
Physics 5970. Homework 1
Due Friday, February 4, 2005

January 23, 2005

1. Verify that the representation presented in lecture,

β = τ3 ⊗ σ2, α1 = 1⊗ σ1, α2 = τ2 ⊗ σ2, α3 = 1⊗ σ3

satisfies the Dirac algebra as well as the Hermiticity and reality require-
ments.

2. Prove that Σk defined by

1

2
[αi, αj] = iεijkΣk

satisfies the spin-1/2 algebra

ΣkΣl = δkl + iεklmΣm.

What is the explicit form of Σ1,2,3 in terms of the representation in
problem 1?

3. Verify explicitly the rotational invariance of the Dirac equation

i
∂

∂t
ψ(x, t) =

(
1

i
~α · ~∇+ βm

)
ψ(x, t).

4. Using the commutation relations for J and N show that

[Jµν , Jκλ] = i(gµκJνλ − gνκJµλ + gνλJµκ − gµλJνκ,

1



and that this is satisfied by

Jµν =
1

2
σµν , σµν =

i

2
[γµ, γν ].

Show that
σij = εijkΣk

and
1

2
σ0i = −N i.

5. (a) Prove that W µ = 1
2
εµνλσJλσPν indeed transforms as a four-vector,

and hence that W 2 = W µWµ is a scalar (invariant).

(b) By letting m → 0 carefully, show that W µ = λP µ where λ =
P · S/P 0 is a Lorentz invariant, the helicity.
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