OKHEP–99–02 Dual Quantum Electrodynamics:

Dyon-Dyon and Charge-Monopole Scattering in a High-Energy Approximation

Leonard Gamberg^∗ and Kimball A. Milton^† Department of Physics and Astronomy, University of Oklahoma, Norman, OK 73019 USA (October 27, 1999)

We develop the quantum field theory of electron-point magnetic monopole interactions and more generally, dyon-dyon interactions, based on the original string-dependent “nonlocal” action of Dirac and Schwinger. We demonstrate that a viable nonperturbative quantum field theoretic formulation can be constructed that results in a string independent cross section for monopole-electron and dyon-dyon scattering. Such calculations can be done only by using nonperturbative approximations such as the eikonal and not by some mutilation of lowest-order perturbation theory.

PACS number(s): 14.80.Hv,11.80.Fv,12.20.Ds,11.30.Fs

I. INTRODUCTION

The subject of magnetic charge in quantum mechanics has been of great interest since the work of Dirac [1], who showed that electric and magnetic charge could co-exist provided the quantization condition (in rationalized units) eg 4π = N 2 , N ∈ Z , (1.1) holds, where e and g are the electric and magnetic charges, respectively, Z being the integers. In addition, the existence of topological or “extended” magnetic charge has been demonstrated in non-Abelian gauge theories [2], where they can have profound effects, most notably in the infrared regime of the QCD vacuum. For example, in the illustrative scenario of color confinement proposed by Mandelstam and ’t Hooft [3] it is conjectured that the QCD vacuum behaves as a dual type II superconductor. Due to the condensation of magnetic monopoles which emerge from the Abelian projection [4] of the SU(3) color gauge group, the chromo-electric field acting between qq̄ pairs is squeezed into dual Abrikosov flux tubes [5]. Very recent studies suggest that these flux tubes may determine the infrared properties of the gluon propagator [6]. Also it has been suggested [7] that color monopoles are sufficient to trigger the spontaneous breakdown of chiral symmetry.

The monopoles most commonly considered today as being potentially observable are those associated with the grandunification symmetry breaking scale, monopoles having masses of order 10^{16} GeV; however, much lower symmetrybreaking scales could be relevant, giving rise to monopoles of mass of order 10 TeV [8]. [It is worthwhile mentioning that the previously-believed prohibition (cf. Ref. [9]) against topological monopoles in electroweak theory is apparently too restrictive [10], thus raising the possibility of the existence of monopoles at the electroweak-symmetry breaking scale.] Further, there is no reason why “elementary” Dirac monopoles should not exist; only experiment can settle this question.

Since the early 1970s there have been many experimental searches for magnetic monopoles, ranging from seeking cosmological bounds to studies of lunar samples [11]. Although none of these searches ultimately has yielded a positive signal, the arguments in favor of the existence of magnetic charge, whether elementary or “extended,” remain as cogent as ever. However, the quantum field theory of elementary or pointlike magnetic charges remains poorly developed, particularly at the phenomenological level. In view of the necessity of establishing a reliable estimate for monopole production in accelerators, for example, in order to set bounds on monopole masses in terrestrial experiments [12], it is important to put the theory on a firmer foundation. (This is especially so for limits set through virtual-monopole processes [13]. For a critique of such limits see Ref. [14].) It is the purpose of this paper to initiate a complete study of monopole scattering and production in relativistic quantum electrodynamics extended to include point magnetic charges, “dual QED.” Given ongoing experiments it is important to obtain reliable calculations of scattering processes.

∗Electronic address: gamberg@mail.nhn.ou.edu †Electronic address: milton@mail.nhn.ou.edu

From the work of Dirac on the nonrelativistic and the relativistic quantum mechanics of magnetic monopoles [1,15], and the subsequent work of Schwinger [16–18] and later Zwanziger [19] on relativistic quantum field theories of magnetic monopoles, it is known that it is not possible to write down a theory of pointlike electric and magnetic currents interacting via the electromagnetic field described solely in terms of a local vector potential A_μ(x). Consistency of the Maxwell equations

∂^ν F_{μν} = j_μ and ∂^{ν ∗}F_{μν} =^∗j_μ , (1.2)

where^∗F_{μν} =^1_2 ϵ_{μνστ} F^{στ} , which imply the dual conservation of electric and magnetic currents, j_μ and^∗j_μ, respectively,

∂_μj^μ = 0 and ∂_μ^∗j^μ = 0 , (1.3)

necessitates the introduction of the Dirac string [1,16] or a multi-valued potential [20]. In this paper we will follow the string-dependent formulation, where the singular electromagnetic potential is consistent with nonrelativistic quantum mechanics provided the Dirac quantization condition (1.1) holds, or, for particles (labeled by a, b, etc.) carrying both electric and magnetic charge (dyons), the Schwinger generalization e_ag_b − e_bg_a 4π = {_N 2 , unsymmetric N , symmetric } , N ∈ Z (1.4)

is invoked. (“Symmetric” and “unsymmetric” refer to the presence or absence of dual symmetry in the solutions of Maxwell’s equations.) That is, consistency conditions, Eqs. (1.1) and (1.4), must necessarily be satisfied if physical observables are to be rendered independent of a gauge artifact, the Dirac string singularity. Formally, rotational invariance of nonrelativistic quantum mechanics with monopoles follows directly from the Schrödinger equation where re-orienting the string is equivalent to a gauge transformation on the wavefunction which in turn is well-defined given (1.1) or (1.4). In addition, in early work on the nonrelativistic electron-monopole scattering by Goldhaber [21], Schwinger et al. [22], and Milton and DeRaad [23], not surprisingly, it was found that the resulting scattering cross section is gauge-string-independent if and only if the quantization condition is satisfied.^1

On the other hand, attempts to incorporate monopoles consistently into relativistic quantum field theory have met with mixed success. Weinberg [25] and, somehwat thereafter, Rabl [26] demonstrated that electron–monopole scattering calculated in the one-photon-exchange approximation was described by a string-dependent scattering amplitude. A straightforward calculation begins, for example, with the interaction given by Schwinger [18,27] W (j,^∗j) = ∫ (dx)(dx^′ )(dx^{′′})^∗j^μ(x)ϵ_{μνστ} ∂^ν f^σ (x − x^′) D_+ (x^′ − x^{′′}) j^τ (x^{′′}) . (1.5)

Here the electric and magnetic currents are j_μ = eψ̄γ_μψ and^∗j_μ = gχ̄γ_μχ, for example, for spin-1/2 particles. The photon propagator is denoted by D_+(x − x^′) and f_μ(x) is the Dirac string function which satisfies the differential equation

∂_μf^μ(x) = δ(x) , (1.6)

a formal solution of which is given by

f^μ(x) = n^μ (n · ∂)^{−1} δ(x) , (1.7)

where n^μ is an arbitrary vector. Therefore, the lowest-order scattering amplitude, representing, for example, the interaction of a spin-1/2 electron with a spin-0 monopole is T^{ss′} = 2ieg (2π)^4δ (p − p^′ + k − k^′) ϵ_{μνλσ} n^νv̄^{s′} (p^′) γ^μu^s(p)q^λ (k + k^′)^σ √ 2E_p2E_p′ 2ω_k2ω_k′ (q^2 − iϵ) (n · q + iδ) | | | | |_{q=p−p′} . (1.8)

1Upon separation of variables, the angular differential operator contains a contribution from the “intrinsic” field angular momentum carried by the interaction of the monopole with the photon field, which is naturally quantized upon using the Dirac-Schwinger condition (1.4); that is, there is an additional effective magnetic quantum number m^′ =^{ea gb−ea gb}_{4π} , a fact already implicit in the classical analysis of Poincaré and Thomson [24].

Here the incoming momenta are p, k, and the outgoing momenta are p^′, k^′, respectively, while the initial and final electron spin projections are s and s^′, and where the different symbols for the energies of the electron and monopole, E and ω, respectively, refer to the different masses of the corresponding particles. Further, note that in this paper we use a metric with signature (−, +, +, +), so that q^2 > 0 represents a spacelike momentum transfer. The explicit dependence on the covariant string vector, n_μ, does not disappear upon squaring the amplitude and multiplying by the appropriate phase space factors. To make matters worse, the value of the magnetic charge implied by (1.1), α_g = g^2/4π ≈ 34N^2, calls into question any approach based on a badly divergent perturbative expansion in α_g . Although these earliest efforts using a Feynman-rule perturbation theory in one of a number of approaches to dual QED (see below) resulted in string-dependent cross–sections [25,26], subsequently ad hoc assumptions were invoked to render the resulting cross–sections string independent (e.g. Refs. [28] and [29]).

Recently, in the context of calculating virtual monopole processes, De Rújula [30] has advocated the notion that single photon-mediated monopole-antimonopole Drell-Yan production amplitudes are rendered string independent through the implausible argument of Deans [28], which amounts to dropping the pole terms in the photon propagator!^2 Further, in a series of papers, Ignatiev and Joshi [31], while arguing that the prescription of Deans lacks believability, propose (as did Rabl [26]) averaging the scattering amplitude over all possible directions of the string in order to eliminate the string dependence. In contrast to Deans, however, they arrive at a null result for the amplitude in lowest order. Consequently, they argue that general principles of quantum field theory which do not rely upon the use of perturbation theory must be invoked; that is, they consider the constraints placed upon the scattering amplitude due to the requirements of discrete C and P symmetries (see also Tolkachev et al. [32]).

In contrast, by studying the formal behavior of Green’s functions in the relativistic quantum field theory of electrons and monopoles, both Schwinger [18,27] and Brandt, Neri and Zwanziger [33] demonstrated Lorentz and gauge invariance. In essence these demonstrations are nonperturbative and rely on the use of pointlike particle trajectories for the matter fields. In the Schwinger approach, however, classical particle currents

j^μ(x) = ∑ e e ∫ dx^μ_e δ (x − x_e) ∗j^μ(x) = ∑ g g ∫ dx^μ_g δ (x − x_g ) (1.9)

are substituted for the field theoretic sources, whereupon a change in the string trajectory gives rise to a change in the action which is a multiple of 2π because of the quantization conditions (1.1) or (1.4). In the second approach, putting aside the issue of renormalization, Brandt et al. succeed in demonstrating the string independence of correlation functions of gauge- and Lorentz-invariant quantities using a functional path integral formalism, once again as a consequence of Eqs. (1.1) and (1.4), by converting the path integral over fields to one over closed particle trajectories (see Refs. [34–36]).

However, while Lorentz invariance and string independence were formally demonstrated in dual QED (albeit with the above caveats), such demonstrations have been conspicuously absent in practical calculations.^3 This deficiency stems from the fact that in most phenomenological treatments of electron-monopole processes the “string independence” of the quantum field theory and the strength of the coupling are treated as separate issues. This viewpoint (see e.g. Refs. [31,29]) could not be more misleading. In fact, these two points are intimately related.^4 If any lesson is to be learned from the above-mentioned demonstrations of Lorentz and string invariance, it is this: The quantization conditions (1.1) and (1.4), being intimately tied to the demonstration of Lorentz invariance, are intrinsically nonperturbative statements (and for that matter are obtained independently of any perturbative approximation). As such, attempts to demonstrate Lorentz invariance, whether formally or phenomenologically, which are based on a perturbative expansion in the coupling will most assuredly fail. While this is not a novel viewpoint (see Refs. [18,33]), it seems to have been overlooked in the more recent studies of point monopole processes (see also Ref. [29]).^5

2Essentially it amounts to discarding string-dependent contributions on the basis of the argument that they cannot contribute to any gauge invariant quantity if the theory is to be viable.

3This is surprising because one expects that the invariant nonrelativistic scattering result (see Ref. [22] and references therein) corresponds in a certain kinematic regime to a infinite summation of a particular subclass of Feynman diagrams. Moreover, the relativistic Dirac equation also yields a string-independent cross section [37].

4In this regard we remind the reader of the following viewpoint of Schwinger: “Relativistic invariance will appear to be violated in any treatment based on a perturbation expansion. Field theory is more than a set of ‘Feynman’s rules’.” [16] 5A very recent note [38] exemplifying the failure to connect the issue of the strength of the magnetic coupling with that of

In fact, there exists one instance in the literature of a successful calculation demonstrating string independence for a relativistic scattering cross section within dual QED. Utilizing Schwinger’s functional source theory [39,18] in the context of a high energy, low momentum transfer (zeroth order eikonal) approximation (e.g. Refs. [40–44] and references therein), Urrutia [45] demonstrated string independence of the charge-monopole scattering cross section, although again in his treatment the currents were approximated by those of classical point particles as in Eq. (1.9).

The outline of this paper is as follows. In Section II we establish the string-dependent dual-electrodynamic action. In Section III we quantize the dual potential action by solving the Schwinger-Dyson equations for the vacuum persistence amplitude for electron-monopole (and dyon-dyon) processes. Then, by taking the functional Fourier transform of this solution, we are led unambiguously to the dual QED functional path integral that is compatible with the source theory formalism developed by Schwinger [18,27]. In the process of this development, we enforce a gauge fixing condition that suggests that using the Dirac string formulation is not only entirely natural and consistent with the underlying gauge symmetry of the charge-monopole system, but in fact is preferable to the multi-valued potential of Ref. [20]. Having accomplished this, in Section IV we calculate the dyon-dyon scattering cross section in the context of this relativistic string dependent version of dual QED and demonstrate that a nonperturbative approach in conjunction with (1.1) or (1.4) is in fact necessary to demonstrate Lorentz and gauge (string) invariance of physical observables. To accomplish this we use the nonperturbative functional field-theory formalism of Schwinger [35] and Symanzik [46].^6 Within this formulation we are able to generalize the string-independent eikonal result of Urrutia [45] while treating the currents as constructed from quantum fields by invoking the quantization condition (1.4). Finally in Section V we draw some conclusions concerning the phenomenology of dual QED and outline our continuing efforts in this direction while in addition proposing future work. Appendices deal with some aspects of the path-integral formalism in dual QED.

II. DUAL ELECTRODYNAMICS

Decades after Dirac’s early quantum-mechanical treatment (both nonrelativistic [1] and relativistic [15]) of the electron-monopole system, attempts to establish a consistent interacting quantum field theory of (point) electrons and monopoles were carried out in two different approaches by Schwinger [16] and by Zwanziger [19].

Schwinger’s approach is based upon the construction of a nonlocal Hamiltonian which is a function of two transverse, string-dependent potentials, A^T and B^T, in addition to, say, spin-1/2 electron and monopole fields. Second quantization is established by postulating the commutation rules between the fields and their conjugate field momenta. In this formulation the two gauge fields have a nonvanishing commutator, and in fact are not linearly independent. Although this operator method is noncovariant, it has the merit of explicitly displaying the dual symmetry between the Dirac equations for the spin-^1_2 electron and monopole fields, as well as of the Maxwell equations for the magnetic and electric fields. In turn Schwinger [18,27] developed and advocated a covariant formalism derived from his source theory approach to quantum field theory. This first-order formulation of dual QED is written in terms of the field strength tensor F_{μν} and one independent vector potential A_μ. Alternatively, one can trade the dependence on the field strength for that on an auxiliary dual vector potential B_μ. The latter field is introduced to identify unambiguously the photon field coupling to the dual monopole current,^∗j, through the effective “skeletal” action (1.5), coupling electric and magnetic currents. This latter formulation proves helpful in calculating scattering processes.

A second local covariant Lagrangian formulation approach, developed by Zwanziger, utilizes two four-potentials A_μ and B_μ, which again are not independent. In addition, this formalism satisfies duality symmetry both at the level of the action as well as between the equations of motion for A_μ and B_μ and between the equations for the spin-^1_2 electron and monopole fields. The equivalence between these formalisms is shown in Refs. [48,49].

However, the former covariant formalism of Schwinger is a natural generalization of Dirac’s (relativistic) quantum mechanics in the form of a covariant Lagrangian field theoretic description of electron-monopole interactions. In this context it should come as no surprise that Schwinger’s source theory approach [27] laid the groundwork for the first consistent, gauge-invariant nonperturbative calculation of electron-monopole scattering [45].

We also note that a “one potential” Hamiltonian formulation was developed later by Blagojević [49] where a explicit set of Feynman rules was displayed. Finally we mention in passing the work of Deans [28], where a formalism based on Dirac’s monopole theory was quantized within the framework of Mandelstam’s gauge-invariant quantum field theory [50]. In Deans’ paper, while a set of string-dependent Feynman rules was developed, they were used without

string independence deduces the inverse renormalization of electric and magnetic charges in contradistinction to the identity of these renormalizations shown by Schwinger [17]. 6For and excellent review of these techniques see [47].

criticism of the badly divergent perturbation series; in addition, as we have seen, Lorentz-frame (string) dependence is argued away in a highly questionable fashion.

A. The “Dual-Potential” String Dependent Action

While the completely general formalism for charge-monopole quantum field theory was developed by Schwinger in the context of source theory, for the sake of accessibility here we develop a string-dependent dual QED of monopoleelectron interactions in a more familiar functional formalism.^7

In order to facilitate the construction of the dual-QED formalism we recognize that the well-known continuous global U(1) dual symmetry [16,18,27] implied by Eqs. (1.2), (1.3), given by ( j^′_∗ j^′ ) = ( cos ϕ sin ϕ − sin ϕ cos ϕ ) ( j_∗ j ) , (2.1a) ( F^′_∗ F^′ ) = ( cos ϕ sin ϕ − sin ϕ cos ϕ ) ( F_∗ F ) , (2.1b)

suggests the introduction of an auxiliary vector potential B_μ(x) dual to A_μ(x). In order to satisfy the Maxwell and charge conservation equations, Dirac modified the field strength tensor according to

F_{μν} = ∂_μA_ν − ∂_ν A_μ +^∗G_{μν} , (2.2)

where now Eqs. (1.2) and (1.3) give rise to the consistency condition on G_{μν} (x) = −G_{νμ}(x)

∂^{ν ∗}F_{μν} = −∂^ν G_{μν} =^∗j_μ . (2.3)

We then obtain the following inhomogeneous solution to the dual Maxwell’s equation (2.3) for the tensor G_{μν} (x) in terms of the string function f_μ and the magnetic current, which for a spin-1/2 monopole represented by a Dirac field χ is^∗j^μ(x) = gχ̄(x)γ^μχ(x):

G_{μν} (x) = (n · ∂)^{−1} (n^{μ ∗}j^ν (x) − n^{ν ∗}j^μ(x)) = ∫ (dy) (f_μ(x − y)^∗j_ν (y) − f_ν (x − y)^∗j_μ(y)) , (2.4)

where use is made of Eqs. (1.3), (1.6), and (1.7). A minimal generalization of the QED Lagrangian including electronmonopole interactions reads L = − 1 4 F_{μν} F^{μν} + ψ̄ (iγ∂ + eγA − m_ψ) ψ + χ̄ (iγ∂ − m_χ) χ , (2.5) where the coupling of the monopole field χ(x) to the electromagnetic field occurs through the quadratic field strength term according to Eq. (2.2). We now rewrite the Lagrangian (2.5) to display more clearly that interaction by introducing the auxiliary potential B_μ(x).

Variation of Eq. (2.5) with respect to the field variables, ψ, χ and A_μ, yields in addition to the Maxwell equations for the field strength,^8 F_{μν} , Eq. (1.2) where j^μ(x) = eψ̄(x)γ^μψ(x), the equation of motion for the electron field

(iγ∂ + eγA(x) − m_e) ψ(x) = 0 , (2.6)

and the nonlocal equation of motion for the monopole field, (iγ∂ − m_χ) χ(x) − 1 2 ∫ (dy)^∗F^{μν} (y) δG_{μν} (y) δχ̄(x) = 0 . (2.7)

7However, we emphasize that the source theory approach is in fact just that, the “source” of these ideas. 8We regard Gμν (x) as dependent on χ̄, χ but not Aμ. Thus, the dual Maxwell equation is given by the subsidiary condition (2.3).

It is straightforward to see from the Dirac equation for the monopole (2.7) and the construction (2.4) that introducing the auxiliary dual field (which is a functional of F_{μν} and depends on the string function f_μ)

B_μ(x) = − ∫ (dy)f^ν (x − y)^∗F_{μν} (y) , (2.8)

results in the following Dirac equation for the monopole field

(iγ∂ + gγB(x) − m_g ) χ(x) = 0 . (2.9)

Here we have chosen the string to satisfy the oddness condition (this is the “symmetric” solution)

f^μ(x) = −f^μ(−x), (2.10)

which is related to Schwinger’s integer quantization condition [22,51]. Now (2.6) and (2.9) display the dual symmetry expressed in Maxwell’s equations (1.2) and (1.3). Noting that B_μ satisfies ∫ (dx^′)f^μ(x − x^′)B_μ(x^′) = 0 , (2.11)

we see that Eq. (2.8) is a gauge-fixed vector field [52,53] defined in terms of the field strength through an inversion formula (see Subsection III A). In terms of these fields the “dual-potential” action can be re-expressed in terms of the vector potential A_μ and field strength tensor F_{μν} (where B_μ is the functional (2.8) of F_{μν} ) in first-order formalism as W = ∫ (dx) { − 1 2 F^{μν} (x) (∂_μA_ν (x) − ∂_ν A_μ (x)) + 1 4 F_{μν} (x)F^{μν} (x) + ψ̄(x) (iγ∂ + eγA(x) − m_ψ) ψ(x) + χ̄(x) (iγ∂ + gγB(x) − m_χ) χ(x) } , (2.12a)

or in terms of dual variables, W = ∫ (dx) { − 1 2 ∗F^{μν} (x) (∂_μB_ν (x) − ∂_ν B_μ (x)) + 1 4 ∗F^{μν} (x)^∗F_{μν} (x) + ψ̄(x) (iγ∂ + eγA(x) − m_ψ) ψ(x) + χ̄(x) (iγ∂ + gγB(x) − m_χ) χ(x) } . (2.12b)

In Eq. (2.12a), A_μ(x) and F_{μν} (x) are the independent field variables^9 and B_μ(x) is given by Eq. (2.8), while in Eq. (2.12b) the dual fields are the independent variables, in which case,

A_μ(x) = − ∫ (dy)f^ν (x − y) F_{μν} (y) = 1 2 ϵ_{μνλσ} ∫ (dy)f^ν (x − y)^∗F^{λσ} (y). (2.13)

[Note that Eq. (2.12b) may be obtained from the form (2.12a) by inserting Eq. (2.13) into the former and then identifying B_μ according to the construction (2.8). In this way the sign of^1_4 F_{μν} F^{μν} = −^1_4^∗F_{μν}^∗F^{μν} is flipped.] Consequently, the field equation relating^∗F^{μν} and B^μ is ∗F_{μν} = ∂_μB_ν − ∂_ν B_μ − ∫ (dy)^∗ (f_μ(x − y)j_ν (y) − f_ν (x − y)j_μ(y)) , (2.14)

which is simply obtained from Eq. (2.2) by making the duality transformation E → M, M → −E, where E stands for any electric quantity and M for any magnetic quantity.

9Using Eq. (2.8), variations of the action, Eq. (2.12a), with respect to Aμ(x) and Fμν (x) yield Eqs. (1.2) and (2.2) where ∗Gμν (x) is the dual of Eq. (2.4).

III. QUANTIZATION OF DUAL QED: SCHWINGER-DYSON EQUATIONS

Although the various actions describing the interactions of point electric and magnetic poles can be described in terms of a set of Feynman rules which one conventionally uses in perturbative calculations, the large value of α_g or eg/4π renders them useless for this purpose. In addition, as mentioned in Section I, calculations of physical processes using the perturbative approach from string-dependent actions such as Eqs. (2.12a) and (2.12b) have led only to string dependent results. In conjunction with a nonperturbative functional approach, however, the Feynman rules serve to elucidate the electron-monopole interactions. We express these interactions in terms of the “dual-potential” formalism as a quantum generalization of the relativistic classical theory of section II A. We use the Schwinger action principle [54] to quantize the electron-monopole system by solving the corresponding Schwinger-Dyson equations for the generating functional. Using a functional Fourier transform of this generating functional in terms of a path integral for the electron-monopole system, we rearrange the generating functional into a form that is well-suited for the purpose of nonperturbative calculations.

A. Gauge Symmetry

In order to construct the generating functional for Green’s functions in the electron-monopole system we must restrict the gauge freedom resulting from the local gauge invariance of the action (2.12a). The inversion formulae for A_μ and B_μ, Eqs. (2.13) and (2.8) respectively, might suggest using the technique of gauge-fixed fields [52,50] as was adopted in [28]. However, we use the technique of gauge fixing according to methods outlined by Zumino [55] and generalized by Zinn-Justin [56] in the language of stochastic quantization.

The gauge fields are obtained in terms of the string and the gauge invariant field strength, by contracting the field strength (2.2), (2.4) with the Dirac string, f^μ(x), in conjunction with Eq. (1.6), yielding the following inversion formula for the equation of motion,

A_μ(x) = − ∫ (dx^′)f^ν (x − x^′)F_{μν} (x^′) + ∂_μΛ̃_e(x) , (3.1)

where we use the suggestive notation, Λ̃_e(x)

Λ̃_e(x) = ∫ (dx^′)f^ν (x − x^′)A_ν (x^′) . (3.2)

It is evident that Eq. (3.1) transforms consistently under gauge transformation

A_ν (x) −→ A_ν (x) + ∂_ν Λ_e(x) , (3.3)

while in addition we note that the Lagrangian (2.12a) is invariant under the gauge transformation,

ψ→ exp [ieΛ_e] ψ , A_μ → A_μ + ∂_μΛ_e , (3.4a)

as is the dual action (2.12b) under

χ→ exp [igΛ_g] χ , B_μ → B_μ + ∂_μΛ_g . (3.4b)

Assuming the freedom to choose Λ̃_e(x) = −Λ_e(x), we bring the vector potential into gauge-fixed form,^{10} coinciding with Eq. (2.13),

A_μ(x) = − ∫ (dy)f^ν (x − y) F_{μν} (y) (3.5)

10It is worth noting the similarity of this condition to the Schwinger-Fock gauge in ordinary QED, x · A(x) = 0 which yields the gauge-fixed photon field, Aμ(x) = −x^ν

∫_1 0 ds sFμν (xs).

where the gauge choice is equivalent to a string-gauge condition^{11} ∫ (dx^′)f^μ(x − x^′)A_μ(x^′) = 0 . (3.7)

More generally, the fact that a gauge function exists, such that Λ_e(x) = −Λ̃_e(x) [cf. Eq. (3.2)], implying that we have the freedom to consistently fix the gauge, is in fact not a trivial claim. If this were not true, it would certainly derail the consistency of incorporating monopoles into QED while utilizing the Dirac string formalism. On the contrary, the string gauge condition, Eq. (3.7), is in fact a class of possible consistent gauge conditions characterized by the symbolic operator function (1.7) depending on a unit vector n^μ (which may be either spacelike or timelike). In a similar manner, given the dual field strength (2.14) the dual vector potential takes the following form [cf. Eq. (2.8)]

B_μ(x) = − ∫ (dx^′)f^ν (x − x^′)^∗F_{μν} (x^′) + ∂_μΛ̃_g , (3.8)

where

Λ̃_g(x) = ∫ (dx^′)f^μ(x − x^′)B_μ(x^′) . (3.9)

In order to quantize this system we must divide out the equivalence class of field values defined by a gauge trajectory in field space; in this sense the gauge condition restricts the vector potential to a hypersurface of field space which is embodied in the generalization of Eq. (3.7) ∫ (dx^′)f^μ(x − x^′)A_μ(x^′) = Λ_e(x) , (3.10)

where here Λ_e is any function defining a unique gauge fixing hypersurface in field space.^{12}

In a path integral formalism, we enforce the condition (3.10) by introducing a δ function, symbolically written as

δ(f^μA_μ − Λ_e) = ∫ [dλ_e] exp [ i ∫ (dx)λ_e (x) (∫ (dx^′)f^μ(x − x^′)A_μ(x^′) − Λ_e(x) )] , (3.11)

or by introducing a Gaussian functional integral

Φ(f^μA_μ − Λ_e) = ∫ [dλ_e] exp [ − i 2 ∫ (dx)(dx^′)λ_e(x)M(x, x^′)λ_e(x^′)

+i ∫ (dx)λ_e(x) (∫ (dx^′)f^μ(x − x^′)A_μ(x^′) − Λ_e(x) ) ] , (3.12)

where the symmetric matrix M(x, x^′) = κ^{−1}δ(x − x^′) describes the spread of the integral ∫ (dx^′)f^μ(x − x^′)A_μ(x^′) about the gauge function, Λ_e(x). That is, we enforce the gauge fixing condition (3.10) by adding the quadratic form appearing here to the action (2.12a) and in turn eliminating λ_e by its “equation of motion”

λ_e(x) = κ (∫ (dy) f^μ(x − y)A_μ(y) − Λ_e(x) ) . (3.13)

Now the equations of motion (1.2) take the form,

11Taking the divergence of Eq. (3.5) and using Eq. (1.2), the gauge-fixed condition (3.5) can be written as ∂μA^μ = ∫ (dy)f^μ (x − y) jμ(y) , (3.6) which is nothing other than the gauge-fixed condition of Zwanziger in the two-potential formalism [19]. 12Choosing a different function Λe (which the gauge freedom permits us to do) merely yields a different section of field space under the restriction that it cut each equivalence class of field values once.

∂^ν F_{μν} (x) − ∫ (dx^′)λ_e(x^′)f_μ(x^′ − x) = j_μ(x), (3.14a) ∂^{ν ∗}F_{μν} (x) − ∫ (dx^′)λ_g (x^′)f_μ(x^′ − x) =^∗j_μ(x). (3.14b)

where the second equation refers to a similar gauge fixing in the dual sector. Taking the divergence of Eqs. (3.14a) implies λ_e = 0 from Eqs. (1.6) and (1.3), which consistently yields the gauge condition (3.10). Using our freedom to make a transformation to the gauge-fixed condition (3.5), Λ_e = 0, the equation of motion (3.14a) for the potential becomes [ − g_{μν} ∂^2 + ∂_μ∂_ν + κ n_μ(n · ∂)^{−2}n_ν ] A^ν (x) = j_μ(x) + ϵ_{μνστ} n^ν (n · ∂) ∂^{σ ∗}j^τ (x) , n^μA_μ = 0,

(3.15)

where we now have used the symbolic form of the string function (1.7). We have retained the term proportional to n_μn_ν in the kernel, scaled by the arbitrary parameter κ, K_{μν} = [ − g_{μν} ∂^2 + ∂_μ∂_ν + κ n_μ(n · ∂)^{−2}n_ν ] (3.16)

so that K_{μν} possesses an inverse

D_{μν} (x) = [ g_{μν} − n_μ∂_ν + n_ν ∂_μ (n · ∂) + n^2 ( 1 − 1 κ (n · ∂)^2∂^2

n^2 ) ∂_μ∂_ν (n · ∂)^2 ] D_+(x) , (3.17)

that is, ∫ (dx^′)K_{μα}(x − x^′)D^{αν} (x^′ − x^{′′}) = g^ν_μδ(x − x^{′′}), where D_+(x) is the massless scalar propagator,

D_+(x) = 1 −∂^2 − iϵ δ(x) . (3.18)

This in turn enables us to rewrite Eq. (3.15) as an integral equation, expressing the vector potential in terms of the electron and monopole currents,

A_μ(x) = ∫ (dx^′)D_{μν} (x − x^′)j^ν (x^′) + ϵ^{νλστ} ∫ (dx^′)(dx^{′′})D_{μν} (x − x^′)f_λ(x^′ − x^{′′})∂^{′′}_σ^∗j_τ (x^{′′}) . (3.19)

The steps for B_μ(x) are analogous.

B. Vacuum Persistence Amplitude and the Path Integral

Given the gauge-fixed but string-dependent action we are prepared to quantize this theory of dual QED. Quantization using a path integral formulation of such a string dependent action is by no means straightforward; therefore we will develop the generating functional making use of a functional approach. Using the quantum action principle (cf. Ref. [54]) we write the generating functional for Green functions (or the vacuum persistence amplitude) in the presence of external sources J

Z(J ) = ⟨0_+ | 0_−⟩^J , (3.20)

for the electron-monopole system. Schwinger’s action principle states that under an arbitrary variation

δ⟨0_+ | 0_−⟩^J = i⟨0_+ |δW (J )| 0_−⟩^J , (3.21)

where W (J ) is the action given in Eq. (2.12a) externally driven by the sources, J , which for the present case are given by the set {J,^∗J, η̄, η, ξ̄, ξ}:

W (J ) = W + ∫ (dx) { J^μA_μ +^∗J^μB_μ + η̄ψ + ψ̄η + ξ̄χ + χ̄ξ } . (3.22)

The one-point functions are then given by δ iδJ^μ(x) log Z(J ) =

⟨0_+|A_μ(x)|0_−⟩^J ⟨0_+ | 0_−⟩^J , δ iδ^∗J^μ(x) log Z(J ) =

⟨0_+|B_μ(x)|0_−⟩^J ⟨0_+ | 0_−⟩^J , δ iδη̄(x) log Z(J ) = ⟨0_+|ψ(x)|0_−⟩^J ⟨0_+ | 0_−⟩^J , δ iδξ̄(x) log Z(J ) = ⟨0_+|χ(x)|0_−⟩^J ⟨0_+ | 0_−⟩^J

. (3.23)

Using Eqs. (3.23) we can write down derivatives with respect to the charges^{13} in terms of functional derivatives [57–59] with respect to the external sources; ∂ ∂e ⟨0_+|0_−⟩^J = i⟨0_+ | | ∫ (dx)j^μ(x)A_μ(x) | |0_−⟩^J

= −i ∫ (dx) ( δ δÃ_μ(x) δ δJ^μ(x) ) ⟨0_+ | |0_−⟩^J , ∂ ∂g ⟨0_+|0_−⟩^J = i⟨0_+ | | ∫ (dx)^∗j^μ(x)B_μ(x) | |0_−⟩^J

= −i ∫ (dx) ( δ δB̃_μ(x) δ δ^∗J^μ(x) ) ⟨0_+ | |0_−⟩^J . (3.24)

Here we have introduced an effective source to bring down the electron and monopole currents, δ δÃ_μ ≡ 1 i δ δη γ^μ δ δη̄ , δ δB̃_μ ≡ 1 i δ δξ γ^μ δ δξ̄ . (3.25)

These first order differential equations can be integrated with the result

⟨0_+ | 0_−⟩^J = exp [ −ig ∫ (dx) ( δ δB̃_ν (x) δ δ^∗J^ν (x) ) − ie ∫ (dx) ( δ δÃ_μ(x) δ δJ^μ(x) )] ⟨0_+ | 0_−⟩^J_0 , (3.26)

where ⟨0_+ | 0_−⟩^J_0 is the vacuum amplitude in the absence of interactions. By construction, the vacuum amplitude and Green’s functions for the coupled problem are determined by functional derivatives with respect to the external sources J of the uncoupled vacuum amplitude, where ⟨0_+ | 0_−⟩^J_0 is the product of the separate amplitudes for the quantized electromagnetic and Dirac fields since they constitute completely independent systems in the absence of coupling, that is,

⟨0_+ | 0_−⟩^J_0 = ⟨0_+ | 0_−⟩^{(η̄,η,ξ̄,ξ)}_0 ⟨0_+ | 0_−⟩^{(J, ∗J)}_0 . (3.27)

First we consider ⟨0_+ | 0_−⟩^J_0 as a function of J and^∗J δ iδJ^μ(x) ⟨0_+ | 0_−⟩^J_0 = ⟨0_+|A_μ(x)|0_−⟩^J_0 . (3.28)

Taking the matrix element of the integral equation (3.19) but now with external sources rather than dynamical currents we find

⟨0_+|A_μ(x)|0_−⟩^J_0 = ∫ (dx^′)D_{μν} (x − x^′) ( J^ν (x^′) + ϵ^{νλστ} ∫ (dx^{′′})f_λ(x^′ − x^{′′})∂^{′′}_σ^∗J_τ (x^{′′}) ) ⟨0_+|0_−⟩^J_0 .

(3.29)

13Here we redefine the electric and magnetic currents j → ej and^∗j → g^∗j. Note that the changes in the action due to induced changes in the fields vanish by virtue of the stationary principle.

Using Eq. (3.15) we arrive at the equivalent gauge-fixed functional equation, [ − g_{μν} ∂^2 + ∂_μ∂_ν + κn_μ(n · ∂)^{−2}n_ν ] δ iδJ^ν (x) ⟨0_+ | 0_−⟩^J_0 = ( J_μ(x) + ϵ_{μνστ} ∫ (dx^′)f^ν (x − x^′)∂^{′σ ∗}J^τ (x^′) ) ⟨0_+ | 0_−⟩^J_0 , (3.30)

which is subject to the gauge condition n^ν δ δJ^ν ⟨0_+|0_−⟩^J_0 = 0, (3.31a) or ∫ (dx^′)f^ν (x − x^′) δ δJ^ν (x^′)

⟨0_+|0_−⟩^J_0 = 0. (3.31b)

In turn, from Eq. (3.26) we obtain the full functional equation for ⟨0_+ | 0_−⟩^J : [ − g_{μν} ∂^2 + ∂_μ∂_ν + κ n_μ(n · ∂)^{−2}n_ν ] δ iδJ^ν (x) ⟨0_+ | 0_−⟩^J

= exp [ −ig ∫ (dy) ( δ δB̃_α(y) δ δ^∗J^α(y) ) − ie ∫ (dy) ( δ δÃ_α(y) δ δJ^α(y) )]

× ( J_μ(x) + ϵ_{μνστ} ∫ (dx^′)f^ν (x − x^′)∂^{′σ ∗}J^τ (x^′) ) ⟨0_+ | 0_−⟩^J_0 . (3.32)

Commuting the external currents to the left of the exponential on the right side of Eq. (3.32) and using Eqs. (3.23), we are led to the Schwinger-Dyson equation for the vacuum amplitude, where we have restored the meaning of the functional derivatives with respect to Ã, B̃ given in Eq. (3.25), {[ − g_{μν} ∂^2 + ∂_μ∂_ν + κn_μ(n · ∂)^{−2}n_ν ] δ iδJ_ν (x) −e δ iδη(x) γ_μ δ iδη̄(x) − ϵ_{μνστ} ∫ (dx^′)f^ν (x − x^′)∂^{′σ} g δ iδξ(x^′) γ^τ δ iδξ̄(x^′) } ⟨0_+ | 0_−⟩^J = ( J_μ(x) + ϵ_{μνστ} ∫ (dx^′)f^ν (x − x^′)∂^{′σ ∗}J^τ (x^′) ) ⟨0_+ | 0_−⟩^J . (3.33)

In an analogous manner, using δ iδ^∗J^μ(x) ⟨0_+ | 0_−⟩^J_0 = ⟨0_+|B_μ(x)|0_−⟩^J_0 , (3.34)

we obtain the functional equation (which is consistent with duality) {[ − g_{μν} ∂^2 + ∂_μ∂_ν + κn_μ(n · ∂)^{−2}n_ν ] δ iδ^∗J_ν (x) −g δ iδξ(x) γ_μ δ iδξ̄(x) + ϵ_{μνστ} ∫ (dx^′)f^ν (x − x^′)∂^{′σ} e δ iδη(x^′) γ^τ δ iδη̄(x^′) } ⟨0_+ | 0_−⟩^J = (_∗ J_μ(x) − ϵ_{μνστ} ∫ (dx^′)f^ν (x − x^′)∂^{′σ}J^τ (x^′) ) ⟨0_+ | 0_−⟩^J , (3.35)

which is subject to the gauge condition ∫ (dx^′)f^μ(x − x^′) δ δ^∗J_μ(x^′)

⟨0_+|0_−⟩^J = 0. (3.36)

In a straightforward manner we obtain the functional Dirac equations { iγ∂ + eγ^μ δ iδJ^μ(x) − m_ψ } δ iδη̄(x) ⟨0_+ | 0_−⟩^J = −η(x)⟨0_+ | 0_−⟩^J , (3.37a) { iγ∂ + gγ^μ δ iδ^∗J^μ(x) − m_χ } δ iδξ̄(x) ⟨0_+ | 0_−⟩^J = −ξ(x)⟨0_+ | 0_−⟩^J . (3.37b)

In order to obtain a generating functional for Green’s functions we must solve the set of equations (3.33), (3.35), (3.37a), (3.37b) subject to Eqs. (3.31b) and (3.36) for ⟨0_+ | 0_−⟩^J . In the absence of interactions, we can immediately integrate the Schwinger-Dyson equations; in particular, (3.35) then integrates to

⟨0_+ | 0_−⟩^J_0 = N (J) exp { i 2 ∫ (dx)(dx^′ )^∗J_μ (x) D^{μν} (x − x^′)^∗J_ν (x^′) + iϵ_{μνστ} ∫ (dx)(dx^′)(dx^{′′})^∗J_β(x)D^{βμ}(x − x^′)∂^{′ν} f^σ(x^′ − x^{′′})J^τ (x^{′′}) } . (3.38)

We determine N , which depends only on J, by inserting Eq. (3.38) into Eq. (3.33) or (3.30):

ln N (J) = i 2 ∫ (dx)(dx^′ )J_μ(x)D^{μν} (x − x^′)J_ν (x^′), (3.39)

resulting in the generating functional for the photonic sector

⟨0_+ | 0_−⟩^{(J, ∗J)}_0 = exp { i 2 ∫ (dx)(dx^′)J_μ(x)D^{μν} (x − x^′)J_ν (x^′) + i 2 ∫ (dx)(dx^′ )^∗J_μ(x)D^{μν} (x − x^′)^∗J_ν (x^′) − i ∫ (dx)(dx^′ )J_μ(x)D̃^{μν} (x − x^′)^∗J_ν (x^{′′}) } , (3.40)

where we use the shorthand notation for the “dual propagator” that couples magnetic to electric charge D̃_{μν} (x − x^′) = ϵ_{μνστ} ∫ (dx^{′′})D_+ (x − x^{′′}) ∂^{′′σ} f^τ (x^{′′} − x^′) . (3.41)

The term coupling electric and magnetic sources has the same form as in Eq. (1.5); here, we have replaced D^{κμ} → g^{κμ}D_+, as we may because of the appearance of the Levi-Civita symbol in Eq. (3.41). In an even more straightforward manner Eqs. (3.37a), (3.37b) integrate to ⟨0_+ | 0_−⟩^{(η̄,η,ξ̄,ξ)} 0 = exp { i ∫ (dx)(dx^′) [ η̄(x)G_ψ (x − x^′)η(x^′) + ξ̄(x)G_χ(x − x^′)ξ(x^′) ] } , (3.42)

where G_ψ and G_χ are the free propagators for the electrically and magnetically charged fermions, respectively,

G_ψ(x) = 1 −iγ∂ + m_ψ δ(x) , G_χ(x) = 1 −iγ∂ + m_χ δ(x) . (3.43)

In the presence of interactions the coupled equations (3.33), (3.35), (3.37a), (3.37b) are solved by substituting Eqs. (3.40) and (3.42) into Eq. (3.26). The resulting generating function is

Z(J ) = exp ( −ie ∫ (dx) δ δη(x) γ^μ δ iδJ^μ(x) δ δη̄(x) ) exp ( −ig ∫ (dy) δ δξ(y) γ^μ δ iδ^∗J^μ(y) δ δξ̄(y) ) Z_0(J ) . (3.44)

C. Nonperturbative Generating Functional

Due to the fact that any expansion in α_g or eg is not practically useful we recast the generating functional (3.44) into a functional form better suited for a nonperturbative calculation of the four-point Green’s function.

First we utilize the well-known Gaussian combinatoric relation [46,47]; moving the exponentials containing the interaction vertices in terms of functional derivatives with respect to fermion sources past the free fermion propagators, we obtain (coordinate labels are now suppressed)

Z(J ) = exp { i ∫ η̄ ( G_ψ [ 1 − eγ · δ iδJ G_ψ ]_{−1}) η + Tr ln ( 1 − eγ · δ iδJ G_ψ )}

× exp { i ∫ ξ̄ ( G_χ [ 1 − gγ · δ iδ^∗J G_χ ]_{−1}) ξ + Tr ln ( 1 − gγ · δ iδ^∗J G_χ )} Z_0(J,^∗J) .

(3.45)

Now, we re-express Eq. (3.40), the non-interacting part of the generating functional of the photonic action, Z_0(J,^∗J), using a functional Fourier transform,

Z_0(J,^∗J) = ∫ [dA] [dB] Z̃_0 (A, B) exp [ i ∫ (J · A +^∗J · B) ] , (3.46) or Z_0(J,^∗J) = ∫ [dA] [dB] exp (iΓ_0[A, B, J,^∗J]) , (3.47)

where (using a matrix notation for integration over coordinates)

Γ_0[A, B, J,^∗J] = ∫ (J · A +^∗J · B) − 1 2 ∫ A^μK_{μν} A^ν + 1 2 ∫ B^{′μ}Δ̃^{−1}_{μν} B^{′ν} (3.48)

with the abbreviation B^′_μ(x) = B_μ(x) − ϵ_{μνστ} ∫ (dx^′)∂^ν f^σ(x − x^′)A^τ (x^′) (3.49)

and the string-dependent “correlator”

Δ̃_{μν} (x − x^′) = ∫ (dx^{′′}) {f^σ(x − x^{′′})f_σ (x^{′′} − x^′) g_{μν} − f_μ (x − x^{′′}) f_ν (x^{′′} − x^′)} (3.50)

(see Appendix A for details). Using Eq. (3.48) we recast Eq. (3.45) as

Z(J ) = ∫ [dA] [dB] F_1(A)F_2(B) exp (iΓ_0[A, B, J,^∗J]) . (3.51)

Here the fermion functionals F_1 and F_2 are obtained by the replacements^δ_{ıδJ} → A,^δ_{iδ ∗J} → B:

F_1(A) = exp { Tr ln (1 − eγ · AG_ψ ) + i ∫ η̄ ( G_ψ [1 − eγ · AG_ψ]^{−1} ) η } , F_2(B) = exp { Tr ln (1 − gγ · BG_χ) + i ∫ ξ̄ ( G_χ [1 − gγ · BG_χ]^{−1} ) ξ } . (3.52)

We perform a change of variables by shifting about the stationary configuration of the effective action, Γ_0[A, B, J,^∗J]:

A_μ(x) = Ā_μ(x) + ϕ_μ(x) , B^′_μ(x) = B̄^′_μ(x) + ϕ^′_μ(x) (3.53)

where Ā and B̄ are given by the solutions to δΓ_0 (A, B, J,^∗J) δA^τ = 0 , δΓ_0 (A, B, J,^∗J) δB^τ = 0 , (3.54) namely (most easily seen by regarding A and B^′ as independent variables),

Ā_μ(x) = ∫ (dx^′)D_{μκ}(x − x^′) ( J^κ(x^′) − ϵ^{κνστ} ∫ (dx^{′′})∂^′_ν f_σ(x^′ − x^{′′})^∗J_τ (x^{′′}) ) , B̄_μ(x) = ∫ (dx^′)D_{μκ}(x − x^′) (_∗ J^κ(x^′) + ϵ^{κνστ} ∫ (dx^{′′})∂^′_ν f_σ(x^′ − x^{′′})J_τ (x^{′′}) ) , (3.55)

reflecting the form of Eq. (3.19) and its dual. Note that the solutions (3.55) respect the dual symmetry, which is not however manifest in the form of the effective action (3.48). Using the properties of Volterra expansions for functionals and performing the resulting quadratic integration over ϕ(x) and ϕ^′(x) (see Appendix B), we obtain a rearrangement of the generating functional for the monopole-electron system that is well suited for nonperturbative calculations: Z(J ) Z_0(J,^∗J)

= exp { i 2 ∫ (dx)(dx^′) ( δ δĀ_μ(x) D_{μν} (x − x^′) δ δĀ_ν (x^′) + δ δB̄_μ(x) D_{μν} (x − x^′) δ δB̄_ν (x^′) )

− i ∫ (dx)(dx^′) δ δĀ_μ(x) D̃_{μν} (x − x^′) δ δB̄_ν (x^′) }

× exp { i ∫ (dx)(dx^′)η̄ (x) G(x, x^′|Ā)η (x^′) + i ∫ (dx)(dx^′)ξ̄ (x) G(x, x^′|B̄)ξ (x^′) }

× exp { − ∫_e 0 de^′ TrγĀG(x, x|Ā) − ∫_g 0 dg^′ TrγB̄G(x, x|B̄) } . (3.56)

Here the two-point fermion Green’s functions G(x_1, y_1|Ā), and G(x_2, y_2|B̄) in the background of the stationary photon field Ā, B̄ are given by G(x, x^′|Ā) = ⟨x|(γp + m_ψ − e γĀ)^{−1}|x^′⟩ , G(x, x^′|B̄) = ⟨x|(γp + m_χ − g γB̄)^{−1}|x^′⟩ , (3.57) where the trace includes integration over spacetime. This result is equivalent to the functional Fourier transform given in Eq. (3.46) including the fermionic monopole-electon system:

Z(J ) = ∫ [dA] [dB] det (−iγD_A + m_ψ) det (−iγD_B + m_χ)

× exp { i ∫ (dx)(dx^′) ( η̄ (x) G(x, x^′|A)η (x^′) + ξ̄ (x) G(x, x^′|B)ξ (x^′) )}

× exp { − i 2 ∫ ( A^μK_{μν} A^ν − B^{′μ}Δ̃^{−1}_{μν} B^{′ν} ) + i ∫ (J · A +^∗J · B) } , (3.58)

where we have integrated over the fermion degrees of freedom.

Finally from our knowledge of the manner in which electric and magnetic charge couple to photons through Maxwell’s equations we can immediately write the generalization of Eq. (3.56) for dyons, the different species of which are labeled by the index a:

Z(J ) = exp { i 2 ∫ (dx)(dx^′ )K^μ(x)D_{μν} (x − x^′) K^ν (x^′) }

× exp { i 2 ∫ (dx)(dx^′) δ δĀ_μ(x) D_{μν} (x − x^′) δ δĀ_ν (x^′) }

× exp { i ∑ a ∫ (dx)(dx^′ )ζ̄_a (x) G_a(x, x^′|Ā_a)ζ_a (x^′) }

× exp { − ∑ a ∫_1 0 dq TrγĀ_aG_a(x, x|qĀ_a) } . (3.59)

where A_a = e_aA + g_aB, ζ_a is the source for the dyon of species a, and a matrix notation is adopted,

K^μ(x) = ( J(x) ∗J(x) ) , δ δĀ_μ(x) = ( δ/δĀ_μ(x) δ/δB̄_μ(x) ) , (3.60a) and D_{μν} (x − x^′) = ( D_{μν} (x − x^′) −D̃_{μν} (x − x^′) D̃_{μν} (x − x′) D_{μν} (x − x′) ) . (3.61a)

IV. STRING INDEPENDENCE OF THE DYON-DYON SCATTERING CROSS SECTION

In this section we demonstrate the string independence of the dyon-dyon and charge-monopole (the latter being a special case of the former) scattering cross section. We will use the generating functional (3.59) developed in the last section to calculate the scattering cross section nonperturbatively. We find that we are able to demonstrate phenomenological string invariance of the scattering cross section. It appears that in much the same manner as the Coulomb phase arises as a soft effect in high energy charge scattering, the string dependence arises from the exchange of soft photons.

To calculate the dyon-dyon scattering cross section we obtain the four–point Green’s function for this process from Eq. (3.59)

G (x_1, y_1; x_2, y_2) = δ iδζ̄_1(x_1) δ iδζ_1(y_1) δ iδζ̄_2(x_2) δ iδζ_2(x_2) Z(J ) | | | |_{J =0}. (4.1)

The subscripts on the sources refer to the two different dyons.

Here we confront our calculational limits; these are not too dissimilar from those encountered in diffractive scattering or in the strong-coupling regime of QCD [60–63]. As a first step in analyzing the string dependence of the scattering amplitudes, we study high-energy forward scattering processes where soft photon contributions dominate. In diagrammatic language, in this kinematic regime it is customary to restrict attention to that subclass in which there are no closed fermion loops and the photons are exchanged between fermions [60]. In the context of Schwinger-Dyson equations this amounts to quenched or ladder approximation (see Fig. 1). In this approximation the linkage operators, Ł, connect two fermion propagators via photon exchange, as we read off from Eq. (3.56):

eŁ^{12} = exp { i ∫ (dx)(dx^′) δ δĀ^μ_1 (x) D^{μν} (x − x^′) δ δĀ^ν_2 (x^′) } . (4.2)

In this approximation Eq. (4.1) takes the form

G (x_1, y_1; x_2, y_2) = −eŁ^{12} G_1(x_1, y_1|Ā_1)G_2(x_2, y_2|Ā_2) | |_{Ā=B̄=0} , (4.3)

where we express the two-point function using the proper-time parameter representation of an ordered exponential G_a(x, y|Ā_a) = i ∫_∞ 0 dξ e^{−iξ(ma−iγ∂)} exp { i ∫_ξ 0 dξ^′e^{ξ′γ∂} γĀ_ae^{−ξ′γ∂} } + δ(x − y) (4.4)

where “+” denotes path ordering in ξ^′. The 12 subscripts in Ł_{12} emphasize that only photon lines that link the two fermion lines are being considered.

A. High Energy Scattering Cross Section

Adapting techniques outlined in [64,65] we consider the connected form of Eq. (4.3). We use the connected two-point function and the identities

eŁ = 1 +

∫_1 0 da e^aŁŁ (4.5) and δ δĀ_μ(x) G(y, z|Ā) = eG(y, x|Ā)γ^μG(x, z|Ā) . (4.6) Using Eqs. (4.3) and (4.4) one straightforwardly is led to the following representation of the four-point Green function,

G(x_1, y_1; x_2, y_2) = −i

∫_1 0 da ∫ (dz_1)(dz_2) ( q_1 · q_2 D_{μν} (z_1 − z_2) − q_1×q_2D̃_{μν} (z_1 − z_2 ) ) ×e^aŁ^{12} G_1(x_1, z_1|Ā_1)γ_μG_1(z_1, y_1|Ā_1)G_2(x_2, z_2|Ā_2)γ^ν G_2(z_2, y_2|Ā_2) | | | |_{Ā=B̄=0}

, (4.7)

where the charge combinations invariant under duality transformations are

q_1 · q_2 = e_1e_2 + g_1g_2 q_1×q_2 = e_1g_2 − g_1e_2 . (4.8)

In order to account for the soft nonperturbative effects of the interaction between electric and magnetic charges we consider the limit in which the momentum exchanged by the photons is small compared to the mass of the fermions. This affords a substantial simplification in evaluating the path-ordered exponential in Eq. (4.4); in conjunction with the assumption of small momentum transfer compared to the incident and outgoing momenta, q/p_{(1,2)} ≪ 1, this amounts to the Bloch-Nordsieck [66] or eikonal approximation (see [40–43] and for more modern applications in diffractive and strong coupling QCD processes [60–63]). In this approximation Eq. (4.4) becomes G_a(x, y|Ā) = i ∫_∞ 0 dξ e^{−iξm}δ ( x − y − ξ p m ) exp { i ∫_ξ 0 dξ^′ p m · Ā ( x − ξ^′ p m ) } . (4.9)

With this simplification each propagator in Eq. (4.3) can be written as an exponential of linear function of the gauge field. Performing mass shell amputation on each external coordinate and taking the Fourier transform of Eq. (4.7) we obtain the scattering amplitude, T (p_1, p^′_1; p_2, p^′_2):

T (p_1, p^′_1; p_2, p^′_2) = −i

∫_1 0 da e^aŁ^{12} ∫ (dz_1)(dz_2) ( q_1 · q_2 D_{μν} (z_1 − z_2) − q_1×q_2D̃_{μν} (z_1 − z_2) )

× ∫ (dx_1)e^{−ip1 x1}ū(p_1) (m_1 + v_1 · p_1) G_1(x_1, z_1|Ā_1)γ^μ ∫ (dy_1)e^{ip′1 y1} G_1(z_1, y_1|Ā_1) (m_1 + v^′_1 · p^′_1) u(p^′_1) × ∫ (dx_2)e^{−ix2p2}ū(p_2) (m_2 + v_2 · p_2) G_2(x_2, z_2|Ā_2)γ^ν ∫ (dy_2)e^{ip′2 y2} G_2(z_2, y_2|Ā_2) (m_2 + v^′_2 · p^′_2) u(p^′_2). (4.10)

Substituting Eq. (4.9) into Eq. (4.10), we simplify this to

T (p_1, p^′_1; p_2, p^′_2) = −i

∫_1 0 d a ∫ (dz_1)(dz_2)e^{−iz1}(^{p1−p′1} )e^{−iz2} (^{p2 −p′2})ū(p^′_1)γ^μu(p_1)ū(p^′_2)γ^ν u(p_2) × ( q_1 · q_2 D_{μν} (z_1 − z_2) − q_1×q_2D̃_{μν} (z_1 − z_2) ) e^aŁ^{12}

× exp [ i ∫_∞ 0 dα_1 { p_1 · (¯ A_1 (z_1 + α_1p_1) ) + p^′_1 · (¯ A_1 (z_1 − α_1p^′_1) )} ]

× exp [ i ∫_∞ 0 dα_2 { p_2 · (¯ A_2 (z_2 + α_2p_2) ) + p^′_2 · (¯ A_2 (z_2 − α_2p^′_2) )} ] . (4.11)

Choosing the incoming momenta to be in the z direction, in the center of momentum frame, p^μ_1 = (E_1, 0, 0, p), p^μ_2 = (E_2, 0, 0, −p), invoking the approximation of small recoil and passing the linkage operator through the exponentials containing the photon field, we find from Eq. (4.11)

T (p_1, p^′_1; p_2, p^′_2) = −i

∫_1 0 da ∫ (dz_1)(dz_2)e^{−iz1} (^{p1 −p′1})e^{−iz2}(^{p2−p′2} )ū(p^′_1)γ_μu(p_1)ῡ(p^′_2)γ_ν υ(p_2) × ( q_1 · q_2 D^{μν} (z_1 − z_2) − q_1×q_2D̃^{μν} (z_1 − z_2) ) e^{iaΦ(p1 ,p2;z1−z2)} , (4.12)

where the “eikonal phase” integral is,

Φ_n (p_1, p_2; z_1 − z_2) = p^κ_1 p^λ_2 ∫_∞ −∞ dα_1 dα_2 ( q_1 · q_2 D_{κλ} − q_1×q_2D̃_{κλ} ) (z_1 − z_2 + α_1p_1 − α_2p_2) . (4.13)

We transform to the center of momentum coordinates, by decomposing the relative coordinate accordingly,

(z_1 − z_2)^μ = x^μ_⊥ − τ_1p^μ_1 + τ_2p^μ_2 , (4.14)

where the Jacobian of the transformation is J = p √ s (4.15)

and s = −(p_1 + p_2)^2 is the square of the center of mass energy. Here we use the symmetric (see [22,23] for details) infinite string function, which has the momentum-space form,

f^μ(k) = n^μ 2 i ( 1 n · k − iδ + 1 n · k + iδ ) . (4.16)

Inserting the momentum-space representation of the propagator, we cast Eq. (4.13) into the form

Φ_n (p_1, p_2; x) = p^κ_1 p^λ_2 ∫_∞ −∞ dα_1 dα_2 ∫ (dk) (2π)^4 e^{i k·(x+α1p1 −α2 p2)} k^2 + μ^2 × [ q_1 · q_2 g_{κλ} − q_1×q_2ϵ_{κλστ} k^σ n^τ 2 ( 1 n · k − iδ + 1 n · k + iδ )] , (4.17)

where we have introduced the standard infrared photon-mass regulator, μ^2. The delta functions that result from performing the integrations over parameters α_1 and α_2 in Eq. (4.17) in the eikonal phase suggests the momentum decomposition

k^μ = k^μ_⊥ + λ_1e^μ_1 + λ_2e^μ_2 , where λ_1 = p_2 · k , and λ_2 = p_1 · k, (4.18)

and the four-vector basis is given by

e^μ_1 = −1 √ s ( 1, 0, 0, p^0_1 p ) and e^μ_2 = −1 √ s ( 1, 0, 0, − p^0_2 p ) , (4.19)

which have the following properties,

e_1 · e_1 = 1 s M^2_1 p^2

, e_2 · e_2 = 1 s M^2_2 p^2

, and e_1 · e_2 = 1 s p_1 · p_2

p^2

. (4.20)

The corresponding measure and Jacobian are, respectively,

(dk) = Jd^2k_⊥dλ_1dλ_2 and J = ( p √ s )_{−1} . (4.21)

Using the definition of the Møller amplitude, M(s, t), given by removing the momentum-conserving delta function,

T (p_1, p^′_1; p_2, p^′_2) = (2π)^4δ^{(4)} (P − P^′) M(s, t) , (4.22)

we put Eq. (4.12) into the form M(s, t) = −i ∫_1 0 da ∫ d^2x_⊥e^{−iq⊥·x⊥}ū(p^′_1)γ^μu(p_1)ū(p^′_2)γ^ν u(p_2)I_{μν} e^{iaΦn (p1,p2 ;x)} , (4.23)

where I_{μν} = ∫ d^2k_⊥ (2π)^2 dλ_1 2π dλ_2 2π e^{ik⊥·x⊥} 2πδ(λ_1)2πδ(λ_2) ( k^2_⊥ + μ^2 +^1_{s p2} (λ^2_1M^2_1 + λ^2M^2_2 + 2λ_1λ_2p_1 · p_2) )

× [ q_1 · q_2 g_{μν} − q_1×q_2ϵ_{μνστ} k^σ n^τ 2 ( 1 n · k − iδ + 1 n · k + iδ )] (4.24)

Here P = p_1 + p_2 and P^′ = p^′_1 + p^′_2, and q = p_1 − p^′_1 is the momentum transfer. The factor

exp(iτ_1p_1 · q − iτ_2p_2 · q) = exp [ i 1 2 q^2(τ_1 + τ_2) ] (4.25)

has been omitted because it is unity in the eikonal limit, and correspondingly, we have carried out the integrals on τ_1 and τ_2. The eikonal phase Eq. (4.17) now takes the very similar form

Φ_n (p_1, p_2; x) = p^κ_1 p^λ_2 p √ s I_{κλ}. (4.26)

Choosing a spacelike string^{14}, n^μ = (0, n), integrating over the coordinates λ_1, λ_2, and introducing “proper-time” parameter representations of the propagators, we reduce Eq. (4.26) to

Φ_n (p_1, p_2; x) = 1 p √ s ∫ d^2k (2π)^2 e^{ik·x} ∫_∞ 0 ds e^−s(^{k2+μ2} ) × { q_1 · q_2 p_1 · p_2 − q_1×q_2p^μ_1 p^ν_2 ϵ_{μνστ} n^σ 2 i ∂ ∂n_τ (∫_∞ 0 dt it e^it^{(n·k+iδ)} − ∫_0 −∞ dt it e^it^{(n·k−iδ)} ) }

= 1 2π { q_1 · q_2 p_1 · p_2 p √ s K_0 (μ |x|) − q_1×q_2ϵ_{3jk}n^j ∂ ∂n^k 1 2 ∫ dt t K_0 (μ |(x + tn)|) } , (4.27)

in terms of modified Bessel functions, where we have dropped the subscript ⊥.

We perform the parameter integral over t in the limit of small μ^2: − 1 2 ẑ · (n̂ × x) [∫_∞ 0 − ∫_0 −∞ ] dt e^{−δ|t|} (t + n̂ · x)^2 + x^2 − (n̂ · x)^2

= arctan [ n · x ẑ · (n̂ × x) ] , (4.28)

so the phase is

Φ_n (p_1, p_2; x) = 1 2π { q_1 · q_2 ln (μ̃ |x|) − q_1×q_2 arctan [ n̂ · x ẑ · (n̂ × x) ]} . (4.29)

In this limit we have used the asymptotic limit of the modfied Bessel function

K_0(x) ∼ − ln ( e^γ x 2 ) , (4.30)

where γ = 0.577 . . . is Euler’s constant and we have defined μ̃ = e^γ μ/ 2. Similarly, Eq. (4.23) becomes M(s, t) = − i 2π ∫_1 0 da ∫ d^2x e^{iq·x}ū(p^′_1)γ^μu(p_1)ū(p^′_2)γ^ν u(p_2) × { g_{μν} q_1 · q_2K_0 (μ |x|) − ϵ_{μνστ} q_1×q_2n^τ ∂ ∂n_σ 1 2 ∫ dt t K_0 (μ |(x + tn)|) } e^{iaΦn (p1,p2 ;x)}. (4.31)

Although in the eikonal limit, no spin-flip processes occur, it is, as always, easier to calculate the helicity amplitudes, of which there is only one in this case. In the high-energy limit, p^0 ≫ m, the Dirac spinor in the helicity basis is

u^σ (p) = √ p^0 2m (1 + iγ_5σ)v_σ , (4.32)

where the v_σ may be thought of as two-component spinors satisfying γ^0v_σ = v_σ. They are further eigenstates of the helicity operator σ · p̂ with eigenvalue σ:

14We choose a spacelike string in order that we formally have a local interaction in momentum space.

v^†_+(p̂^′) = ( cos^θ_2 , sin^θ_2 ) v^†_−(p̂^′) = ( − sin^θ_2 , cos^θ_2 ) v_+(p̂) = ( 1 0 ) v_−(p̂) = ( 0 1 ) . (4.33)

We employ the definition

γ_5 = γ_0γ^1γ^2γ^3 (4.34)

and consequently γ^0γ = iγ^5σ, where σ_{ij} = ϵ_{ijk}σ^k . We then easily find upon integrating over the parameter a that the spin non-flip part of Eq. (4.31) becomes (θ → 0) M(s, t) = s 2M_1M_2 { ∫ d^2x e^{iq·x}e^{iΦn (p1,p2 ;x)} − (2π)^2 δ^2 (q) } . (4.35)

Now notice that the arctangent function is discontinuous when the xy component of n̂ and x lie in the same direction. We require that the eikonal phase factor e^{iΦn} be continuous, which leads to the Schwinger quantization condition (1.4):

q_1×q_2 = 4Nπ . (4.36)

Now using the integral form for the Bessel function of order ν

i^ν J_ν (t) = ∫_{2π} 0 dϕ 2π e^{i(t cos ϕ−νϕ)} , (4.37)

we find the dyon-dyon scattering amplitude (4.35) to be M(s, t) = πs M_1M_2 e^{i2Nψ} ∫_∞ 0 dx x J_{2N} (qx) e^{i2α̃ ln(μ̃x)} , (4.38)

where α̃ = q_1 · q_2/4π, and ψ is the angle between q and n. The integral over x is just a ratio of gamma functions, ∫_∞ 0 dx (μ̃x)^{1+2iα̃} J_{2N} (qx) = 1 2μ̃ ( 4μ̃^2 q^2 )_{iα̃+1} Γ (1 + N + iα̃) Γ (N − iα̃) . (4.39)

Then Eq. (4.38) becomes M(s, t) = s M_1M_2 2π q^2 (N − iα̃)e^{i2Nψ} ( 4μ̃^2 q^2 )_{iα̃} Γ (1 + N + iα̃) Γ (1 + N − iα̃)

. (4.40)

This result is almost identical in structure to the nonrelativistic form of the scattering amplitude for the Coulomb potential, which result is recovered by setting N = 0. (See, for example, Ref. [67].) Following the standard convention [68] we calculate the spin-averaged cross section for dyon-dyon scattering in the high energy limit, dσ dt = (q_1 · q_2)^2 + (q_1×q_2)^2 4πt^2 . (4.41)

While the Lagrangian is string-dependent, because of the charge quantization condition, the cross section, Eq (4.41), is string independent.

For the case of charge-monopole scattering e_1 = g_2 = 0, this result, of course, coincides with that found by Urrutia [45], which is also string independent as a consequence of (1.1). This is to be contrasted with ad hoc prescriptions that average over string directions or eliminate its dependence by simply dropping string-dependent terms because they cannot contribute to any gauge invariant quantities (cf. Ref. [28]).

V. CONCLUSION

In this paper we have responded to the challenge of Schwinger [27], to construct a realistic theory of relativistic magnetic charges. He sketched such a development in source theory language, but restricted his consideration to classical point particles, explicitly leaving the details to the reader. Urrutia applied this skeletal formulation in the eikonal limit [45], as already suggested by Schwinger.

We believe that we have given a complete formulation, in modern quantum field theoretic language, of an interacting electron-monopole or dyon-dyon system. The resulting Schwinger-Dyson equations, although to some extent implicit in the work of Schwinger and others, are given here for the first time.

The challenge is to apply these equations to the calculation of monopole and dyon processes. Perturbation theory is useless, not only because of the strength of the coupling, but more essentially because the graphs are fatally string- (or gauge-) dependent. The most obvious nonperturbative technique for transcending these limitations in scattering processes lies in the high energy regime where the eikonal approximation is applicable; in that limit, our formalism generalizes the lowest-order result of Urrutia and charts the way to include systematic corrections. More problematic is the treatment of monopole production processes—we defer that discussion to a subsequent publication.

In addition we have also detailed how the Dirac string dependence disappears from physical quantities. It is by no means a result of string averaging or a result of dropping string-dependent terms as in Ref. [28]. In fact, it is a result of summing the soft contributions to the dyon-dyon or charge-monopole process. There is good reason to believe that inclusion of hard scattering contributions will not spoil this consistency. At the level of the eikonal approximation and its corrections one might suspect the occurence of a factorization of hard string-independent and soft string-dependent contributions in a manner similar to that argued recently in strong-coupling QCD.

It is also of interest to investigate other nonperturbative methods of calculation in order to demonstrate gauge invariance of Green’s functions and scattering amplitudes in both electron-monopole and dyon-dyon scattering and in Drell-Yan production processes.^{15} In a subsequent paper we will apply the techniques and results found here to the Drell-Yan production of monopole-antimonopole processes, and obtain phenomenologically relevant estimates for the laboratory production of monopole-antimonopole pairs.

ACKNOWLEDGEMENTS

We are grateful to George Kalbfleisch for many useful discussions on the physics of monopoles, and for reviving our interest in the whole subject. We further thank Markus Quandt for a careful reading of the manuscript, and for useful suggestions, and Walter Dittrich for helpful conversations. This work is supported in part by a grant from the US Department of Energy.

APPENDIX A: PATH INTEGRAL

In this appendix we summarize the main steps to obtain the covariant path integral for the string dependent action corresponding to the generating functional, Eq. (3.44).

This path integral is obtained by calculating the functional Fourier transform of Z_0 which in the photonic sector amounts to transforming Eq. (3.40), according to Eq. (3.46), the functional transform of which is given by

Z̃_0 (A, B) = ∫ [d J] [d^∗J] Z_0(J,^∗J) exp [ −i ∫ (J · A +^∗J · B) ] . (A1)

After performing the Gaussian functional integration over J in Eq. (A1), we obtain

Z̃_0(A, B) = ∫ [d^∗J] exp { − i ∫ (dx)^∗J_μ(x)B^μ(x) + i 2 ∫ (dx)(dx^′)^∗J_μ(x)D^{μν} (x − x^′)^∗J_ν (x^′) − i 2 ∫ (dx)(dx^′)A^′_μ(x)K^{μν} (x − x^′)A^′_ν (x^′) } , (A2)

where K_{μν} is the kernel given by Eq. (3.16), the inverse to D^{μν} , and

15In addition there is a formalism recently employed in Ref. [69] based on Fradkin’s [70] Green’s function representation, which includes approximate vertex and self-energy polarization corrections using nonperturbative techniques.

A^′_μ(x) = A_μ(x) + ϵ_{μνστ} ∫ (dx)(dx^′ )(dx^{′′})D(x − x^′)∂^{′ν} f^σ(x^′ − x^{′′})^∗J^τ (x^{′′}). (A3)

We now use the following identity involving the contraction of ϵ symbols:

ϵ^{μαβγ} ϵ_{μνστ} = −g^α_ν g^β_σ g^γ_τ + g^α_ν g^β_τ g^γ_σ + g^α_σ g^β_ν g^γ_τ − g^α_σ g^β_τ g^γ_ν − g^α_τ g^β_ν g^γ_σ + g^α_τ g^β_σ g^γ_ν , (A4)

to simplify the final term in the exponential in Eq. (A2): − i 2 ∫ (dx)(dx^′)A^′_μ(x)D^{−1}(x − x^′)A^{′μ}(x^′) = − i 2 ∫ (dx)(dx^′)A_μ(x)D^{−1}(x − x^′)A^μ(x^′) + i ∫ (dx)(dx^′)^∗J^μ(x)ϵ_{μνστ} ∂^ν f^σ(x − x^′)A^τ (x^′) − i 2 ∫ (dx)(dx^′ )^∗J_μ(x)Δ^{μν} (x − x^′)^∗J_ν (x^′) − i 2 ∫ (dx)(dx^′)^∗J^μ(x)D_+(x − x^′)^∗J_μ(x^′), (A5)

the last term in which cancels the second term in the exponential in Eq. (A2). Here we see the “string propagator,” Eq. (3.50). Now we carry out the^∗J functional integration, noticing that the second term on the right side of Eq. (A5) converts B^μ to B^{′μ}, Eq. (3.49):

Z_0(A, B) = ∫ [dA] [dB] exp { − i 2 ∫ (dx)(dx^′)A^μ(x)K_{μν} (x − x^′)A^ν (x^′) + i 2 ∫ (dx)(dx^′)B^{′μ}(x)Δ̃^{−1}_{μν} (x − x^′)B^{′ν} (x^′) } (A6)

which implies the effective action (3.48).

APPENDIX B: FUNCTIONAL REARRANGEMENT

We consider the expansion about the minima of the effective action Γ_0[A, B, J,^∗J], in particular, the impact on Eqs. (3.52) of the transformation (3.53). Using the properties of Volterra expansions for functionals, the shift in variables results in the translation of the loop functionals

F_1 (¯ A_μ + ϕ_μ ) = exp { i ∫ (dx)ϕ_α(x) δ iδĀ_α(x) } F_1 (¯ A_μ ) , (B1a)

F_2 ( B̂^′_μ + ϕ^′_μ ) = exp { i ∫ (dx) ( ϕ^′_α(x) − ϵ_{αβγδ} ∫ (dx^′)∂^β f^γ (x − x^′)ϕ^δ (x^′) ) δ iδB̄_α(x) } F_2 (¯ B_μ ) . (B1b)

where B̂^′_μ(x) = B̄_μ(x) − ϵ_{μνστ} ∫ (dx^′)∂^ν f^σ (x − x^′) ϕ^τ (x^′) (B2)

Substituting Eqs. (B1a), (B1b) back into (3.52)

Z(J ) = exp { i 2 ∫ (dx)(dx^′ ) ( J^μ(x)D_{μν} (x − x^′) J^ν (x^′) +^∗J^μ (x) D_{μν} (x − x^′)^∗J^ν (x^′) )

− iϵ_{μνστ} ∫ (dx)(dx^′)(dx^{′′})J_κ(x)D^{κμ} (x − x^′) ∂^{′ν} f^σ (x^′ − x^{′′})^∗J^τ (x^{′′}) }

× ∫ [dϕ] [dϕ^′] exp { i ∫ (dx) ( ϕ_μ(x) [ δ iδĀ_μ(x) + ϵ^{μνστ} ∫ (dx^′)∂_ν f_σ (x − x^′) δ iδB̄^τ (x^′) ] + ϕ^′_μ(x) δ iδB̄_μ(x) )

− i 2 ∫ (dx)(dx^′ ) ( ϕ^μ(x)K_{μν} (x − x^′)ϕ^ν (x^′) − ϕ^{′μ}(x)Δ̃^{−1}_{μν} (x − x^′)ϕ^{′ν} (x^′) )} F_1(Ā)F_2(B̄) , (B3) and performing the resulting quadratic integration over ϕ(x) and ϕ^′(x), we obtain the results in Eq. (3.56).

[1] P. A. M. Dirac, Proc. R. Soc. (London) A 133, 60 (1931).

[2] T. T. Wu and C. N. Yang in Properties of Matter Under Unusual Conditions, ed. by H. Mark and S. Fernbach (Wiley, New York, 1969), p. 349; Phys. Rev. D 12, 3843 (1975); A. M. Polyakov, JETP Lett. 20, 194 (1974); Y. Nambu, Phys. Rev. D 10, 4262 (1974); G. ’t Hooft, Nucl. Phys. B79, 276 (1974); B. Julia and A. Zee, Phys. Rev. D 11, 2227 (1975).

[3] S. Mandelstam, Phys. Rep. 23C, 245 (1976); G. ’t Hooft, Nucl. Phys. B190, 455 (1981).

[4] A. Di Giacomo, “Monopole Condensation and Colour Confinement,” talk given at Lattice ’98, Boulder, Colorado, 13–18 July, 1998, Nucl. Phys. Proc. Suppl. 73, 524 (1999), hep-lat/9809036, and references therein.

[5] A. B. Abrikosov, JETP 5, 1174 (1957).

[6] F. V. Gubarev, M. I. Polikarpov, and V. I. Zakharov, Phys. Lett. B438, 147 (1998); M. N. Chernodub, M. I. Polikarpov, and V. I. Zakharov, Phys. Lett. B457, 147 (1999).

[7] H. Reinhardt, Nucl. Phys. B503, 505 (1997); Phys. Lett. B446, 290 (1999); H. Reinhardt, M. Engelhardt, K. Langfeld, M. Quandt, A. Schafke, talk given at 17th International Symposium on Lattice Field Theory (LATTICE 99), Pisa, Italy, 29 June–3 July 1999, hep-lat/9908027.

[8] J. Preskill, Ann. Rev. Nucl. Sci. 34, 461 (1984); T. W. Kirkman and C. K. Zachos, Phys. Rev. D 24, 999 (1981); [9] S. Coleman, “The Magnetic Monopole Fifty Years Later,” International School of Subnuclear Physics, Ettore Majorana, 1981, published in The Unity of Fundamental Interactions, ed. A. Zichichi (Plenum, New York, 1983).

[10] Y. M. Cho and D. Maison, Phys. Lett. B391, 360 (1997); Y. M. Cho and K. Kimm, “Electroweak Monopoles,” hepth/9705213; hep-th/9707038.

[11] M. Turner, Phys. Lett. 115B, 95 (1982); P. H. Eberhard, et al., Phys. Rev. D 4, 3260 (1971); R. R. Ross, et al., Phys.

Rev. D 8, 698 (1973); P. B. Price, Shi-lun Guo, S. P. Ahlen, and R. L. Fleischer, Phys. Rev. Lett. 52, 1264 (1984); B. Cabrera, Phys. Rev. Lett. 48, 1378 (1982); 51, 1933 (1983); 55, 25 (1985); H. Jeon and M. J. Longo, Phys. Rev. Lett. 75, 1443 (1995), Erratum 76, 159 (1996); M. Ambrosio et al., Phys. Lett. B406, 249 (1997).

[12] G. R. Kalbfleisch, K. A. Milton, M. Strauss (Oklahoma U.), “A Search for Low Mass Monopoles,” FERMILAB– PROPOSAL-882, Oct 1995. Fermilab E882 is currently running samples obtained from old detector assemblies obtained from the CDF and D0 experiments. Previous accelerator-based experiments included P. B. Price, R. Guoxiao, and K. Kinoshita, Phys. Rev. Lett. 59, 2523 (1987); P. B. Price, J. Guiri, and K. Kinoshita, Phys. Rev. Lett. 65, 149 (1990).

[13] I. F. Ginzburg and S. L. Panfil, Yad. Fiz. 36, 1461 (1982) [Sov. J. Nucl. Phys. 36, 850 (1982)]; S. Graf, A. Schäfer, and W. Greiner, Phys. Lett. B262, 463 (1991); A. De Rújula, Nucl. Phys. B435, 257 (1995); M. Acciarri et al., Phys. Lett. B345, 609 (1995); I. F. Ginzburg and A. Schiller, Phys. Rev. D 57, R6599 (1998); B. Abbott et al., Phys. Rev. Lett. 81, 524 (1998).

[14] L. Gamberg, G. R. Kalbfleisch, and K. A. Milton, “Difficulties with Photonic Searches for Magnetic Monopoles,” preprint OKHEP–98–02 (hep-ph/9805365); “Direct and Indirect Searches for Low Mass Magnetic Monopoles,” preprint OKHEP– 99–04 (hep-ph/9906526), contribution to Kurt Haller’s Festschrift.

[15] P. A. M. Dirac, Phys. Rev. 74, 817 (1948). [16] J. Schwinger, Phys. Rev. 144, 1087 (1966). [17] J. Schwinger, Phys. Rev. 151, 1048, 1055 (1966). [18] J. Schwinger, Phys. Rev. 173, 1536 (1968). [19] D. Zwanziger, Phys. Rev. D 3, 880 (1971). [20] T. T. Wu and C. N. Yang, Phys. Rev. D 12, 3845 (1975). [21] A. S. Goldhaber, Phys. Rev. 140, B1407 (1965).

[22] J. Schwinger, K. A. Milton, W.-y. Tsai, L.L. DeRaad, Jr. and D. Clark, Ann. Phys. (NY) 101, 451 (1976). [23] K. A. Milton and L. L. DeRaad, Jr., J. Math. Phys. 19, 375 (1978) .

[24] H. Poincaré, Compt. Rend. 123, 530 (1896); J. J. Thomson, Electricity and Matter (Scribners, New York, 1904), p. 26. [25] S. Weinberg, Phys. Rev. 138, B988 (1965) . [26] A. Rabl, Phys. Rev. 179, 1363 (1969). [27] J. Schwinger, Phys. Rev. D 12, 3105 (1975). [28] W. Deans, Nucl. Phys. B 197, 307 (1982).

[29] P. C. R. Cardoso de Mello, S. Carneiro and M. C. Nemes, Phys. Lett. B 384, 197 (1996); S. Carneiro, JHEP 9807:022 (1998).

[30] A. De Rújula, Nucl. Phys. B 435, 257 (1995).

[31] A. Ignatiev and G. Joshi, Mod. Phys. Lett. A13, 2295 (1998); “Dirac Magnetic Monopole and the Discrete Symmetries,” hep-ph/9710553.

[32] E. A. Tolkachev, L. M. Tomilchik and Ya. M. Shnir, “On the Space Reflections Definition Problem in a Magnetic Charge

Theory,” in Edirne 1995, Group theory in physics, pp. 282-287, quant-ph/9603003; see also S. G. Kovalevich, P. Osland, Ya. M. Shnir, and E. A. Tolkachev, Phys. Rev. D 55, 5807 (1997).

[33] R. A. Brandt, F. Neri and D. Zwanziger, Phys. Rev. Lett 40, 147 (1978); Phys. Rev. D 19, 1153 (1979). [34] R. P. Feynman, Phys. Rev. 80, 440 (1950). [35] J. Schwinger, Phys. Rev. 82, 664 (1951).

[36] M. B. Halpern and P. Senjanović, Phys. Rev. D 15, 1655 (1977); M. B. Halpern, A. Jevicki, and P. Senjanović, Phys. Rev.

D 16, 2476 (1977); M. B. Halpern and W. Siegel, Phys. Rev. D 16, 2486 (1977). [37] Y. Kazama, C. N. Yang, and A. S. Goldhaber Phys. Rev. D 15, 2287 (1977).

[38] L. V. Laperashvili and H. B. Nielsen, “Dirac Relation and Renormalization Group Equations for Electric and Magnetic Fine Structure Constants,” hep-th/9910101.

[39] J. Schwinger, Phys. Rev. 152, 1219 (1966).

[40] G. W. Erickson and H. M. Fried, J. Math. Phys. 6, 414 (1965); Phys. Rev. D 3, 2010 (1971). [41] M. Levy and J. Sucher, Phys. Rev. 186, 1656 (1969); Phys. Rev. D 2, 1716 (1970). [42] H. Abarbanel and C. Itzykson, Phys. Rev. Lett. 23, 53 (1969). [43] W. Dittrich, Phys. Rev. D 1, 3345 (1970); Nucl. Phys. B45, 290 (1972).

[44] H. Cheng and T. T. Wu, Expanding Protons: Scattering at High Energies (MIT Press, Cambridge, MA, 1987). [45] L. F. Urrutia, Phys. Rev. D 18, 3031 (1978). [46] K. Symanzik, Z. Naturforsch. 9A, 809 (1954).

[47] H. M. Fried, Functional Methods and Eikonal Models, Editions Frontières, Gif-sur-Yvette Cedex, 1990. [48] R. A. Brandt and F. Neri, Phys. Rev. D 18, 2080 (1978); A. P. Balachandran, R. Ramachandran, J. Schechter, K. C. Wali, and H. Rupertsberger, Phys. Rev. D 13, 354 (1976).

[49] M. Blagojević, D. Nešic, P. Senjanović, Dj. Šijači and Dj. Živanović, Phys. Lett 79 B, 75 (1978); M. Blagojević and P.

Senjanović Nucl. Phys. B161, 112 (1979). See also M. Blagojević and P. Senjanović, Phys. Rep. 157, 233 (1988). [50] S. Mandelstam, Ann. Phys. (NY) 19, 1 (1962).

[51] J. Schwinger, Particles, Sources, and Fields (Addison-Wesley, Reading, Massachusetts, 1970), pp. 227–254. [52] P. A. M. Dirac, Can. J. Phys. 33, 650 (1955).

[53] A. N. Sisakyan, N. B. Skachkov, I. L. Solovtsov and O. Yu. Shevchenko, Theor. Math. Phys. 78, 185 (1987). [54] J. Schwinger, Proc. Natl. Acac. Sci. (USA) 37, 452, 455 (1951).

[55] B. Zumino, J. Math. Phys. 1, 1 (1960); I. Bialynicki-Birula, J. Math. Phys. 3, 1094 (1962). [56] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, 3rd ed. (Oxford University Press, Oxford, 1996). [57] J. Schwinger, J. Math. Phys. 2, 407 (1961). [58] C. Sommerfeld, Ann. Phys. (NY) 26, 1 (1963).

[59] K. Johnson in Lectures on Particles and Field Theory, ed. by S. Deser and K. Ford (Prentice-Hall, Englewood Cliffs, 1965), p. 1.

[60] O. Nachtmann, Ann. Phys. (NY) 209, 436 (1991).

[61] G. P. Korchemsky, Phys. Lett. 325 B, 459 (1994); I. A. Korchemskya, and G. P. Korchemsky, Nucl. Phys. B437, 127 (1994).

[62] G. C. Gellas, A. I. Karanikas, and C. N. Ktorides, Phys. Rev. D 57, 3763 (1998). [63] A. I. Karanikas, and C. N. Ktorides, Phys. Rev. D 59, 016003 (1998). [64] M. Quiros, Helv. Phys. Acta 49, 849 (1976).

[65] H. M. Fried and Y. Gabellini, Phys. Rev. D 55, 2430 (1997). [66] F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).

[67] K. Gottfried, Quantum Mechanics (Addison-Wesley, Reading, Massachusetts, 1966), p. 153. [68] C. Itzykson and J. B. Zuber, Quantum Field Theory (McGraw-Hill, New York, 1980).

[69] H. M. Fried and Y. Gabellini, Phys. Rev. D 51, 890, 906 (1995); H. M. Fried, Y. Gabellini, and B. H. McKellar, Phys.

Rev. D 51, 7083 (1995).

[70] E. S. Fradkin, Nucl. Phys. 76, 588 (1966).

FIG. 1. Dyon-dyon scattering amplitudes in the quenched approximation.