

The basisfor optimizing a cannow be easilysummarized:Theoptimal valueof a is that which
producestheclosest®tto thefunctionof theform FA,B,s(N) whereA, B ands> 0 are determined
by the ®t. Since the functional form FA,B,s(N) for the optimal convergenceemergeslocally at
large orders,FA,B,s(N) should be ®ttedto the last availableterms of the sequencewhere this
behavioris moststronglymanifested.Four termsof the sequencearethe minimum necessaryto
determinethe four quantitiesa 0 , A, B ands specifyingtheoptimal®t.At this point we candetail
an algorithmfor optimizing a:

FIG. 2. The error of the PadeÂapproximantP4,4(x) and the correspondingeconomizedPadeÂapproximant(ERA) C4,4(x)
for the function f (x)5 log(11 x). Here,a5 1. Notice that the overall maximumerror of C4,4 is muchlower thanP4,4 , at
leastover the interval shown.Outsidethis interval the error in C4,4(x) divergesaswell.
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~1! Selecta sequenceof ERAsspeci®edby the integerp, wherep5 m2 k, for someinitial value
of a.

~2! For this valueof a ®ndthevalueof A, B ands which maximizesthe®tof FA,B,s(N) to thelast
four termsof the ERA sequence.

~3! Choosea new valuefor a andrepeatStep2.

The valueof a which maximizesthe ®t is designateda 0 , from which the last andmostaccurate
approximantin thesequenceis generated.In therestof thepaperwe referto this lastapproximant
of an optimizedsequenceasthe optimizedERA anddenoteit by Cm,k

a 0 .
In practicewe performstep2 througha least-squares®tto the last four termsof thesequence

by minimizing S i 5 0
3 @Cm2 i ,k2 i

a 2 (A2 e2 s(N2 2i )B8)#2 with respectto the linear parametersA and
B8, whereB85 AB. We usethecoef®cientof determinationR2 to quantifytheaccuracyof the®t,
whereR2 is the squareof the multiple correlationcoef®cientR, andis given by

R2[
S i 5 0

3 ~A2 e2 s~N2 2i !B8! 2

S i 5 0
3 ~C~m2 i ! ,~k2 i !

a ! 2 5 12
S i 5 0

3 @C~m2 1! ,~k2 i !
a 2 ~A2 e2 s~N2 2i !B8! #2

S i 5 0
3 ~C~m2 i ! ,~k2 i !

a ! 2 . ~9!

Thecoef®cientof determinationR2 clearly runsbetween0 and1, anda perfect®tcorrespondsto
R25 1. The maximizingof the ®t with respectto the nonlinearparameters is achievedby maxi-
mizing R2 with respectto s. Theoptimalparametera 0 is thatvalueof a for which themaximum
valueof R2 with respectto s, is maximized.11

As in Fig. 1 and the discussionin Sec. II, we can see in Fig. 3 @in this case, for
f (x)5 1/(11 ex)#how optimizationreducestheerrorof theERAs:As a is sweptfrom 0, theerror
reducesuntil it reachesa ~near! minimum at a 0 , correspondingto a sequencehavingthe closest
®t to an exponentialfunction.Beyonda 0 the error beginsto increase.

This procedureis illustrated in Figs. 4~a!±4~d! for f (x)5 tanh(x). At a5 0 ~the PadeÂ se-
quence! the highest-orderedterm appearsto be reasonablyaccurate,but the lower-orderedterms
do not convergetowardsthe correct value in a smoothfashion.As a is increased,the lower-
orderedtermsbeginto dropin valuesoasto createa monotonicsequencethatultimately®tsvery
closelyto an exponentialline. Finally, at somevalueof a the termsline up very preciselyto the
exponentialline. Oncethis point is reachedthecorrespondingvaluefor a is designateda 0 andwe
canthendeterminewhetherthis ~optimized! ERA is moreaccuratethantheoriginal PadeÂapprox-
imant.

FIG. 3. The role optimization plays in reducing the error of an ERA to a minimum. The function here is
f (x)5 1/(11 ex) in theasymptoticregion.As a is sweptacrossa 0 we seethat theerror reducesto a minimum at a value
very closeto a 0 . This minimizationof erroroccursin muchthesameway aschoosingan optimalvaluefor a reducesthe
error of a powerseries,aswe found by comparingFigs.1~a! and1~b!.

5819J. Math. Phys., Vol. 41, No. 8, August 2000 Local optimization of power series summations



Beforewe summarizeour resultsin the next section,we shouldnotethat ERAs which origi-
nally ~that is, whena5 0) haveoscillatoryconvergencedo indeedtendtowardsmonotoniccon-
vergenceasa is increasedtowardsits optimal value.This canbe seenin Figs.4~a!±4~d!. ~For a
discussionof similar behavior,seeRef. 12.!

V. RESULTS

We testedthis methodfor determininga 0 on the PadeÂapproximantsgeneratedfrom power
seriesof six known functions:

f~x!5 1/~11 ex! , ~10!

f~x!5
~ex! 1/x

A2p x
G~1/x! , ~11!

f~x!5 ex, ~12!

f~x!5 log~11 x! , ~13!

f~x!5 arctan~x! , ~14!

f~x!5 tanh~x! . ~15!

The power seriesof the secondfunction listed is an asymptoticseries.We now summarizethe
results.

FIG. 4. ~a!±~d! Economizedrationalsequencesasthe parametera is variedfrom 0 ~equivalentto the PadeÂsequence! to
4.662~correspondingto theoptimizedeconomizedrationalsequence!. Notethechangeandre®nementof theverticalaxis.
The function beingapproximatedhereis f (x)5 tanh(x) at x05 6, with the actualvaluerepresentedby the horizontalsolid
line. For eacha, thesecondsolid line correspondsto thebestexponential®tFA,B,s(N). Thecoef®cientof determination,
R2, is maximizedat a 0 .
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~1! Enhancedaccuracyand convergence. The most dramaticimprovementover PadeÂapproxi-
mantsinvolved the test function f (x)5 1/(11 ex), which hasa radiusof convergenceof p
~therearepolesat x56 ip ). At x05 6000,theoptimizedERAsweremoreaccurateat second
order (m5 k5 1) than the PadeÂ approximantsat 16th order. From the results shown in
Fig. 5 andtheright-handcolumnsof TableI, thePadeÂapproximantsdo not evenappearto be
convergingto the correctvalue. The optimizationof the asymptoticseriesrepresentingthe
functionin Eq.~11! improvedtheaccuracyto nearlythesameextent,asshownin TableII and
Fig. 6. As we see in Table III and Fig. 7, improvementin convergenceof f (x)5 ex at
x05 8Ð wherethe low-orderPadeÂapproximantsareessentiallyworthlessÐwasalsoremark-

FIG. 5. The magnitudeof the errors in the PadeÂ approximantsand optimized ERAs for the asymptotic region of
f (x)5 1/(11 ex). Here,as in the restof the ®gures,PadeÂapproximantsaredenotedwith opencircles joined by straight
dashedlines, whereasERAs are denotedwith solid dots.The vertical axis is log scaled,so the differencesin error are
considerable.The conversionfrom an alternatingsequenceto a monotonicsequenceis very clear. Note that the PadeÂ
approximantsdo not appearto be evenconvergingto the correctvalue,asthe error is stabilizingto a nonzerovalue.The
errorsherearederivedfrom the datain TableI.

TABLE I. Resultsshowingdramaticimprovementin low orderconvergenceandaccuracyof a PadeÂapproximantPm,k by
optimizingthecorrespondingeconomizedrationalapproximant~ERA! Cm,k

a 0 . Thefunctionhereis f (x)5 1/(11 ex), evalu-
atedat the two points, x05 6 and x05 6000.Note that relying on the low-orderPadeÂapproximantleadsto considerable
error, whereaseven the low-order optimized ERAs are signi®cantlymore accurate.This is especiallyapparentin the
asymptoticregion ~right-hand columns!, where the @1/1# optimized ERA is more accuratethan even the @8/8# PadeÂ
approximant.~!! ~SeealsoFig. 5.! The last row in the tabledesignatesthe error of the highestorderedapproximant.

x05 6 Exact value:0.002472623157 x05 6000 Exactvalue:' 102 2606

@m/k# Pm,k Cm,k
a 0 a @m/k# Pm,k Cm,k

a 0 b

@0/0# 0.50000000 0.50000000 @0/0# 0.50000 0.50000
@1/1# 2 1.0000000 0.24105856 @1/1# 2 1499.5 0.41447
@2/2# 0.12500000 0.021910077 @2/2# 0.49950 0.26411
@3/3# 2 0.021739130 0.0011931096 @3/3# 2 249.50 0.11724
@4/4# 0.0050761421 0.0024686256 @4/4# 0.49833 0.035395
@5/5# 0.0022727273 0.0024781024 @5/5# 2 99.501 0.0076689
@6/6# 0.0024837600 0.0024726212 @6/6# 0.49650 0.0012793
@7/7# 0.0024721536 0.0024726186 @7/7# 2 53.073 0.00015866
@8/8# 0.0024726386 0.0024726231 @8/8# 0.49400 0.000025680

Error 2 1.546023 102 8 1.682123 102 12 2 0.49400029 2 0.000025680

aa 05 8.757,FA,B,s(N)5 0.00247262091 0.1049650717exp(2 sN), s5 9.860.,R25 0.9999995.
ba 05 529.71,FA,B,s(N)52 0.0000307011 0.045665exp(2 sN), s5 1.78,R25 0.99996.
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able.Evenat 16thorder~TableIV andFig. 8, for x05 10) optimizationproducesanERA with
an absoluteerror of only 53 102 3, comparedto the PadeÂapproximanterror of 1837.Even
more noteworthyin the table and ®gureis the improvementover dual-parametrizedEuler
transformations,consideredto be highly effective for summing the power seriesof this
function.13 We alsoshowin TablesV andVI the optimizationresultsfor the functionsf (x)
5 log(11 x) and f (x)5 arctan(x), respectively.In thesecasesthe improvementover PadeÂap-
proximantsis lessdramatic,but nonethelesssigni®cant.

~2! Precision. Almost all of the ®tswere very precise,evenlarger than R25 0.9999999999 in
somecases.~The coef®cientof determination,R2, is notedin eachtable.!

FIG. 6. SameasFig. 5, exceptfor theasymptoticseriesgeneratedby thegammafunction@seeEq. ~11!#at x05 5. Again,
theverticalaxis is logscaled,so thedifferencesin errorareconsiderable.Theseerror resultswerecalculatedfrom thedata
in TableII.

TABLE II. PadeÂandERA valuesfor theasymptoticpowerseriesgenerated
from Eq. ~11! at x05 5. For brevity we omit the low-orderedresults.The
errorsareplottedin Fig. 6, andin Fig. 11 we showtheresultswhenthePadeÂ
approximantsareoptimizedindividually at eachsuccessiveorder.Note that
thevalueA5 1.3796669~theconvergedlimit of the®ttingfunction! is more
accuratethanthehighestorderedERA, sotheexponential®tmaywell apply
globally aswell aslocally. Note thata straightsumof theasymptoticseries
is optimally truncatedat the zerothorder term,and so is unity.

Exactvalue:1.380290405
@m/k# Pm,k Cm,k

a 0 a

@5/5# 1.4354227 1.3865357
@6/6# 1.3220338 1.3753524
@7/7# 1.4236428 1.3794838
@8/8# 1.3335364 1.3786878
@9/9# 1.4163588 1.3789340
@10/10# 1.3409803 1.3790855
@11/11# 1.4113652 1.3791569
@12/12# 1.3462210 1.3792392
@13/13# 1.4077065 1.3793082
@14/14# 1.3501264 1.3793661

Error 0.030164 0.00092430

aa 05 1.089, FA,B,s(N)5 1.37966692 0.0006082153exp(2 sN), s5 0.176,
R25 0.99999999.
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~3! Transformationof alternating sequencestowardsmonotonicsequences. We alreadysaw in
Figs.4~a!±4~d! how the optimizationprocesstransformsan alternatingPadeÂsequenceinto a
monotonicsequence.Analogousbehaviorwasnoticedby Le Guillou andZinn±Justinwhen
theyoptimized~usinga differentmethod! sequencesof Borel-Leroytransformations.12 In each
casewhere the PadeÂ approximantswere alternatinglyconvergent,the optimization process
found a value for a 0 which coincidedwith a monotonicallyconvergentsequence.For ex-
ample, the PadeÂ sequencefor f (x)5 arctan(x) convergesalternatingly towards the correct
value.Yet, thereexistsa value a 0 that not only producesa sequencethat is monotonically
convergent,but asseenin TableVI andFig. 9 the error of eachapproximantis signi®cantly
lower thanthe PadeÂapproximantat all orders.This behaviorwasrepeatedfor the test func-
tions f (x)5 ex ~TableIII ! and f (x)5 tanh(x) ~TableVII !.

~4! Stability with respectto the point of evaluation. The optimizationmethodappearsto offer
signi®cantimprovementno matterwhich valueof x0 is chosen,up until thepoint whereboth
PadeÂapproximantsandoptimizedERAsfail to converge.TableI showsthatin somecasesthe
improvementin accuracy~asmeasuredby the numberof additionaldecimalplacesof accu-
racy!, in comparisonto the original PadeÂapproximant,actually increasesfor largerx0 .

FIG. 7. The magnitudeof the errorsfor f (x)5 ex at x05 8. In this example,the bestexponential®tof the ERA sequence
is not completelymonotonic,which explainsthe rise in error~exaggeratedby the vertical logscaling! at N5 8. Again, the
verticalaxis is logscaledso thedifferencein accuracybetweenthe two approximatesis considerable.The relevantdatais
tabulatedin TableIII.

TABLE III. AnothercomparisonbetweenPadeÂapproximantsandoptimizedERAs.Here, f (x)5 ex at x05 8 and both the
diagonalandoff-diagonalsequencesaretabulated.The errorsfor the diagonalsequenceareplotted in Fig. 7.

Exactvalue:2980.957987
@m/k# Pm,k Cm,k

a 0 a @m/k# Pm,k Cm,k
a 0 b

@0/0# 1.00000 1.00000 @1/0# 9.00000 25.5324
@1/1# 2 1.66667 8.12615 @2/1# 2 10.2000 241.537
@2/2# 4.44286 192.552 @3/2# 23.9333 1603.42
@3/3# 2 18.0769 2988.20 @4/3# 2 99.3871 2982.66
@4/4# 101.952 2995.58 @5/4# 486.046 2985.83
@5/5# 2 1212.05 2979.09 @6/5# 7444.92 2980.62

Error 4193.01 1.87293 2 4463.96 0.334190

aa 05 8.123,FA,B,s(N)5 2987.622 3.361363 109 exp(2 sN), s5 14, R25 0.99997.
ba 05 8.132,FA,B,s(N)5 2983.232 3.334043 106 exp(2 sN), s5 7.790,R25 0.99999.
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FIG. 8. A comparisonof the dual-parameterEuler transformation(PET@N,N1 2#), PadeÂapproximants,and optimized
ERAsfor f (x)5 ex at x05 10. Thehorizontalline correspondsto theexactvalueof f (x). Notice that if P7,7 weretakento
be the convergedresult~a seeminglyconvergedresultat low orders! the error would be considerable.On the otherhand,
the optimizedERAs aresigni®cantlymoreaccuratefor nearlyall orders,evenwhencomparedto PETs.SeeTableIV.

TABLE IV. Sameas TableIII, exceptat higherorder.Sincea 0 herediffers somewhatfrom that in TableIII theresulting
sequenceat all ordersdiffer aswell. Yet, the error remainssigni®cantlylower at nearlyall ordersthanthe PadeÂapproxi-
mants,demonstratingthat the optimization methodis stablewith respectto order. Here, we include the results from
applying a dual-parametrizedEuler transformation~PET!. Note the dramaticimprovementin accuracyof the optimized
ERAs over the PadeÂ approximantsand Euler transformation.As in Table III, the optimization techniqueproducesa
monotonically convergingsequence,despitethe fact that the PadeÂ approximantsare alternatingly convergent.For a
comparisonof the errorsasfunctionsof order,seeFig. 8.

x05 10

ExactValue: 22026.46579
N SN @N,N1 2# PET @N,N1 2#a @m/k# Pm,k Cm,k

a 0 b

0 1.0000000 - - @0/0# 1.0000000 1.0000000
2 61.000000 @2,4# 2 32.750000 @1/1# 2 1.5000000 5.2913740
4 644.33333 @4,6# ~complex! @2/2# 3.3076923 91.029420
6 2866.5556 @6,8# ~complex! @3/3# 2 10.428571 8427.3527
8 7330.8413 @8,10# 201718.49 @4/4# 45.375000 19093.040

10 12842.305 @10,12# 29468.144 @5/5# 2 269.64516 22 106.611
12 17435.192 @12,14# 23450.497 @6/6# 1866.0847 22 026.513
14 20188.171 @14,16# 22325.434 @7/7# 2 205032.75 22 026.360
16 21430.835 @16,18# 22085.476 @8/8# 20189.229 22026.471

Error 595.631 59.010 1837.2370 2 4.90820263 102 3

aComputedfrom an algorithmadaptedfrom Ref. 13.
ba 05 10.064,R25 0.999998,FA,B,s(N)5 22026.4151 65608.939exp(2 sN), s5 6.707.
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~5! Stabilitywith respectto order. It is importantthat this optimizationmethodnot becon®nedto
a few select~and subjective! choicesof order. In eachtest the optimized ERAs provided
signi®cantimprovementover PadeÂapproximantsno matterwhich maximumorderis chosen.
An exampleis foundby comparingthedatain TableIII for f (x)5 ex, as well asTableIV for
the samefunction.Upon individually optimizing eachERA for eachordernearN, the result-
ing valuesconvergesmoothlyto the correctvalue,asseenin TableVIII andFig. 10 for the
tanh(x) function and in Fig. 11 for the asymptoticseriesgeneratedfrom Eq. ~11!. This indi-
catesthat optimizing the ERAs at eachorder producesa sequencethat re¯ects the global
behaviorof the ®t.TableVIII clearly showshow the parametersof the local ®ttingfunctions
FA,B,s(N) adjust to provide a local approximationto GA(N) for different valuesof N. This
characteristicis especiallyevident when examiningthe optimized sequenceof the atomic
perturbationseriesin the next section.

We now demonstratethe effectivenessof the procedureas it pertainsto a physicalproblem,
whenthe original function is not known beforehand.

TABLE V. Here, f (x)5 log(11 x) at x05 5. The gainshereare not enor-
mous,but the error hasbeenhalved.

Exactvalue:1.791759469
@m/k# Pm,k Cm,k

a 0 a

@0/0# 0.000000 0.000000
@1/1# 1.4285714 1.5060643
@2/2# 1.7213115 1.7404539
@3/3# 1.7787115 1.7829493
@4/4# 1.7898952 1.7902805
@5/5# 1.7913354 1.7917137
@6/6# 1.7916838 1.7917189
@7/7# 1.7917460 1.7917528
@8/8# 1.7917571 1.7917594

Error 2.39123 102 6 1.09883 102 6

aa 05 1.141, FA,B,s(N)5 1.79175952 0.0014867123exp(2 sN), s5 1.800,
R25 0.999999996.

TABLE VI. Here, f (x)5 arctan(x) at x05 4. Notice that optimizing Cm,k
againtransformsthe alternatingPadeÂsequenceinto a monotonicsequence,
which is apparentwhenexaminingthe errorsin this datain Fig. 9.

Exactvalue:1.3258177
@m/k# Pm,k Cm,k

a 0 a

@0/0# 0.000000 0.000000
@1/1# 4.000000 2.3315173
@2/2# 0.6315789 0.9129322
@3/3# 1.9874214 1.2911074
@4/4# 1.0236425 1.2023396
@5/5# 1.5443095 1.2721575
@6/6# 1.2058444 1.2873382
@7/7# 1.4038412 1.3008169
@8/8# 1.2800401 1.3126944

Error 0.045777579 0.013123226

aa 05 1.582, FA,B,s(N)5 1.40408692 0.14911241exp(2 sN), s5 0.1224,
R25 0.9999994.
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VI. APPLICATION: ENERGY CALCULATIONS OF DIAMAGNETIC HYDROGEN AT LOW
zmzAND LARGE FIELD STRENGTHS

The hydrogenatom in a constantmagnetic®eld B is a well-studied problem in atomic
physics,14±17 mainly dueto its applicationsin astronomyandquantumchaos,andthefact that it is
fundamentallysimpleandyet permitsno analyticsolution.For this reasonmanyapproacheshave
beenemployedin orderto deriveaccurateenergyvalues,especiallyin the limit of enormous®eld
strengthssuchasthat found in white dwarfsandneutronstars.14,17 Sincethe paramagnetic®eld-
strengthtermsimply raisesor lowerstheoverall energy,mostresearchhasfocusedon theeffects
of the diamagneticterm.

In Ref. 18 we useddimensionalperturbationtheory19 ~DPT! to studythe physicalproperties
of circular ~and near-circular! statesof diamagnetichydrogenat large valuesof both B and the
magneticquantumnumberm. Theperturbationparameterd usedin DPT variesinverselywith umu,
so the resulting perturbationseriesdivergesat low values of umu for suf®ciently large ®eld
strengths.TheDPT perturbationseriesfor diamagnetichydrogencanoftenbePadeÂsummedquite
effectively at low umufor broadregionsof the spectrum,evenat m5 0 ~which correspondsto a
perturbationparameterd5 1/2).20 However, for noncircular statesin certain regions of ®eld
strengththe PadeÂapproximantseither convergeslowly or erratically. In thesesituationswe ap-
plied the optimizationproceduredescribedin this paperandfound the optimizedERAs in many
casesconvergedsmoothly and producedenergiesthat comparefavorably with thoseobtained
usinga multicon®gurationalHartree±Fock procedure.17

FIG. 9. Error comparisonbetweenPadeÂapproximantsandoptimizedERAs for f (x)5 arctan(x) at x05 4. Theconversion
from alternatingto monotonicconvergencehereis very apparent.The relevantdatais tabulatedin TableVI.

TABLE VII. The tanh(x) at x05 6. Note theprecise®t,surprisinggiven the
low-ordererraticbehaviorof the original PadeÂapproximants.

Exactvalue:0.99998772
@m/k# Pm,k Cm,k

a 0 a

@0/0# 1.000000 1.000000
@1/1# 6.000000 2 10.524225
@2/2# 0.4615384 0.57148464
@3/3# 1.3246753 0.87461628
@4/4# 0.9235352 0.96829300
@5/5# 1.0174904 0.99718535

Error 2 0.0175028 0.0028023

aa 05 4.065, FA,B,s(N)5 1.01012932 1.4199726exp(2 sN), s5 1.1747,
R25 0.999999993.
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As anexample,in Fig. 12 we illustratetheconvergenceof theDPT perturbationseriesfor the
lowest-lyingexcitedm52 2 stateat the ®eldstrengthb5 700 ~around329 MT! evaluatedusing
PadeÂapproximantsandoptimizedERAs.~The ®eldstrengthparameterb is measuredin units of
4.73 105 T.) While the PadeÂapproximantsin this casedo not convergestronglytowardsa well-
de®nedresult, the optimizedERAs convergemonotonicallyandexponentiallyat all ordersnear
the largestorder,andstill relatively low order,studiedin this paper.The ability of the optimiza-
tion processto createa smoothmonotonicconvergencebecomesevenmoreapparentwhencon-
sideringthe groundstateshownin Fig. 13, wherenine membersof the ERA sequencewereused
in a singleoptimizationto FA,B,s(N) with the samevalueof a 0 .

VII. DISCUSSION

Onemeansof determiningwhethera result is likely to be accurateis to examinethe conver-
genceof the sequenceof approximantsas the order is increasedto its maximumvalue.Erratic
behaviorin convergenceis a goodindicationthat the highest-orderedapproximantmay not be a
satisfactoryrepresentationof the function at the point it is beingevaluated.In this case,accurate
resultscould merelybe the fortunateresultof a numericalartifact. In optimizing the economized
rationalapproximants~ERAs!, the resultingsequenceis requiredto be almostsmoothandmono-
tonically convergent,which raisescon®dencethat the optimizedERA is providing a satisfactory
representationof the system.

FIG. 10. A comparisonof the convergenceof the optimizedeconomizedrationalapproximants~solid circles! with PadeÂ
approximants~opencircles! for f (x)5 tanh(x) at x05 6. Here,eachtermof theoptimizedeconomizedrationalapproximant
sequencehasbeenoptimizedindividually ~seeitem 5 of Sec.V!. Thevalueof a 0 correspondingto eachorderis shownin
parentheses.The exactvalueof f (x) is shown by the horizontalline. The dataappearsin TableVIII.

TABLE VIII. A comparisonof the convergenceof the optimizedERAs as the parametera is individually optimizedat
eachorder,for f (x)5 tanh(x) at x05 6. Notice thata 0 , s ~theexponential®ttingparameter!, andR2 areroughly thesame
at all orders,and that the valuesof the resultingapproximantsconvergeasymptoticallytowardsthe correctvalue,sug-
gestingthat this methodof optimizing theERAs is stablewith respectto order.This datais plottedin Fig. 10. Theerrors
for the PadeÂapproximantsat eachorderarealsotabulated.The numbersin parenthesescorrespondto powersof 10.

Exactvalue:0.99998772
@m/k# Cm,k

a 0 A B s R2 Error (Pm,k) Error (Cm,k
a 0 )

@5/5# 0.9971854 1.010129 2 1.42033 1.175 0.9999999872 2 1.8~2 2! 2.8~2 3!
@6/6# 0.9991068 1.000052 2 1.23328 1.793 0.9999999988 3.0~2 3! 8.8~2 4!
@7/7# 0.9998925 1.000050 2 0.205655 1.795 0.9999999995 2 4.0~2 4! 9.5~2 5!
@8/8# 0.9999752 0.9999930 2 0.0549783 2.010 0.9999999991 4.5~2 5! 1.2~2 5!
@9/9# 0.9999869 0.9999880 2 0.00798289 2.189 0.9999999984 2 4.1~2 6! 9.1~2 7!
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A few remarkson thenumericalprocessarein order.We usedtheminimumnumberof points
neededto determineA, B, s anda. As canbeseenfrom Fig. 13 we cansometimestakemanymore
thanfour pointsandstill provideanaccurateexponential®t.Generallythough,themoretermsthat
are included, the lower R2 and the less accurateare the results at the relatively low orders
consideredin this paper.This is to be expectedsincein general,as we notedabove,the ®tting
functionFA,B,s(N) will bevalid only locally, not globally,aroundN5 N0 . Sincetheleast-squares
®t usedin this paperweightsall pointsequally,any additionaltermsof the sequenceusedin the
®t could lower R2 and result in a lessthan optimal a for the last approximantof the sequence.
Even if the ®ttingfunction happensto be globally appropriate@asappearsto be the casefor the
log (11 x) function#, thereis thepossibilitythattheearliertermsof asequencehavenon-negligible
®nite-N correctionsto the large-N exponentialbehaviorof theerror.Again sincethe least-squares
®t weightsall points equally, any additionalearlier termsof the sequenceusedin the ®t could
lower R2. Keepingthenumberof termsof thesequenceusedin the®ttingto theminimumnumber
of four guardsagainsttheseerrors.

FIG. 11. Anotherexampleof individual optimization,but for theasymptoticseriesgeneratedby thegammafunction@see
Eq. ~11!#. Again, the numbersin parenthesescorrespondto the a 0 for eachparticularorder.In this case,the exponential
®t is not only preciselocally, but also appearsto apply globally as well. The equationof the line shown is given by
1.379428982 0.0008876041exp@2 0.641N#.

FIG. 12. Theenergyof the lowestlying m52 2 stateof diamagnetichydrogenfor b5 700(329MT) . Thehorizontalline
correspondsto the multicon®gurationalHartree±Fock calculationof Ruder ~Ref. 17!. Note that the ERAs have been
optimizedindividually.
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In general,the®ttingparameterA @that is, limN! ` FA,B,s(N)#will not be theconvergedvalue
of thesequencesinceFA,B,s(N) is valid only locally, not globally.However,if R2 is exceptionally
large as with the function f (x)5 log (11 x) ~seeTable V!, A can be more accuratethan the last
approximate,implying that the ®tting function, FA,B,s(N), may well be globally valid for this
function.

As a is increasedtherewill usuallybemultiple regionsof a wherethe last four approximants
line up closeto anexponentialline and,asanexample,in TableIX we tabulatethevaluesof the
diagonaloptimizedERAs for the function f (x)5 exp(x) at the next andslightly largervalueof a
at which this occurs.Again the optimizedERAs convergeto the correctanswer,somewhatmore
slowly thanat the smallervalueof a ~seeTableIII !, but still signi®cantlybetterthanthe perfor-
manceof the PadeÂapproximants.We havefound that the smallestvalueof a for which the last
four pointsline up closeto anexponentialline yieldsthelargestvalueof R2 andthemostaccurate
results.This is perhapsto beexpectedsinceERAs``spreadtheerror'' without systematicfavor in
the region from the origin to x' a . The larger the valueof a, the larger the region the error is

FIG. 13. Sameas Fig. 12, but for thegroundstateat b5 1.5(705kT). Herewe showthatwe canoften incorporatemany
elementsof thesequenceinto theoptimizationprocess.Again, thehorizontalline correspondsto theenergycalculatedby
Ruderet al. As in theother®gures,theoptimizedERAsareshownby solid dots,with thebest-®ttingexponential®tshown
by a solid line.

TABLE IX. DiagonalPadeÂapproximantsandoptimizedERAsfor thefunc-
tion f (x)5 ex at x05 8. However,here the next largestvalue of a which
optimizesthe convergenceis used.This tableshouldbe comparedwith the
resultsof TableIII andFig. 7 wherethesmallerandmostoptimizedvalueof
a is used.Note that the convergence,thoughstill betterthan for PadeÂap-
proximants,is signi®cantlyworsethanfor theoptimizedERAsat thesmall-
estvalueof a at which the last four termsof the sequenceline up closeto
an exponentialline.

Exactvalue:2980.957897
@m/k# Pm,k Cm,k

a 0 a

@0/0# 1.00000 1.00000
@1/1# 2 1.66667 3.97462
@2/2# 4.44286 97.3388
@3/3# 2 18.0769 1877.56
@4/4# 101.952 2658.54
@5/5# 2 1212.05 2999.70
Error 4193.01 2 18.7424

aa 05 9.541, FA,B,s(N)5 3266.612 7232.74exp(2 sN), s5 0.8251,
R25 0.99999992.
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``spread''overandsothelargertheaverageerrorbecomesfor x< a . Thereforeonewould expect
thebestresultsto beobtainedfor thesmallestvaluefor which the last four pointsline up closeto
anexponentialline. However,astheabovediscussionmakesclear,this smallestvalueof a cannot
be muchsmallerthanthe valueof x at which the seriesis beingsummed.As PadeÂapproximants
sometimesappearto convergeto the wrong value~an exampleappearsin Fig. 5! it would not be
surprisingif this weretrueof optimizedERAsaswell. Indeed,if onechoosesan``optimal'' value
of a which is too large,eventhoughthe last four pointsarelining up aroundanexponentialline,
the sequenceof ERAs appearto convergeto the wrong result.

In orderto furtherunderstandwhat is taking placeduring the optimizationprocesswe exam-
ined the effectsthe optimizationprocesshason the singularitystructureof the ERAs.As seenin
Fig. 14 for theentirefunction f (x)5 ex, at a 0 thepolesappearto belocatedsuchthatthedistance
of the closestpole to the point of summationis roughly maximized.Sinceex hasno singularities
exceptat in®nity, the polesmark isolatedregionsat which the ERAs locally fail. Thereforethe
optimizationprocessmovesthe polesso that they are,asa whole,suf®cientlyfar from the point
of evaluationthat their disturbingeffectsareminimized.If a is chosenlargeenoughthe polesin
Fig. 14 movefar to the right of thesummationpoint andwe might imaginethat yet betterresults
would be obtained.However,aswe havenotedabove,the overall error at the summationpoint,
x0 , of an ERA generallybecomesvery largewhena@x0 , andthis worksagainstthereductionof
the error resultingfrom moving the poleswell awayfrom the summationpoint.
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