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ABSTRA CT

Dimensionabperturbation theory (DPT) is a powerful calculationaland descriptie tool for studying
atomic and molecularsystems.For the diamagnetichydrogenproblemDPT is equinalen to largejmj
perturbationtheory oncethe trivial paramagneti¢erm is dropped, sincethe dimensionalit D and the
magneticquarium number, m, only erter the problemthroughtheterm =D+ 2mj 1. Here,the
Sdiredingerequationis expandedabout the jmj! 1 Ilimit usingthe perturbationparameter 1= .
Avoidedcrossingareencouteredasjmj changedgrom the completelyseparablgmj! 1 limit to nite
values,and provide a metanismfor energylevel reorderingwith changesn jmj. To understandhese
avoided crossingsthe dependenceof the brand poirt structurein the complex -planeon the eld
strengthB is examined. A parameterizations formulated that smathly descrilesthe trajectory of
thesebrand points in the complex -planeasa functionof B, includingnon-analytidoehavior at Fermi
resonances.
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Dimensional Perturbation Theory in Atomic Physics

The study of physicalsysteman unphysicaldimensiond is nov widespreadn physicsand physical

chemistry| particularlyin statisticalmedanics particleand nuclearphysics,and quarium o_u_“_om.p?
For atomic and molecularsystemgshe D ! 1 Ilimit (whidh correspndsto the jmj! 1 Ilimit) is

exactlysolubleand applicationsof dimensionaperturbationtheoryandrelatedapproabesinclude

Atomic Starkand Zeemare ect in strong elds.[5 6, 8, 9, 45

Two electronatoms,up to andincludingdoublyexcitedstates.[46, 10{27]
Exotic threeparticlesystems.[45

Multi-electronatoms.[2328,29 30]

H, andH3 with xed nuclei.[6,17,25,31{35]

Potertial scattering.[3b

Resonanc®Vidths.[9 37,39

Virial expansions.]3

Exponetially smallsplittingsresultingfrom degenerateninima (for exampleH3 )| instarton calcu-
lationsaroundthe classicaD! 1 [imit.[33]

Reggelrajectories.[39

Some of the Adv antages of Dimensional Perturbation Theory

For mary propertiesthe largeD limit is comparabléo D = 3. For examplewith a hydrogenatom
in amagneticeld B=94 1@ G, the 0" ordervaluesof h i andbindingenergyEg di er fromthe

2



corvergedgroundstatevaluesby only 8.4%and 3.3%respectiely.

Veryusefufor weaklyandstronglycorrelatedystems:>%1> ReasonUnlike (say) B m:aw expansions
ewery term in the Hamiltonianis includedat 0" orderto someextert. Therefore,dimensional
perturbationtheorycanbe appliedto a hydrogenatomin any magnetic eld strength.

Higherordercce cients of the 2 expansiormay be calculatece ciently and, apart from round-o
error,exactlyto high orderl418192232

Formulation of the w Expansion and Large Dimension Limit

1. Here,the D -dimensionabdiredingerequationis

e 1 2, .2 2 4 +3 B22 Z= N - (- .
> M r +r z + m 2 + m ﬂ_v A ) Nv - mA. NVA ) Nv, A“_.v
=D+2m) I (2)

where( ; z) = JN: . z) andB is measuredn units of 2235 1® G.

2.D andjmj only erter the Sdredingerequationvia . Conseuently the Schmedinger equation

displaysa completeladder of exactinterdimensionaldegeneraciesgeneated by the dimensional
link:

(mD) ' (m+LD 2): (3)
Dimensional perturbation theory  Angular momentum perturbation theory alout jmj! 1 .

3. Rescalall radial coordinates.

E= °E B= °B:



A = 5 r2+r 2 + Vi (=2; (4)
1 4+32 B2~ Z
A\mZA\wN‘vH g-2 + 8 ﬁU+|N¢m“
1 1
~ D+2mj 1 )

4.As ! 1 wehavean\electrostatic"problemandtheelectrorsettlesat the minimumoflim | o Vet (= 2)
at (= m;2=0). Thusthelarge limit (largeD and/or jm;j limit) is a classicalimit in whic the
electronis constrainedo a hyperspheref radius~= , perpendicularto B.

5. Write
~= o+ Xy 2= X, E=E; + Eo+ A Ey L
i=1
. v‘k . _+H . . v‘k . _.
M+ =E; + Mo+ HI_OS_XNV 2 and (52 = o(XyX2) + ) i(X1;X2) 2:
1= 1=

Equatingpowersof 2 leadsto anin nite setof inhomogeneoud erential equations

Ny
.uo%: E) pj=0 p=02L2:::; (6)
1 1 1 1
Mo = Zr2+r2 + 2155+ 215x5 (7)
3 22z B? Z
_NH + . _NH| m
L7424 3 4 2”3 (8)

and E .1 = 0, which may be sohedfor the expansiortee cients E; and (X1 X2).
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6. Eq. (6) for p= 0is a 2-D SHOequationfor o(X1; X2) and Ey,.

0 1 0 1
1 1 1
Eiz@ 4+ ZAl,+@ ,+ ZAl 9

j 12 o(X1;X2) = h HAUJV@ h N% T5X2); (10)

wherethe ; are the radial quartum numbers of the SHO eigenfunctions . (x) normalizedover
1 X 1 . The harmonicmotionsare calledLangmuir vibrations.

7. The 2-D SHO quartum numbers 1 and - in the \unperturbed"” statej ; ,i correlatewith the
number of nodesin the ” and 2 directionsrespectively. From hereon, this will be usedto label the
character of the statescorrespndingto a particularenergyle\el.

8. We calculatethe perturbation expansiorusingE; , Eq andj 1 »i via the simplestand most suc-

cessfumethal, the matrix methald, whid yieldsboth energyand wavefunctionseriesdirectly and
exactly?643145

Dimensional Perturbation Theory and Circular Rydb erg States

CircularRydberg (CR) states:Statesfor whidh jmj=n 1 1.
Asjmj! 1 ( ! 1) theelectroncon nesto anorbit alonga circleperpendiculano B.

Largejmj $ Small : (11)

Thus for largejmj stateswe expect dimensional perturbation theory to be particularly e ective.

Largescalenumericalcalculationgor circular Rydberg stateshave traditionally beenmadé? by ex-
pandingthe wavefunctionin termsof sphericaharmonicsthe natural weak- eldbasis.



In contrast, DPT (1) exploitsthe semiclassial nature of CR statesand (2) is applicableover the
entire rangeof B - elds becauseboth Coulombic(dominant for small B) and magneticinteractions
are incorporated to someextent at all orders.

E as a function of B

Fig. 1. Harmonic (Oth) order energy levels as functions of B for diamagnetic hydrogen, with jmj= 33

The Oth orderHamiltonianincorporatesthe e ectsof B appraimately Thereforethis plot of E as
a functionof B displays the correctorderingof the stateswith resgctto energyin both the B =0
andB! 1 limits.

Hamiltonianis separablén * and2 at harmonicorder =) Levelcrossingsoccurat valuesof B
wheretwo or moreenergiebecomalegenerate.

Degeneraciestf m! ; = n!l , (Fermi resonanceondition), wherem and n are any two positive
constats, then degeneraciesill existbetweenary states(again,denotedby | 1 »i) wheneer

m 1+ n » = constah: (12)

Two exampleof a Fermiresonancare highlighed in Fig. 1| a 2:1 Fermiresonancé¢! ; = 2! ,)
betweenthe j03 andjll states(wherethe red and greenlewelscross)and a 4:1 Fermi resonance
(! 1=4! ;) betweenthe j05 andjll states(wherethe redandbluelewelscross).

W e focus on the 4:1 Fermi resonance



Fig. 2. Evolution of the energy levels of the jO5 and j11i states asthe order is increased above harmonic.

Thesetwo statesare degeneratat harmonicorderat B 320 (Seewherethe red and blue lewels
crossn Fig. 1.)

The ratio TW = % at this valueof B, sothe interactionof thesetwo statesare assaiatedwith a 4:1
Fermiresonance.

Higherlewel (above harmonic)correctiondo the Hamiltonianintroducetermsthat mix the ~ and
2 degree®f freedom =) level crossingbecomeorbiddenby the von Neumann-Wignenon-
crossingule =) level crossingseplacediy avoidel crossings.

The energylewelsofthosestateshaving a lowervalueof 1, or a highervalueof ,, with resgectto the
otherarea ectedmoreby increases) order =) the valueof B wherethe energiescross" shifts
fromB  320(the harmonic-ordelevelcrossingjo B 140(the higher-ordeavoidel crossing).

Thejll andjO5 statesinteractvery weakly =) sharp at this resolutionthe avoidedcrossing
(mistakenly) appearsasa lewel crossing.

Fig. 3. Detail of Fig. 2 for higher order in perturbation theory .

Note that the crossingn Fig. 2 nearB = 140is indeedan avoided crossing. The characterof the
wavefunctionwhid isrepreseted by | 1 ol, iIsexdiangeddiabatically asthe magneticeld sweepgast
the avoidedcrossing.

E as a function of m



Thereisnoneedo recalculat@a newenergyseriedor di erent valuesfjmj, becausall jmj degendence
is accouted for in the perturbationparameter
1

=_—_— (forD = 3). 1
2+ 2mi (forD = 3) (13)

Therefore, for a given value of B, calculating enemies for dier ent values of
jmj amountsto nothing more than resummingthe enegy seriesat the corresnding
valuesof

Fig. 4. In contrast to Fig. 3, here we plot E as a function of jmj, not B.

Considefjmj asa continuously-aryingreal parameter.
The avoidedcrossingccursat the valueof jmj at Pt. B, correspndingto jmj 33

Compareto Fig. 3 (E versusB) onceagain. Herethe avoidedcrossingccursat B 140,with jmj
xed at jmj = 33, thus establishinca closerelationshipbetweenthe respnseof the systemunder
changesn B andchangesn jmj.

This relationshipbetweenthe two plots can be underst@d by analytically cortinuing into the
complexplane.

The Branc h Point Structure of the 4:1 Fermi Resonance

Fig. 5. Singularit y structure of diamagnetic hydrogen relating to the 4:1 Fermi resonance.

Herewetreat (andhencgmj) asacomplex-aluedparameter.
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ConsiderPt. A. If we sumthe energyseriesat 0:018(which correspndsto jmj  22) we can
determinethe resultingenergyle\elsby referringto to the energyleelsin Fig. 4 that intersectLine
A.

The j11 andj05 energylewelsare connectedy a pair of square-rot brand points (large dots),
shavn for variousvaluesof B. Thereforave cancharacterizéhe energylewelsin termsofthesebrand
points, designated™ and = ( *), as

E =Ea() Ef)( O ) (14)

At thesebrand poirts the two energyleelsaredegenerate.

Nearthe 4:1 FermiresonanceE is  constah underchangesn B =) the avoidedcrossing
(nearwhere E = E* E isaminimum) occurswhenthe summationpoint reahesthe vicinity

of<e( ).

Thereforethe ertire dependencef E onjmj canbe underst@d by sweepingthe summationpoint
from Pt. A to Pt. C in Fig. 6. (For examplejf we x B = 140and sweepfrom Pt. A to Pt. C an
avoidedcrossingccurswhenwe reat Pt. B.

This brand point structurecanalsobe usedto understandhe energylevelsasfunctionsof B, asin

Fig. 3. Sincethe brand poirts  arefunctionsof B, then xing jmj and sweepingB correspnds
to xing the point of summation(say at Pt. B) and sweepingthe brand points pastthis point of

summation.Again, whenthe brant points sweeppastthe point of summationan avoidedcrossing
will occur.



Fig. 6. Expanded view of Fig. 5 to include the branch point structure near the Fermi resonance.

Note that the brand points coalescerto the realaxisat B 320, whidch correspndsto the 4:1
FermiresonancéseeFig. 2).

At this particularpoint (andonly at this poirt) the brand poirts annihilate.

To understandthis unusual behavior we will considerdegeneratg@erturbationtheory in the next
section.

As smon as B sweepspast the Fermi resonancéhe energyleels onceagainbecomeconnectedy
square-rot brand points, but now thesebrand poirts both lie onthe negatie realaxis.

Branc h Point Behavior via Degenerate Perturbation Theory

The zeroth-ordeHamiltonianis a 2-D SHO, thereforewe expandthe perturbed statesin a 2-D SHO

basig ; ,i. Fortwo-folddegeneratsystems:
*

m=3

joni= cj1i+dRj2+ T cBjmi; (15)

wherejli andj2 referto the two degeneratstatesandjmi referto all other unperturbed states. We

de ne g | .
<]03; for 2:1FermiResonance,

R R - j05; for4:1FermiResonance. (16)
First order in perturbation theory
HO . a2 a;; & a;; aa3; a,82; aia3; @85 (17)

No diagonaterms,soH.? = H{? =0 ) E® = j H{).
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4:1FermiResonancg2i j05 ) EW =0.
(1) Statesnot connectedt rst order,since 1jH ®j2 = 0.

(2) Weakmixing ) sharpavoidedcrossing(SeeFigs.2 and 3.)

(3) Zm_ﬁsmqom,om :20@ aredeterminableat thisorder ) Higherorderperturbationtheoryneeded.

Second order in perturbation theory . (4:1 Fermi resonance)
2) . 4. J2. Q4. Q2. ~A2/2. A2a2- a2A2- alal- ~A4. A2.
H® : af a2, af; a2, a’as, a2as; ajas; ajas; as; as; | (18)

(4) Secularequationis o__m@o:m__mom::m_S%v or omw = 0 ) Two distinct states,whidc are

connectedby brand poirts at all B elds exept at the Fermi Resonane, whele the correct
zewoth order state is made up of only one of j11i or j05 basisfunctions. This explainsthe
annihilationof the brand points at the Fermiresonancen Fig. 6.

Summary and Conclusions

Dimensionaperturbationtheoryprovidesa naturalmeandgo studythe hydrogenatomin a magnetic
eld at all eld strengths.

Circular and near circular Rydberg statesare particularly amenablego dimensionaberturbation

. . _ “_l .
theorysincethe expansiorparameter = (55— is sosmall.

Calculationgeweal statecrossingat magneticeld strengthswhere! ; : ! , isrational, higherorder
correctiongurn theseinto avoidedcrossingshroughwhid the characterof the state passesliabati-
cally Sincethe orderingofthe statesisdi erent at low andhighmagneticeld strengthsthe avoided
crossinggrovide the medanismby whid statesarere-orderecisB is changed.
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By ewaluatingthe energyseriesat di erent valuesof the perturbationparameter , the energylewels
of diamagnetidydrogencanbe determinedor any value of jm;.

The behavior of diamagnetidcyydrogento changesn magneticeld strengthandangularmometum
canboth be understod by examiningthe brand point structureof the perturbationserieson the
complex- plane.

At the 4:1Fermiresonancthe energyleelsarenot connectedby a pair of square-rot brand poirts,
and this is underst@d upon examininingthe systemusing second-ordedegeneratgerturbation
theory
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