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D
im

ensionalperturbation
theory

(D
P

T
)

is
a

pow
erfulcalculationaland

descriptive
tool

for
studying

atom
ic

and
m

olecularsystem
s.For

the
diam

agnetichydrogenproblem
D

P
T

is
equivalent

to
large

jm
j

perturbation
theory

oncethe
trivial

param
agneticterm

is
dropped,sincethe

dim
ensionalityD

and
the

m
agneticquantum

num
ber,m

,
only

enter
the

problem
through

the
term

�
=

D
+

2jm
j�

1.
H

ere,the
S

chr•odingerequationis
expandedaboutthe

jm
j!

1
lim

it
using

the
perturbation

param
eter�

�
1=

�.
A

voidedcrossingsare
encountered

asjm
jchangesfrom

the
com

pletelyseparablejm
j!

1
lim

it
to

�nite
values,and

provide
a

m
echanism

for
energylevelreorderingw

ith
changesin

jm
j.

T
o

understandthese
avoided

crossings,the
dependenceof

the
branch

point
structure

in
the

com
plex�-plane

on
the

�eld
strength

B
is

exam
ined.A

param
eterizationis

form
ulated

that
sm

oothly
describes

the
tra

jectory
of

thesebranch
points

in
the

com
plex�-planeasa

function
ofB

,includingnon-analyticbehavior
atFerm

i
resonances.
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D
im

ensional
P

erturbation
T

heory
in

A
tom

ic
P

h
ysics

T
he

study
ofphysicalsystem

sin
unphysicaldim

ensionsD
is

now
w

idespreadin
physicsand

physical
chem

istry|
particularly

in
statisticalm

echanics,particle
and

nuclearphysics,and
quantum

optics. 1{
4

For
atom

ic
and

m
olecularsystem

sthe
D

!
1

lim
it

(w
hich

correspondsto
the

jm
j!

1
lim

it)
is

exactlysolubleand
applicationsofdim

ensionalperturbation
theory

and
relatedapproachesinclude

�
A

tom
ic

S
tark

and
Z

eem
ane�ectin

strong�elds.[5,6,8,9,45]

�
T

w
o

electronatom
s,up

to
and

includingdoubly
excitedstates.[4,6,10{27]

�
E

xotic
three

particle
system

s.[25]

�
M

ulti-electronatom
s.[23,28,29,30]

�
H

2
and

H
+2

w
ith

�xed
nuclei.[6,17,25,31{35]

�
P

otentialscattering.[36]

�
R

esonanceW
idths.[9,37,38]

�
V

irialexpansions.[3]

�
E

xponentially
sm

allsplittingsresultingfrom
degeneratem

inim
a

(forexam
ple,H

+2 )|
instanton

calcu-
lationsaroundthe

classicalD
!

1
lim

it.[33]

�
R

eggeT
rajectories.[39]

S
om

e
of

the
A

dv
an

tages
of

D
im

ensional
P

erturbation
T

heory

�
For

m
any

propertiesthe
large

D
lim

it
is

com
parableto

D
=

3.
For

exam
ple,w

ith
a

hydrogenatom
in

a
m

agnetic�eld
B

=
9:4�

10 9
G

,the
0

th
ordervaluesofh�i

and
binding

energyE
B

di�er
from

the

2



convergedgroundstate
valuesby

only
8.4%

and
3.3%

respectively.

�
V

eryusefulforw
eaklyand

stronglycorrelatedsystem
s. 3;5;9;15R

eason:U
nlike

(say)B
and

1Z
expansions

every
term

in
the

H
am

iltonian
is

included
at

0
th

orderto
som

eextent.
T

herefore,dim
ensional

perturbation
theory

can
be

appliedto
a

hydrogenatom
in

any
m

agnetic
�eld

strength.

�
H

igherordercoe�cien
ts

ofthe
1D

expansionm
ay

be
calculatede�cien

tly
and,apartfrom

round-o�
error,exactlyto

high
order. 14;18;19;22;32

F
orm

ulation
of

the
1D

E
xpansion

and
Large

D
im

ension
Lim

it

1.H
ere,the

D
-dim

ensionalSchr•odingerequationis
8><>: �

12

�r
2�

+
r

2z

�

+
�

2�
4�

+
3

8�
2

+
B

2�
2

8
�

Zr

9>=>;
�(

�;
z)

=
E

(�;
z)�(

�;
z);

(1)

�
=

D
+

2jm
j�

1;
(2)

w
here�(

�;
z)

=
�

�
�

1
2

	(
�;

z)
and

B
is

m
easuredin

units
of2:35�

10 9
G

.

2.D
and

jm
j

only
enter

the
S

chr•odingerequationvia
�.

C
onsequently

the
S

chr•odinger
equation

displaysa
com

plete
ladderofexactinterdim

ensionaldegeneraciesgenerated
by

the
dim

ensional
link:

(m
;D

) 
!

(m
+

1;D
�

2):
(3)

D
im

ensionalperturbation
theory

�
A

ngular
m

om
entum

perturbation
theory

about
jm

j!
1

.

3.R
escaleallradialcoordinates.

~�
=

��
2

~z
=

z�
2

fE
=

�
2E

fB
=

�
3B

;

3



gH
=

�
12 �

2
�r

2~�
+

r
2~z

�

+
fV

eff (~�;~z);
(4)

fV
eff (~�;

~z)
=

1�
4�+

3�
2

8~� 2
+

fB
2~� 2

8
�

Z
p

~� 2+
~z

2
;

�
�

1�
=

1
D

+
2jm

j�
1 :

(5)

4.A
s

�
!

1
w

e
have

an
\electrostatic"problem

andthe
electronsettlesatthe

m
inim

um
oflim

�!
0

fV
eff (~�;~z)

at
(~�=

�
m

;~z=
0).

T
hus

the
large

�
lim

it
(large

D
and/or

jm
j

lim
it)

is
a

classicallim
it

in
w

hich
the

electronis
constrainedto

a
hypersphereofradius

~�=
�

m
perpendicularto

B
.

5.W
rite

~�
=

�
m

+
�

12x
1 ;

~z
=

�
12x

2 ;
fE

=
fE

1
+

�
fE

0
+

1Xi=
1

fE
2i �

i+
1

;

gH
(~�;

~z)
=

fE
1

+
�

gH
0

+
1Xi=

1

gH
i (x

1 ;x
2 )�

i2 +
1

and
�(

~�;~z)
=

�
0 (x

1 ;x
2 )

+
1Xi=

1
�

i (x
1 ;x

2 )�
i2:

E
quatingpow

ersof�
12

leadsto
an

in�nite
setofinhom

ogeneousdi�erentialequations
pXj=
0 (

gH
j �

fE
j )�

p�
j

=
0;

p
=

0;1;2;:::;
(6)

gH
0

=
�

12

�r
2x

+
r

2y

�

+
12 !

21 x
21

+
12 !

22 x
22

�
12�

2m
;

(7)

!
21

=
34�

4m
�

2Z�
3m

+
fB

2

4
;

!
22

=
Z�
3m

(8)

and
fE

2i+
1

=
0,w

hich
m

ay
be

solved
forthe

expansioncoe�cien
ts

fE
i and

�
i (x

1 ;x
2 ).

4



6.E
q.(6)

forp
=

0
is

a
2-D

S
H

O
equationfor�

0 (x
1 ;x

2 )
and

fE
0 .

fE
0

=
0@�

1
+

12

1A
!

1
+

0@�
2

+
12

1A
!

2
�

12�
2m

(9)

j�
1 �

2 i
�

�
0 (x

1 ;x
2 )

=
h

�
1 ( p

!
1 x

1 )h
�

2 ( p
!

2 x
2 );

(10)

w
here

the
�

i
are

the
radialquantum

num
bers

of
the

S
H

O
eigenfunctionsh

�
i (x)

norm
alizedover

�1
�

x
�

1
.

T
he

harm
onicm

otionsare
calledLangm

uir
vibrations.

7.T
he

2-D
S

H
O

quantum
num

bers
�

1
and

�
2

in
the

\unp
erturbed"

state
j�

1 �
2 i

correlatew
ith

the
num

berofnodesin
the

�̂
and

ẑ
directions,respectively.

From
hereon,this

w
illbe

usedto
labelthe

characterofthe
statescorrespondingto

a
particularenergylevel.

8.W
e

calculatethe
perturbation

expansionusing
fE

1
,

fE
0

and
j�

1 �
2 i

via
the

sim
plestand

m
ostsuc-

cessfulm
ethod,the

m
atrix

m
ethod,

w
hich

yieldsboth
energyand

w
avefunctionseriesdirectly

and
exactly. 26;43{

45

D
im

ensional
P

erturbation
T

heory
and

C
ircular

R
ydb

erg
S

tates

C
ircularR

ydberg
(C

R
)

states:S
tatesforw

hich
jm

j=
n

�
1�

1.

A
s

jm
j!

1
(�

!
1

)
the

electroncon�nesto
an

orbitalonga
circle

perpendicularto
B

.

Largejm
j$

S
m

all�:
(11)

T
hus

for
large

jm
j

statesw
e

expect
dim

ensionalperturbation
theory

to
be

particularly
e�e

ctive.

Large
scalenum

ericalcalculationsfor
circularR

ydberg
stateshave

traditionally
beenm

ade 53
by

ex-
pandingthe

w
avefunctionin

term
sofsphericalharm

onics,the
naturalw

eak-�eld
basis.
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In
contrast,D

P
T

(1)
exploits

the
sem

iclassicalnature
ofC

R
statesand

(2)
is

applicable
overthe

entire
range

ofB
-�elds

becauseboth
C

oulom
bic(dom

inantfor
sm

allB
)

and
m

agnetic
interactions

are
incorporated

to
som

e
extentat

all
orders.

E
as

a
function

of
B

F
ig.

1.
H

arm
onic

(0th)
order

energy
lev

els
as

functions
of

fB
for

diam
agnetic

h
ydrogen,

w
ith

jm
j=

33:

�
T

he
0th

orderH
am

iltonianincorporatesthe
e�ects

of
fB

approxim
ately.

T
hereforethis

plotofE
as

a
function

of
fB

displays
the

correctorderingofthe
statesw

ith
respectto

energyin
both

the
B

=
0

and
B

!
1

lim
its.

�
H

am
iltonianis

separablein
�̂

and
ẑ

atharm
onicorder

=)
Levelcrossingsoccuratvaluesof

fB
w

heretw
o

orm
oreenergiesbecom

edegenerate.

�
D

egeneracies:If
m

!
1

=
n!

2
(Ferm

iresonancecondition),w
here

m
and

n
are

any
tw

o
positive

constants,then
degeneracieswillexistbetw

eenany
states(again,denotedby

j�
1 �

2 i)
w

henever

m
�

1
+

n�
2

=
constant:

(12)

�
T

w
o

exam
plesofa

Ferm
iresonanceare

highlighted
in

F
ig.1

|
a

2:1
Ferm

iresonance(!
1

=
2!

2 )
betw

een
the

j03i
and

j11i
states(w

herethe
red

and
greenlevels

cross)and
a

4:1
Ferm

iresonance
(!

1 =
4!

2 )
betw

eenthe
j05i

and
j11i

states(w
herethe

red
and

blue
levelscross).

W
e

fo
cus

on
the

4:1
F

erm
i

resonance

6



F
ig.

2.
E

v
olution

of
the

energy
lev

els
of

the
j05i

and
j11i

states
as

the
order

is
increased

ab
ove

harm
onic.

�
T

hesetw
o

statesare
degenerateat

harm
onicorderat

fB
�

320:
(S

eew
herethe

red
and

blue
levels

crossin
F

ig.1.)

�
T

he
ratio

!
1

!
2

=
14

at
this

value
of

fB
,

so
the

interaction
ofthesetw

o
statesare

associated
w

ith
a

4:1
Ferm

iresonance.

�
H

igherlevel(above
harm

onic)correctionsto
the

H
am

iltonian
intro

duce
term

s
that

m
ix

the
�̂

and
ẑ

degreesoffreedom
=)

levelcrossingsbecom
eforbiddenby

the
von

N
eum

ann-W
ignernon-

crossingrule
=)

levelcrossingsreplacedby
avoided

crossings.

�
T

he
energylevelsofthosestateshaving

a
low

ervalueof�
1 ,ora

highervalueof�
2 ,w

ith
respectto

the
otherare

a�ected
m

oreby
increasesin

order
=)

the
valueof

fB
w

herethe
energies\cross"shifts

from
fB

�
320(the

harm
onic-orderlevelcrossing)to

fB
�

140(the
higher-orderavoided

crossing).

�
T

he
j11i

and
j05i

statesinteractvery
w

eakly
=)

sharp
at

this
resolutionthe

avoidedcrossing
(m

istakenly)appearsasa
levelcrossing.

F
ig.

3.
D

etail
of

F
ig.

2
for

higher
order

in
p

erturbation
theory

.

N
ote

that
the

crossingin
F

ig.
2

near
fB

=
140

is
indeedan

avoided
crossing.T

he
characterof

the
w

avefunction,w
hich

is
represented

by
j�

1 �
2 i,is

exchangeddiabatically
asthe

m
agnetic�eld

sweepspast
the

avoidedcrossing.

E
as

a
function

of




 m
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T
hereis

no
needto

recalculatea
new

energyseriesfordi�erent
valuesofjm

j,becausealljm
jdependence

is
accounted

forin
the

perturbation
param

eter

�
=

1
2

+
2jm

j
(forD

=
3):

(13)

T
herefore,

for
a

given
value

of
fB

,
calculating

energies
for

di�er
ent

values
of

jm
j

am
ounts

to
nothing

m
ore

than
resum

m
ingthe

energy
seriesat

the
corresponding

valuesof
�.

F
ig.

4.
In

con
trast

to
F

ig.
3,

here
w

e
plot

E
as

a
function

of
jm

j,
not

fB
.

�
C

onsiderjm
jasa

contin
uously-varying

realparam
eter.

�
T

he
avoidedcrossingoccursatthe

value
ofjm

jatP
t.

B
,correspondingto

jm
j�

33:

�
C

om
pareto

F
ig.3

(E
versus

fB
)

onceagain.H
erethe

avoidedcrossingoccursat
fB

�
140,w

ith
jm

j
�xed

at
jm

j
=

33,thus
establishinga

closerelationshipbetw
eenthe

responseofthe
system

under
changesin

fB
and

changesin
jm

j.

�
T

his
relationshipbetw

een
the

tw
o

plots
can

be
understood

by
analytically

contin
uing

�
into

the
com

plexplane.

T
he

B
ranc

h
P

oin
t

S
tructure

of
the

4:1
F

erm
i

R
esonance

F
ig.

5.
S

ingularit
y

structure
of

diam
agnetic

h
ydrogen

relating
to

the
4:1

F
erm

i
resonance.

�
H

ere,w
e

treat�
(and

hencejm
j)

asa
com

plex-valuedparam
eter.

8



�
C

onsiderP
t.

A
.

If
w

e
sum

the
energyseriesat

�
�

0:018
(w

hich
correspondsto

jm
j

�
22)w

e
can

determ
inethe

resultingenergylevelsby
referringto

to
the

energylevelsin
F

ig.4
that

intersectLine
A

.

�
T

he
j11i

and
j05i

energylevels
are

connectedby
a

pair
ofsquare-root

branch
points

(large
dots),

show
n

forvariousvaluesof
fB

.
T

hereforew
e

cancharacterizethe
energylevelsin

term
softhesebranch

points,designated�
+

and
�

�
=

(�
+) �,as

E
�

=
E

a (�)
�

E
b (�)

r

(�
�

�
+)(�

�
�

�
):

(14)

�
A

t
thesebranch

points
the

tw
o

energylevelsare
degenerate.

�
N

earthe
4:1

Ferm
iresonance,E

b
is

�
constant

underchangesin
fB

=)
the

avoided
crossing

(nearw
here�

E
=

E
+

�
E

�
is

a
m

inim
um

)occursw
hen

the
sum

m
ationpoint

reachesthe
vicinity

of<
e(�

�).

�
T

herefore,the
entire

dependenceofE
on

jm
j

can
be

understood
by

sweepingthe
sum

m
ationpoint

from
P

t.
A

to
P

t.
C

in
F

ig.6.
(For

exam
ple,if

w
e

�x
fB

=
140

and
sweepfrom

P
t.

A
to

P
t.

C
an

avoidedcrossingoccursw
henw

e
reach

P
t.

B
.

�
T

his
branch

point
structurecan

alsobe
usedto

understandthe
energylevelsasfunctionsof

fB
,asin

F
ig.3.

S
incethe

branch
points

�
�

are
functionsof

fB
,

then
�xing

jm
j

and
sweeping

fB
corresponds

to
�xing

the
point

ofsum
m

ation(say
at

P
t.

B
)

and
sweepingthe

branch
points

pastthis
point

of
sum

m
ation.A

gain,w
hen

the
branch

points
sweeppastthe

point
ofsum

m
ationan

avoidedcrossing
w

illoccur.

9



F
ig.

6.
E

xpanded
view

of
F

ig.
5

to
include

the
branc

h
p

oin
t

structure
near

the
F

erm
i

resonance.

�
N

ote
that

the
branch

points
coalesceonto

the
realaxis

at
fB

�
320,w

hich
correspondsto

the
4:1

Ferm
iresonance(seeF

ig.2).

�
A

t
this

particularpoint
(and

only
atthis

point)
the

branch
points

annihilate.

�
T

o
understandthis

unusualbehavior
w

e
w

ill
considerdegenerateperturbation

theory
in

the
next

section.

�
A

s
soon

as
fB

sweepspastthe
Ferm

iresonancethe
energylevels

onceagain
becom

econnectedby
square-rootbranch

points,butnow
thesebranch

points
both

lie
on

the
negative

realaxis.

B
ranc

h
P

oin
t

B
eha

vior
via

D
egenerate

P
erturbation

T
heory

T
he

zeroth-orderH
am

iltonian
is

a
2-D

S
H

O
,thereforew

e
expandthe

perturbed
statesin

a
2-D

S
H

O
basisj�

1 �
2 i.

Fortw
o-fold

degeneratesystem
s:

j�
n i

=
c

(0)
n

1 j1i
+

c
(0)
n

2 j2i
+

1Xm
=

3
c

(1)
nm

jm
i;

(15)

w
herej1i

and
j2i

referto
the

tw
o

degeneratestatesand
jm

i
referto

allotherunperturbed
states.W

e
de�ne

j1i
�

j11i
j2i

�
8<:

j03i;
for2:1

Ferm
iR

esonance,
j05i;

for4:1
Ferm

iR
esonance.

(16)

F
irst

order
in

p
erturbation

theory

H
(1):

�a
31 ;

a
1 ;

ea
31 ;

ea
1 ;

a
1 a

22 ;
a

1
ea

22 ;
ea

1 a
22 ;

ea
1

ea
22

�

(17)

N
o

diagonalterm
s,so

H
(1)
11

=
H

(1)
22

=
0

)
E

(1)
n

=
�j

H
(1)
12

j.

10



�
4:1

Ferm
iR

esonance:j2i
�

j05i
)

E
(1)
n

=
0.

(1)
S

tatesnotconnectedat�rst
order,since

�1jH
(1)j2

�

=
0.

(2)
W

eakm
ixing

)
sharpavoidedcrossing.(S

eeF
igs.2

and
3.)

(3)N
eitherc

(0)
n

1
norc

(0)
n

2
are

determ
inableatthis

order
)

H
igherorderperturbationtheoryneeded.

S
econd

order
in

p
erturbation

theory
.

(4:1
F

erm
i

resonance)

H
(2):

�a
41 ;

a
21 ;

ea
41 ;

ea
21 ;

a
21 a

22 ;
a

21
ea

22 ;
ea

21 a
22 ;

ea
21

ea
22 ;

a
42 ;

a
22 ;

I
�

(18)

(4)
S

ecularequationis
diagonal,so

eitherc
(0)
n

1
or

c
(0)
n

2
=

0
)

T
w

o
distinctstates,w

hich
are

connectedby
branch

points
atallB

�elds
exceptat

the
Ferm

i
R

esonance,w
here

the
correct

zeroth
order

state
is

m
ade

up
of

only
one

ofj11i
or

j05i
basisfunctions.T

his
explainsthe

annihilationofthe
branch

points
atthe

Ferm
iresonancein

F
ig.6.

S
um

m
ary

and
C

onclusions

�
D

im
ensionalperturbationtheoryprovidesa

naturalm
eansto

study
the

hydrogenatom
in

a
m

agnetic
�eld

atall�eld
strengths.

�
C

ircular
and

nearcircularR
ydberg

statesare
particularly

am
enableto

dim
ensionalperturbation

theory
sincethe

expansionparam
eter�

=
1

(D
+

2
jm

j�
1)

is
so

sm
all.

�
C

alculationsrevealstate
crossingsatm

agnetic�eld
strengthsw

here!
1

:!
2

is
rational,higherorder

correctionsturn
theseinto

avoidedcrossingsthrough
w

hich
the

characterofthe
state

passesdiabati-
cally.

S
incethe

orderingofthe
statesis

di�erent
atlow

and
high

m
agnetic�eld

strengths,the
avoided

crossingsprovide
the

m
echanism

by
w

hich
statesare

re-orderedas
fB

is
changed.
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�
B

y
evaluating

the
energyseriesatdi�erent

valuesofthe
perturbation

param
eter�,the

energylevels
ofdiam

agnetichydrogencan
be

determ
inedfor

any
value

of
jm

j.

�
T

he
behaviorofdiam

agnetichydrogento
changesin

m
agnetic�eld

strengthand
angularm

om
entum

can
both

be
understood

by
exam

iningthe
branch

point
structure

ofthe
perturbation

serieson
the

com
plex-�

plane.

�
A

t
the

4:1
Ferm

iresonancethe
energylevelsare

notconnectedby
a

pairofsquare-rootbranch
points,

and
this

is
understood

upon
exam

ininingthe
system

using
second-orderdegenerateperturbation

theory.
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