Chapter 7

Spectral Representations

We have formulated perturbation theory in four-dimensional Euclidean space— we now have to translate back into Minkowski space. There we use the metric g^{00} = −1, g^{11} = g^{22} = g^{33} = +1. Recall our previous discussion of the propagation function in Sec. 3.3. We pass from the Euclidean to the Minkowskian propagator by Δ_E (x − x^′) → 1 i Δ_+(x − x^′), (7.1)

or in momentum space 1 p^2 + m^2 → −i p^2 + m^2 − iϵ

. (7.2)

The corresponding Minkowski-space Feynman rule for a line is shown in Fig. 7.1.

What about vertices? Because dx_4 → i dx^0, the interaction term in the action becomes − ∫ (dx)_E λϕ^4 → −i ∫ (dx)_M λϕ^4. (7.3)

Thus the vertex rule is as shown in Fig. 7.1. And, of course, loop integrations are over (dk)_M /(2π)^4, (dk)_M = dk_0(dk). So, one can do perturbation theory

=^{−i}

p^2 +m^2−iϵ � � � � � � � � � � • = −iλ4!

Figure 7.1: Minkowski-space Feynman rules.

83 Version of April 23, 2002 directly in Minkowski space. But it may be simpler to calculate the Feynman diagrams in Euclidean space and then translate the result to Minkowski space by analytic continuation. For a diagram with L loops, V vertices, and I internal lines, the Minkowski and Euclidean Green’s functions are related by

Γ^{(n)}_M (p_1, . . . , p_n; m^2) = i^{I+V +L}(−1)^I Γ^{(n)}_E (p_1, . . . , p_n; m^2 − iϵ), (7.4)

where the Euclidean Green’s function is evaluated at a complex Euclidean momentum, p = (−ip_0, p). (7.5) In the relation (7.4) the factor (−i)^I i^V arises from the Minkowski Feynman rules, while the i^L comes from the correspondence i(dk)_E = (dk)_M . Now from Eq. (5.55), L = I − V + 1, so the Minkowski and Euclidean Green’s functions are related by

Γ^{(n)}_M (p_1, . . . , p_n; m^2) = iΓ^{(n)}_E (p_1, . . . , p_n; m^2 − iϵ). (7.6)

Consider the four-point function, described in Sec. 5.2.1, and Fig. 5.2. Using the zero-momentum renormalization condition (5.26), or

Γ^{(4)} | | |_{pi=0} = −4! λ = −(4π)^2g, (7.7)

we have (although we have now dropped the caret over g, its appearance signifying division by (4π)^2 is retained for the Green’s function)

Γ̂^{(4)}(p_1, p_2, p_3) = −g + g^2 [ 3 − 1 2 A(s, t, u) ] (7.8)

in Euclidean space. Here

A(s, t, u) = ∑ z=s,t,u √ 1 + 4m^2 z ln √ 1 +^{4m2}_z + 1 √ 1 +^{4m2}_z − 1

. (7.9)

The translation of this into Minkowski space is immediate:

Γ̂^{(4)}_M (p_1, p_2, p_3) = −ig + ig^2 [ 3 − 1 2 A(s, t, u) ] , (7.10)

but now s = (p_1 + p_2)^2 = (p_1 + p_2)^2 − (p^0_1 + p^0_2)^2, (7.11) etc. Thus A(s, t, u) has singularities for physical values of the momenta.

Consider the function which appears in Eq. (7.9),

f(p^2) = √ 1 + 4m^2 p^2 ln √ 1 +^{4m2}_{p2} + 1 √ 1 +^{4m2}_{p2} − 1

. (7.12)

85 Version of April 23, 2002

When −p^2 = 4m^2 a branch point is encountered, and if −p^2 > 4m^2, f develops an imaginary part.

Let x = √ 1 + 4m^2/p^2. If −p^2 < 4m^2, x = iy is imaginary, and

f = iy ln iy + 1 iy − 1

= 2y arccot y (7.13)

is real. On the other hand, if −p^2 > 4m^2, 0 < x < 1, and

f = x ln x + 1 x − 1

= −iπx + x ln

1 + x 1 − x

= −iπx + 2x arctanh x, (7.14) so ℑf = −iπ √ 1 + 4m^2 p^2

, −p^2 > 4m^2. (7.15)

This suggests a spectral representation (or a dispersion relation) for f,

f(p^2) =

∫_∞

4m^2

dM^2 a(M^2) p^2 + M^2 − iϵ

, (7.16)

where a(M^2) is called the spectral function. From the property 1 x − iϵ = P 1 x + iπδ(x) (7.17)

(P signifies the Cauchy principal value), we deduce from Eq. (7.15) that

a(M^2) = − √ 1 − 4m^2 M^2

. (7.18)

Inserting this spectral function into the spectral representation (7.16) does not result in a convergent integral. However, we note that we will obtain the same imaginary part at p^2 = −M^2 if we insert the factor −p^2/M^2, so let us try the “subtracted” relation

f(p^2) = p^2

∫_∞

4m^2

dM^2 M^2 √ 1 −^{4m2}_{M 2} p^2 + M^2 − iϵ

. (7.19)

[We call this a “subtracted” dispersion relation because

p^2 M^2 1 p^2 + M^2 − iϵ = 1 M^2 − 1 p^2 + M^2 − iϵ

, (7.20)

so the two representations (7.16) and (7.19) differ by an infinite constant.]

Now let us do the spectral integration in Eq. (7.19) to see if correctly reproduces the real part. Let v = √ 1 − 4m^2 M^2

, 1 − v^2 =

4m^2 M^2

, (7.21) so 2v dv =

4m^2 M^4 dM^2 = 1 4m^2

(1 − v^2)^2 dM^2, (7.22)

so we have

f(p^2) = 2p^2

∫_1 0 v^2 dv 4m^2 + p^2(1 − v^2) = ∫_1 0 dv [ √ 4m^2 + p^2 √ 4m^2 + p^2 + pv + √ 4m^2 + p^2 √ 4m^2 + p^2 − pv − 2 ]

= √ 1 + 4m^2 p^2 ln √ 1 +^{4m2}_{p2} + 1 √ 1 +^{4m2}_{p2} − 1

− 2, (7.23)

where the added constant assures that f(p^2) → 0 as p^2 → 0. Thus, up to that constant, we have reproduced the function (7.12).

In terms of this spectral representation, the second-order contribution to the four-point function (7.10) has the remarkably simple form 3 − 1 2 A(s, t, u) = 1 2 ∫_∞

4m^2

dM^2 M^2 √ 1 − 4m^2 M^2 [ − s s + M^2 − iϵ − t t + M^2 − iϵ − u u + M^2 − iϵ ] . (7.24)

It is important to note that the factor of −p^2/M^2 inserted into the spectral integral does not change the imaginary part, but

1. makes the integral converge, and

2. guarantees that the normalization condition that the order g^2 contribution vanishes at s = t = u = 0 is satisfied.

7.1 Source Theory

Now we ask the question: Can we derive this very convenient and simple representation directly?

Consider the causal arrangement shown in Fig. 7.2. Because of the casual arrangement, where a real particle propagates from an earlier point x^′ to a later point x, we may use the propagator in the form (3.46), or

x^0 > x^{′0} : Δ_+(x − x^′) = i ∫ dp̃ e^{ip·(x−x′)}, dp̃ =

(dp) (2π)^32ω_p

, (7.25)

where p^0 = ω_p = √ p^2 + m^2. Thus, in place of (dp)/[(2π)^4(p^2 + m^2)] for the internal lines we use merely idp̃, so for the causal loop in Fig. 7.2

(−i)^2 ∫ (dp_1) (2π)^4

(dp_2) (2π)^4

(2π)^4δ(p_1 + p_2 − p) (p_1 + m^2 − iϵ)(p_2 + m^2 − iϵ)

7.1. SOURCE THEORY 87 Version of April 23, 2002

� � � � � � � �

� � � � � � � �

•

•

x^′ x x^0 > x^{′0}

Figure 7.2: A causal arrangement in which two real particles are exchanged between interaction points x^′ and x, where the latter point is later in time than the earlier point.

→ ∫ dp̃_1 dp̃_2 (2π)^4δ(p_1 + p_2 − p). (7.26)

Now we carry out the latter phase-space integral, I = ∫ (dp_1) (2π)^32ω_{p1}

(dp_2) (2π)^32ω_{p2}

(2π)^4δ(p_1 + p_2 − p) = 1 (2π)^2 ∫ (dp_1) 2ω_{p1} 1 2ω_{p2} δ(p^0_1 + p^0_2 − p^0), p_2 = p − p_1. (7.27)

Evaluate this by working in the rest frame of p, which for the situation envisaged in Fig. 7.2 is assumed to be timelike: p = 0, p^0 = M ≥ 2m, so that

p_1 + p_2 = 0, p^0_1 + p^0_2 = M, p^0_i = √ p^2_1 + m^2. (7.28)

Then I = 1 (2π)^2 ∫ 4πp^2_1 dp_1 4(p^0_1)^2 δ(2p^0_1 − M) = 1 4π ∫ dp^0_1 p_1 p^0_1 δ(2p^0_1 − M) = 1 4π 1 2 √ (p^0_1)^2 − m^2 p^0_1 | | | |_{p01 = M2} = 1 8π √ 1 − 4m^2 M^2

. (7.29)

In coordinate space, the causal contribution to the four-point function is

−λ^2(4!)^2 ∫ (dp) (2π)^4

2πδ(p^2 + M^2) dM^2 2π 1 8π √ 1 − 4m^2 M^2 e^{ip·(x−x′)}

= −(4π)^2g^2 ∫ dp̃|_M dM^2 √ 1 − 4m^2 M^2 e^{ip·(x−x′)}, (7.30)

which uses Eq. (3.11), with p^0 = √ p^2 + M^2. We recognize here the casual form of the propagator (7.25),

x^0 > x^{′0} : i ∫ dp̃|_M e^{ip·(x−x′)} = Δ_+(x, x^′; M^2), (7.31) which causal condition can be relaxed by using the general form of Δ_+:

Δ_+(x − x^′; M^2) = ∫ (dp) (2π)^4 e^{ip·(x−x′)} p^2 + M^2 − iϵ

. (7.32)

Then, back in momentum space we have for the second-order contribution to the four-point function (a factor of 1/2 arise because the causal arrangement could have either x^0 > x^{′0} or the other way around)

Γ̂^{(4),2} = i ∑ p^2=s,t,u 1 2 g^2

∫_∞

4m^2

dM^2 √ 1 − 4m^2 M^2 1 p^2 + M^2 − iϵ

+ c.t., (7.33)

where c.t. (contact term) is a constant, or a delta-function in coordinate space, chosen to enforce the normalization condition that Γ^{(4),2} = 0 at s = t = u = 0, that is, in effect, 1 p^2 + M^2 → 1 p^2 + M^2 − 1 M^2 = − p^2 M^2 1 p^2 + M^2

, (7.34)

and so the result (7.10), (7.24) is reproduced:

Γ̂^{(4),2} = −i g^2 2 ∑ p^2=s,t,u

p^2

∫_∞

4m^2

dM^2 M^2 √ 1 − 4m^2 M^2 1 p^2 + M^2 − iϵ

. (7.35)

This is the essence of Schwinger’s source theory, in which no infinities are ever encountered.